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Preface

While the paper-setting pattern and assessment methodology have been revised many times over and newer criteria
devised to help develop more aspirant-friendly engineering entrance tests, the need to standardize the selection processes
and their outcomes at the national level has always been felt. A combined national level engineering entrance examination
has finally been proposed by the Ministry of Human Resource Development, Government of India. The Joint Entrance
Examination (JEE) to India’s prestigious engineering institutions (IITs, IIITs, NITs, ISM, IISERs, and other engineering
colleges) aims to serve as a common national-level engineering entrance test, thereby eliminating the need for aspiring
engineers to sit through multiple entrance tests. -

While the methodology and scope of an engineering entrance test are prone to change, there are two basic objectives
that any test needs to serve:

1. The objective to test an aspirant’s caliber, aptitude, and attitude for the engineering field and profession.

2. The need to test an aspirant’s grasp and understanding of the concepts of the subjects of study and their
applicability at the grass-root level.

Students appearing for various engineering entrance examinations cannot bank solely on conventional shortcut
measures to crack the entrance examination. Conventional techniques alone are not enough as most of the questions asked
in the examination are based on concepts rather than on just formulae. Hence, it is necessary for students appearing for
joint entrance examination to not only gain a thorough knowledge and understanding of the concepts but also develop
problem-solving skills to be able to relate their understanding of the subject to real-life applications based on these
concepts.

This series of books is designed to help students to get an all-round grasp of the subject so as to be able to make its
useful application in all its contexts. It uses a right mix of fundamental principles and concepts, illustrations which
highlight the application of these concepts, and exercises for practice. The objective of each book in this series is to help
students develop their problem-solving skills/accuracy, the ability to reach the crux of the matter, and the speed to get
answers in limited time. These books feature all types of problems asked in the examination—be it MCQs (one or more
than one correct), assertion-reason type, matching column type, comprehension type, or integer type questions. These
problems have skillfully been set to help students develop a sound problem-solving methodology.

Not discounting the need for skilled and guided practice, the material in the books has been enriched with a number of
fully solved concept application exercises so that every step in learning is ensured for the understanding and application
of the subject. This whole series of books adopts a multi-faceted approach to mastering concepts by including a variety
of exercises asked in the examination. A mix of questions helps stimulate and strengthen multi-dimensional problem-
solving skills in an aspirant.

It is imperative to note that this book would be as profound and useful as you want it to be. Therefore, in order to get
maximum benefit from this book, we recommend the following study plan for each chapter.
Step 1: Go through the entire opening discussion about the fundamentals and concepts.

Step 2: After learning the theory/concept, follow the illustrative examples to get an understanding of the theory/
concept.

Overall the whole content of the book is an amalgamation of the theme of mathematics with ahead-of-time problems,

which equips the students with the knowledge of the field and paves a confident path for them to accomplish success in
the JEE. :

With best wishes!

Ghanshyam Tewani
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1.2 Vectors & 3D Geometry

COORDINATE AXES AND COORDINATE PLANES IN THREE-DIMENSIONAL SPACE

Consider three planes intersecting at a point O such that these three planes are mutually perpendicular to each
other as shown in the following figure.
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Fig. 1.1

These three planes intersect along the lines X“OX, Y’OY and Z’OZ, called the x-, y- and z-axes, respectively.
We may note that these lines are mutually perpendicular to each other. These lines constitute the rectangular
coordinate system. The planes XOY, YOZ and ZOX, called respectively, the XY-plane, the YZ-plane and the
ZX-plane, are known as the three coordinate planes. We take the XOY plane as the plane of the paper and the
line Z’OZ as perpendicular to the plane XOY. If the plane of the paper is considered to be horizontal, then the
line Z°OZ will be vertical. The distances measured from X Y-plane upwards in the direction of OZ are taken as
positive and those measured downwards in the direction of OZ are taken as negative. Similarly, the distances
measured to the right of ZX-plane along OY are taken as positive, to the left of ZX-plane and along OY” as
negative, in front of the YZ-plane along OX as positive and to the back of it along OX” as negative. The point
O is called the origin of the coordinate system. The three coordinate planes divide the space into eight parts

known as octants. These octants can be named as XOYZ, X ‘0YZ,X’0Y’Z, XOY'Z,XOYZ’, X' 0OYZ’, X OY’Z’
and XOY’Z’ and are denoted by I, I, I, ..., VIII, respectively.

Coordinates of a Point in Space
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Consider a point P in space, we drop a perpendicular PM on the XY-plane with M as the foot of this
perpendicular. Then, from point M, we draw a perpendicular ML to the x-axis, meeting it at L. Let OL be x, LM
be y and MP be z. Then x, y and z are called the x-, y- and z-coordinates, respectively, of point P in the space.
InFig. 1.2, we may note that the point P (x, y, z) lies in the octant XOYZ and so all x, y, z are positive. If P was
in any other octant, the signs of x, y and z would change accordingly. Thus, to each point P in the space, there
corresponds an ordered triplet (x, y, z) of real numbers.

We observe that if P (x, y, z) is any point in the space, then x, y and z are perpendicular distances from ¥Z,
ZX and XY planes, respectively.

Note: The coordinates of the origin O are (0, 0, 0). The coordinates of any point on the x-axis will be
(x, 0, 0) and the coordinates of any point in the YZ-plane will be (0, y, z). :

The sign of the coordinates of a point determines the octant in which the point lies. The following table
shows the signs of the coordinates in the eight octants:

~ Octant I 11 111 v A\ VI | vl | VII
Coordinates
x + - - + + - - +
y + + - - + + - -
z + + + + - - - -

Distance between Two Points

Let P(xl, ¥, z,) and Q(x,, v,, z,) be two points referred to a system of rectangular axes OX, OY and OZ.
Through the points P and Q draw planes parallel to the coordinate planes so as to form a rectangular
parallelopiped with one diagonal PQ.

Z
A
o
909
P 90274
N > Y
(0]

Fig. 1.3

Now, since £ PAQ is a right angle, it follows that in triangle PAQ,

PQ*= PA? + AQ? ' 0
Also, triangle ANQ is right-angled with « ANQ being the right angle. Therefore,

AQ? = AN’ + NQ? (ii)
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From (i) and (ii), we have
PQ*=PA2+ AN* + NQ?

Now PA =y,-y,AN=x,-x, and NQ=z,-z,
Hence PQ*=(x, - x)*+ (,~y,)* + (z,~ 2,

Therefore, PQ = \/ (%, —x)* + -y > + (2, — 7% )
This gives us the distance between two points (x,, y,, z,) and %y ¥,s 2,)-

Inparticular, if x, =y, =z, =0, i.e., point Pis origin O, then 0Q = \/x? + y? + 72 , which gives the distance
between the origin O and any point Q (X5 ¥, 2,)-

Section Formula

Let the two given points be P(x,, y,, z) and Q(x,, y,, z,). Let point R (x, y, z) divide PQ in the given ratio
m : n internally. Draw PL, QM and RN perpendicular to the XY-plane. Obviously PL || RN || OM and feet of
these perpendiculars lie in the XY-plane. Through point R draw a line ST parallel to line LM. Line ST will
intersect line LP externally at point S and line MQ at T, as shown in the following figure.

VA
A Q

X |
L N
Fig. 1.4
Also note that quadrilaterals LNRS and NMTR are parallelograms.
The triangles PSR and QTR are similar. Therefore,

m_PR SP  SL-PL _NR-PL z-g
n QR- QT = OM-TM QM -NR ~ z,-z2

.. . mz, +nz
This implies z = ———
m+n

Hence, the coordinates of the point R which divides the line segment joining two points P(x,, y,, z,) and

mx, +nx, my,+ny, mz, +nz,

and

0O (x,,y., z,) internally in the ratio m : n are s
2% y m+n m+n m+n
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If point R divides PQ externally in the ratio m : n, then its coordinates are obtained by replacing »n with

mx, —hnx, my,—n mz, —nz
2 ! Y2 T ang e 1

—n so that the coordinates become s
m-—-—n m-—-n m-—-n

No'tos:

+ X y+y L4tz
* A [ Gb NP Bk

2 2 2
These are the coordinates of the midpoint of the segment joining P (x, ¥ 2)and Q (x, ¥, z,)

L. IfRisthe midpoint of PO, thenm :n=1:1;50 x=

. ) , : m
2 The coordinates of the point R which divides PQ in the ratio k : I are obtained by taking k= —,

n
ke, +x ky,+y, ka2+ZIk
k+1 7 k+1 7 k+l

which are given by (

3. Ifvertices of triangle are Alx, ¥, zl‘)r, B(x, v, z,) and C(x, y, z,), and AB= ¢, BC=qa, AC=), then
v ‘ +x,+ +y,+ ‘ ‘ |
-..centroid of the triangle is (xl — J;Z o s 2 y32 y;) and its incenter is

éz;;vc'l.-l-bx2+c“x3 ay, + by, + cy,
“a+b+c | a+b+c

EVOLUTION OF VECTOR CONCEPT

In our day-to-day life, we come across many queries such as ‘What is your height?’ and ‘How should a
football player hit the ball to give a pass to another player of his team?’ Observe that a possible answer to the
first query may be 1.5 m, a quantity that involves only one value (magnitude) which is a real number. Such
quantities are called scalars. However, an answer to the second query is a quantity (called force) which
involves muscular strength (magnitude) and direction (in which another player is positioned). Such quantities
are called vectors. In mathematics, physics and engineering, we frequently come across with both types.of
quantities, namely scalar quantities such as length, mass, time, distance, speed, area, volume, temperature,
work, money, voltage, density and resistance and vector quantities such as displacement, velocity, acceleration,
force, momentum and electric field intensity.

Let ‘I’ be a straight line in plane or three-dimensional space. This line can be given two directions by
means of arrowheads. A line with one of these directions prescribed is called a directed line (Fig.1.5 (i), (i1)).

@ (i) C G
Fig. 1.5
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Now observe that if we restrict the line / to the line segment AB, then a magnitude is prescribed on line (i)
with one of the two directions, so that we obtain a directed line segment, Fig. 1.5 (iii). Thus, a directed line
segment has magnitude as well as direction.

Definition

A quantity that has magnitude as well as direction is called a vector.

— -
Notice that a directed line segment is a vector (Fig. 1.5 (iii), denoted as AB or simply as a , and read as

—

‘vector AB’ or ‘vector g .

—
Point A from where vector AB starts is called its initial point, and point B where it ends is called its
terminal point. The distance between initial and terminal points of a vector is called the magnitude (or length)
of the vector, denoted as | AB lor la l or a. The arrow indicates the direction of the vector.

Position Vector

Consider apoint P in space, having coordinates (x, y, z) with respect to ilic origin O (0, 0, 0). Then, the vector
OP having O and P as its initial and terminal points, respectively, is called the pos1t10n vector of the point P
with respect to O. Using distance formula, the magnitude of OP (or r) is given by

[OP | = \x*+y* + 7%

z z
4
A B
P(xyz2) 7 Iy n
. - C
=2 ¢
/0(0,0,0) >r ) >
X ) X (i)
Fig. 1.6

- o o
In practice, the position vectors of points A, B, C, etc., with respect to origin O are denoted by a, b, ¢,
etc., respectively (Fig.1.6 (ii)).

Direction Cosines

Consider the position vector OP (or r ) of a point P (x, y, z) . The angles ¢, 8 and y made by the vector r
with the positive directions of x-, y- and z-axes, respectively, are called its direction angles The cosine values
of these angles, i.e., cos o, cos fand cos vare called direction cosines of the vector r and are usually denoted
by I, m and n, respectively.
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Fig. 1.7

From the figure, one may note that triangle OAP is right angled, and in it, we have cos o= x/r (r stands for
I P 1). Similarly, from the right-angled triangles OBP and OCP, we may write cos §=y/r and cos y = z/r. Thus,
the coordinates of point P may also be expressed as (Ir, mr, nr). The numbers Ir, mr and nr, proportional to the
direction cosines, are called the direction ratios of vector _r) and denoted as g, b and c, respectively (see this
topic in detail in Chapter 3).

TYPES OF VECTORS

Zero Vector
A vector whose initial and terminal points coincide is called a zero vector (or null vector) and is denoted as

-
0. A zero vector cannot be assigned a definite direction as it has zero magnitude or, alternatively, it may be

_ —
regarded as having any direction. The vectors AA , BB represent the zero vector.

Unit Vector

A vector of unit magnitude is called a unit vector. Unit vectors are denoted by small letters with a cap on
them. . , 5 . R .
Thus, ¢ is unit vector of a,where lal=1, ie.,if vector g is divided by magnitude | a |, then we get a umt -
-

. . . - a ~ - =N n . . . . -
vectorin the directionof a. Thus, — = a & a = lal a,where ais the unit vector in the direction of a.
lal

Coinitial Vectors

Two or more vectors having the same initial point are called coinitial vectors.

S

|l
o

Fig. 1.8
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Equal Vectors

Two vectors a and b are said to be equal if they have the same magnitude and direction regardless of the
positions of their initial points. They are written as g4 = b

Negative of a Vector

A vector whosé'magnitude is the same as that of a given vector (say, AB ), but the direction is opposxte to
that of it, s called negatlve of the given vector. For example, vector BA is negative of vector AB and is
written as BA =- AB .

Free Vectors
Vectors whose initial points are not specified are called free vectors.
Localised Vectors

A vector drawn parallel to a given vector but through a specified point as the initial point is called a localised vector.
Parallel Vectors

Two or more vectors are said to be parallel if they have the same support or parallel support.

Parallel vectors may have equal or unequal magnitudes and their directions may be same or opposite as
shown in Fig. 1.9.

7
Ceo— = :b —e B
Ee— << .
Fig. 1.9

Like and Unlike Vectors

Two parallel vectors having the same direction are called like vectors (see Fig. 1.10 (a)).
Two parallel vectors having opposite directions are called unlike vectors (see Fig. 1.10 (b)).

- Ft
Oe a; V! A® > *B
v 7 N
Be > - *C e e e C
(@) (b)
Fig. 1.10

Collinear Vectors

— -
Vectors a and b are collinear if they have same direction or are parallel or anti-parallel. Since their magnitudes

are dlfferent we can find some scalar A for which a A b IfA>0, a and b are in the same direction; if A <
0, a and b are in opposite directions. Collinear vectors are often called dependent vectors.
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Non-Collinear Vectors

Two vectors acting in different directions are called non-collinear vectors. Non-collinear vectors are often

- -
called independent vectors. Here we cannot write vector a interms of b, though they have same magnitude.
However we can find component of one vector in the direction of the other. Two non-collinear vectors describe
plane.

&l

v

%
b
Fig. 1.11

Coplanar Vectors

Two parallel vectors or non-collinear vectors are always coplanar or two vectors a and b in different directions

- o o
determine unique plane in space. Now if vector ¢ lies in the plane of a and b vectors a, b, ¢ are coplanar
vectors. Generally more than two vectors are coplanar if all are in the same plane.

Three non-coplanar vectors describé space.

\ %F

Fig. 1.12

ADDITION OF VECTORS

’ — . .
A vector AB simply means the displacement from point A to point B. Now consider a situation where a boy

moves from A to B and then from B to C . The net displacement made by the boy from point A to point C is

given by vector AC and expressed as

AC = AB + BC

Fig. 1.13
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This is known as the triangle law of vector addition.

In general, if we have two vectors ¢ and b (Fig. 1.14 (i)), then to add them, they are positioned such that
the initial point of one coincides with the terminal point of the other (Fig. 1.14 (ii)).

2 ) c C
v
L ax 7 Y
E
> 4 » B » B
b d .
a .

A

® : (i)

Fig. 1.14

For example, in Fig. 1.14 (ii), we have shifted vector b without changmg its magmtude and direction, so
that its initial point coincides with the terminal point of a Then the vector a+ b represented by the third

side AC of the triangle ABC, gives us the sum (or resultant) of the vectors a and b i.e., in triangle ABC
(Fig. 1.14 (ii)), we have

AB + BC = AC
Since AC =-CA, from the above equation, we have

—> — —
AB + BC + CA = AA =0
. This means that when the sides of a triangle are taken in order, it leads to zero resultant as the initial and
terminal points get coincided (Fig. 1.14 (iii)).
- —_— e
Now, construct a vector BC so that its magnitude is same as that of vector B(C , but the direction is

opposite to that of BC (Fig. 1.14 (iii)), i.e.,

BC =-BC’
Then, on applying triangle law from Fig. 1.14 (iii), we have

AC'=AB + BC' = AB +(CBC)=a - b

- . . . - g
Vector AC’ is said to represent the difference of a and b

Now, consider a boat going from one bank of a river to the other in a direction perpendicular to the flow
of the river. Then, it is acted upon by two velocity vectors—one is the velocity imparted to the boat by its
engine and the other one is the velocity of the flow of river water. Under the simuitaneous influence of these

“two velocities, the boat actually starts travelling with a different velocity. To have a precise idea about the
effective speed and direction (i.e., the resultant ve1001ty) of the boat, we have the following law of vector
addition.
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—>y

_)
a
Fig. 1.15
If we have two vectors a and b represented by the two adjacent sides of a parallelogram in magnitude

and direction (Fig. 1.15), then their sum a+ b is represented in magnitude and direction by the diagonal of -
the parallelogram through their common point. This is known as the parallelogram law of vector addition.

Notes: 7
1. From figure using the triangle law, one may note that

"0A + AC = OC

or "OA + OB =0C _ (since AC = OB)
Wwhich is parallelogram law. Thus, we may say that the two laws of vector addition are equivalent to
~ each other.

2, If OA and AC are collinear, their sum is stzll OC Although in this case we do not have a triangle or
" aparallelogram in their usual sense.

Qe

3. As from the figure:

Fig. 1.17
OA + AA, +- +A,1 A, = OA by the polygon law of addition.

Properties of Vector Addition

- -

L a+ Z = 1_; +a (commutative property)
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2. (atb)y+c =a+(b+c) (associative property)
3. 240=a (additive identity)

4. Z+ (_2) = 6 (additive inverse)

5. la+bl<lal+1b)and la=bl1>lal-1bl

'Exampié IBE8  If vector a + b bisects the angle between a and b, then prove that | al=| l—)IF.

Sol.
We know that vector a+b is along the diagonal of the parallelogram whose adjacent sides are
vectors @ and b. Now if a+b bisects the angle between vectors a and b, then the parallelogram

must be a rhombus, hence lal = 1bl.

T BN If A0+ OB =BO +0C , then prove that B is the midpoint of AC.

Sol.
AO+0B=BO0+0C
= AB=BC
= - Vectors AB and BC are collinear
= Points A, B, C are collinear
Also |ABI=IBCl
= B is the midpoint of AC

ABCDE i_s? pentagon. Prove that the resultant of forces E , KE‘ ’ B_C)‘ ’ l—)—é , E) and
AC is 3AC.

Examplé 1.3 §

Sol.
R=AB +AE +BC + DC+ED+AC

(AB+BC) + (AE+ ED+DC) + AC

AC+AC+AC =3AC

Example 1. 4 - Prove that the resultant of two forces acting at point O and represented by OB and
OC is given by 20D where D is the midpoint of BC.

Sol.

R OB+ O
='(57)+E?>)+(07)+l%)
= 20D+ (DB+DC) = 20D + 0 = 20D
(Since D is the midpoint of BC, we have EZ§= —D_C)‘)
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B < D > C
Fig. 1.18

Prove that the sum of three vectors determined by the medians of a triangle directed
from the vertices is zero.

Exalﬁplé;‘l_.fsﬂ{
Sol.
AB+AC = 2AD

BC+ BA =2BE
CA+CB =2CF

<&
<

B D C
Fig. 1.19

Addmg, we get

(AB+ BA)+(AC+ CA) + (BC+ CB) =2 (AD+BE+CF)
or 04040 =2 (AD + BE +CF)

or AD+BE+CF =

P \(ample L {3 ABC is a triangle and P any point on BC. If PQ is the sum of AP PB and PC show
T that ABQC is a parallelogram and @, therefore, is a fixed point.

Sol.

Fig. 1.20
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Here PQ = AP + PB + PC
PO-PC — AP+ PB
PQ+CP - AP+ PB

CO=AB = CQ = AB and CQ Il AB
-~ ABQC is a parallelogram. '
But A, B and C are given to be fixed points and ABQC is a parallelogram

Therefore, Q is a fixed point.

Two forces Ap and AD are acting at the vertex A of a quadrilateral ABCD and two
— —

forces CB and CD at C. Prove that their resultant is given by 4E—F), where E and F are
the midpoints of AC and BD, respectively.

Sol. AB+AD=2AF, where Fis the midpoint of BD.

CB+CD =2CF

Fig. 1.21

AB+ AD+ CB+CD =2 (AF+CF)
= 2(FA+FC)
=-2[2 F—E)] » where E is the midpoint of AC
=4EF

N
If O (0) is the circamcentre and O’ the orthocentre of a triangle ABC, then prove that
. —_— — s

L OA+OB+0C =00’

_ S — —_—

ii. OA+0'B+0°C =200

ven _—_ — — —_ —

UL AQ+O’'B+0°C =2A0 = AP

where AP is the diameter through A of the circumcircle.

Sol.
O is the circumcentre, which is the intersection of the right bisectors of the sides of the triangle, and O’
is the orthocenter, which is the point of intersection of altitudes drawn from the vertices. Also, from
geometry, we know that
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20D =A0'. Therefore,
20D= AO’ | : )

Fig. 1.22

i Toprove: OA+ OB+ 0OC = 00’

Now OB+0C =20D = A0’
= OA+O0B+0C = OA+ A0’ = 00’ (by @)
ii. To prove: 67:44_0_'1)3 + OTC)‘ = 20_0)’
LHS. =2D0 +2 0D (by (@)
=2 (0'D+D0) =2 00
iit. To prove: E'Jr O_’l)3+ O_'é = 2@ = E
LHS. =2A0-A0+0'B+0°C
= 2A_0)’+(OT,)4+0—’1§+OTC)

240°+20°0=2A0

= ﬁ (where AP is the diameter through A of the circumcircle).

COMPONENTS OF A VECTOR

Let us take the points A (1, 0, 0), B (0, 1,0) and C (0, 0, 1) on the x-axis, y-axis and z-axis, respectively.
Then, clearly |OA|=1, /OBl =1and |10Bl =1

x>

C(0,0,1)
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The vectors OA , OB and OC , each having magnitude 1, are called unit vectors along the axes OX, OY
and OZ, respectively, and are denoted by 7, jand &, respeetively.

Now, consider the position vector OP ofa point P (x, y, z) as shown in the following figure. Let P, be the
foot of the perpendicular from P on the plane XOY.

z

F 3

R

APz

Y]

Fig. 1.24

We, thus, see that P P is parallel to z-axis. As ? }andlz are the unit vectors along the x-, y- ard
z-axes, respectlvely, and by the definition of the coordinates of P, we have PP OR = zl; . Similarly,
0S=YJ and OQ = xi.

Therefore, it follows that O_P;= 00 +OP=xi+yj and Op = 0—15:+E5= xit+yj+zk

Hence, the position vector of P with reference to O is given by

I5?I(or7)=x?+y}+z]§

This form of any vector is called its component form. Here x,yand z are called the scalar components of

r and xz yJj and zk are called the vector components of r along the respective axes. Sometimes x, yand
z are also called rectangular components.

The length of any vector _r): xi+ y }'+ zlAc is readily determined by applying: the Pythagoras theorem
twice. We note that in the right-angled triangle OQP ,

OB 1=\l0QP +1QP I = X’ +*

And in the right-angled triangle OF, P, we have

|OP1=AIOB P +1BPP = (& +y)+2°

Hence, the length of any vector r = xi + yj+ zk is given by

- A A A
7l = Ixityj+zkl = (¥ +y+ 22
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Notes:

Ed hacd A N A A A A
If a and b are any two vectors given in the component form a, i+a, j+ak qnd bi+b, j+bk,
respectively, then : ‘

1. The sum (or resultant) of vectors Z and Z is given by
a+b =(a,+b); +(,+b) i+ (ag+by) k

2. The difference between vectors Z and Z is given by
a-b =(a,~b) i +(a-b) j +(a,-b) k

'3. Vectors Z and Z are equal ifftzrid only if
b=Aa=(la) i +(a) ] +(a) k

The addition of vectors and the multiplication of a vector by a scalar together give the following

P

dlstrzbutzve laws: . ’ g
Let a and b be any two veetots, and k and m be any scalars. Then
i katma =(k+m) a
ii. k (ma) =(im) a
i k(a+ b)=ka +kb

Remarks

i. One may observe that whatever be the value of A, vector /'L a is always collinear to vector a In fact,
two vectors a and b are collinear if and only if there exists a non-zero scalar 4 such that

A

b = /1 a . If the vectors a and b are given in the component form, i.e., a =g, it+a, j+ a, k and
b=b, i+b, j+bk, then
bi+b, j«+b k= A(aita,j+ak)

b, i+b, j+bk =(Aa) i+(Aa,) J+(Aay) k
&b =, b,=Aa,, b, = Aa,

- A A A -
ii. If a=a i+a,j+ak, thena, a,, a, are also called direction ratios of a .
A

A A
iii. In case it is given that [, m, n are direction cosines of a vector, then li+mj+nk

= (cos a) i+(cos 8) j+(cosy) k is the unit vector in the direction of that vector where ¢, B and yare
the angles which the vector makes with the x-, y- and z-axes, respectively.
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A unit vector of modulus 2 is equally inclined to x- and y-axes at an angle g Find the length
of projection of the vector on z-axis.

:Example 19 §

Sol.
. .. . ¥ .
Given that the vector is inclined at an angle 3 with both x- and y-axes.
= cosa=cos =~
Also we know that cos’¢ +cos® 8 +cos’y =1
= cos’y= !
2
1
= cosy=t-—

V2
= Given vector is 2(cos ai + cos ] + cos vk)

If the projections of vector a on x-, y- and z-axes are 2, 1 and 2 units, réspectively, find the -

. -
angle at which vector a is inclined to z-axis.

Sol. v

>
Since projections of vector a on x-, y- and z-axes are 2, 1 and 2 units, respectively,

Vector 5—1):22+3'+212
lal=\22+ 17+ 2 =3

2 -
Then cos y = 3 (where yis the angle of vector a with z-axis)

MULTIPLICATION OF A VECTOR BY A SCALAR

Let 2 a be a vector and l a scalar. Then the product of vector a by scalar A, denoted as la is called the
multiplication of vector a by the scalar A. Note that Aa La is also a vector, collinear to vector a. Vector Aa a
has the direction same (or opposite) as that of vector a if the value of A is positive (or negative). Also, the
magnitude of vector Aa is 1 A1 times the magnitude of vector a ie.,

Aal=1Allal

A geometric visualization of multiplication of a vector by a scalar is given in the following figure.
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7
7y (\F‘
7 7y " 7o '
\] ~ ~
/r\,/ //"\lf
Fig. 1.25
When A=-1, /IZ =- Z , which is a vector having magnitude equal to the magnitude of a and direction

opposite to that of the direction of a.

Vector —a is called the negative (or additive inverse) of vector a and we always have

-

at+(—a)=(-a)+a=0.

- -
,provided a #0,1.e., ¢ is not a null vector, then

Also, if A= —
| a |

1Aal=IAllal=—

e

Il at

fal =1

Find the vector of magnitude 9 units in the direction of vector a = i+ 2}' +2k.

Example 1.11
Sol. , ‘
Given vector a=i+2j+2k

. . o S~ 4242k i+27+2k
Unit vector in the direction of a is a= J = J

. Je+22422 3
Now vector of magnitude 9 in the direction of 2 is 91—12{%—4—2& =3(2+ 2}' + 2/2)
VECTOR JOINING TWO POINTS
Ay
)
Z’l/ 1\\ B QX/L, Y'La )
A
w7
cQVL/
/,l . A (xla Y1, Zl)
0 /// .
> X

Fig. 1.26
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In the figure, vgctor A_)B is shifted without rotation and placed at origin.
Now vector AAB = OAC

Since |A_)Bl = IO—)CI , coordinates of point C are (x, - x,y,~Y,2,—2,)
Hence vector oC - (x, — x, )i+ (y,— yl)}' +(z, - zl)l;

Thus  AB = OC = (= x)i +(,— %)) + (2~ )k

= (i+y, j+,k)—(xi+y j+zk)
= OB-0A
= Position vector of B — position vector of A

Also from above, we have OB = QA + AB which describes triangle rule of vector addition.

Further OB=0A+ AB=0A+ OC (- OC = A_}i) , which describes parallelogram rule of vector addition.

2 If 2AC = 3CB, then prove that 204 + 30B = 50C, where O is the origin.

2AC =3CB = 2(0C - 0A) = OB — OC)

= 20A+30B=50C

E‘zmple113 Prove that points i+ 23’ - 31:, 2 - } +k and 2i + 5}' ~k forma triangle in space.
Sol.

Given points are A( +2j—3k), B(2i— j+k), C(2i+5] — k)
Vectors AB=i— 3}' +4k and A_)C =i+ 3}' +2k
Clearly vectors AB and AC are non-collinear as there does not exist any real A for which AB = AAC.

— -
Hence, vectors AB and AC or given three points form a triangle.



<
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SECTION FORMULA
Internal D1v1s1on

Let A and B be two points with position vectors a 2 and b respectively, and C be a point dividing AB
internally in the ratio m : n. Then the position vector of C is given by 55‘ = m

m+n
Proof:

R 4c
PTG
\“'I
(0]

Fig. 1.27

Let O be the origin. Then 52 = Z and —073) = Z Let Z be the position vector of C which divides

AC m
AB internally in the ratio m : n. Then —— CB-n
= nAC =mCB
= n(PV.of C—P.V.of A) = m(P.V.of B—-PV.of ()
= n(c—a)=m(b—c)
= nc na= mb mc
= c(n+m) mb+na
- szb+na 6E_mb+na
m+n m+n

External Division

Let A and B be two points with position vectors Z and b, respectively, and C be a pbint dividing ZE

externally in the ratio m : n. Then the position vector of C is givenby OC = M-

Proof:

m-—-n
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Let O be the origin. Then 0—A)= 2, 53) = Z Let Z be the position vector of point C dividing AB
externally in the ratio m : n.

BC n
= nAC =mBC

—

= nAC=mBC

= n(PV of C—PV.of A)=m(P.V.of C-P.V. of B)
= n(c a) m(c b)
= nZ—nZ = mZ—ml_;
= Z(m—n)=mZ—m—1)
i mz—nz P ml_;—nz
= ¢= or OC =
m—n m—n
Notes:

1. IfC s the midpoint of AB, then it divides AB in the ratio 1 1.

) . - . - - - ) . . I = -
Therefore, the PV.of Cis 1'—%1—1) =2 ; b - Thus, the position vector of the midpoint of AB is ) (a+b).
. . N + ) B .
> m b +.n;z) m 7 n -
2 - We have ¢ = b+ a- Therefore,

. m+n m+n m+n

S

o s n
= + = =
Aa ,u_b,where), g and p

m+n

Thus, position vector of any point C on AB can always be taken as c /'La+ ,ub whered + m = 1.

- -

3. Wehave = M Therefore,

m+n
"(m+n)z=mz+n2 .
cR OA +m OB (m+n) OC where C isa pomt on AB dividing it in the ratiom : n.

In AABC, having vertices A(a) B(b) and C(a)

e )

: +b+
Centroid is u—c—
BCa+ACbH+ABo

Incentre is
‘ AB+ AC+ AB

: . tanAZ+tanBZ+tanCZ
Orthocentre is -
- tan A+tan B+tan C
sin2A a+ sin ZBI;)+sin2C2
sin2A4+sin2B+sin2C

Circumcentre is
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e e e )

If a,b,c,d bethe position vectors of points A, B, C and D; respectively referred to same

L T e
origin O such that no three of these points are collinear and a + ¢ = b + d, then prove that
the quadrilateral ABCD is a parallelogram.

Sol.

e

Since a+c¢= Z+Zi)
_b+d

a+oc
p—1
' 2 2 .
= Midpoint of AC and BD coincide
= Quadrilateral ABCD is a parallelogram
Z"Ekémle- 1:15 Find the point of intersection of AB and CD, where A(6, -7, 0), B(16, -19, —4),

C(0, 3, -6) and D(2, -5, 10).

Sol.
Let AB and CD intersect at P.
Let P divides AB in ratio A:1 and CD in ratio y:1

164 +6 —194—7 —4x}or ( 20 =51 +3 10;1—6)

Then coordinates of P are , , ) )
A+1 A+l A+l u+l u+1  u+t

1
Comparing we have 4= —3OTH= 1.

Using these values, we get point of intersection as (1, -1, 2)
Here it is also proved that lines AB and CD intersect or points A, B, C and D are coplanar.

- A A A
Find the angle of vector a = 6i + 2j — 3k with x-axis.

Example 1.16 §
Sol.
a=6+2j-3%

= lal=(6) + () + (-3 =7

= Angle of vector with x-axis is cos™ =

Exam le i 17 +a. Show that the lines joining the vertices of a tetrahedron to the centroids of opposite

faces are concurrent.
b. Show that the joins of the midpoints of the opposite edges of a tetrahedron intersect

and bisect each other.

Sol.

e

a. G, the centroid of ABCD, is M and A is 2. The position vector of point G which divides
AG,intheratio3:1is 3
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JBeled o
3 a_a+b+c+d
3+1 4

Fig. 1.29

The symmetry of the result shows that this point will also lie on BG,, CG, and DG (where G,, G,, G,
are centroids of faces ACD, ABD and ABC, respectively). Hence, these four lines are concurrent at

péint a—”’%ki, which is called the centroid of the tetrahedron.

- - - o

b. The midpoint of DA is “=% and that of BC is _2F ¢

e e )

atbrctd and symmetry of the result proves the fact.

and the midpoint of these midpoints is

The midpoints of two opposite sides of a quadrilateral and the midpoints of the
- diagonals are the vertices of a parallelogram. Prove this using vectors.

- 5 o5 -
Let q, b, cand d be the position vectors of vertices A, B, Cand D, respectively.

Let E, F, G and H be the midpoints of AB, CD, AC and BD, respectively.

ﬁ
D (d)
F
..—)
C(o)
4 (:) E B(b)
Fig. 1.30

Ql
+
Sl

PV.of E=
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PV.of F= £+d
2

PV.of G= 4t¢

- 2
PV, of H = _b“;_d
EG =PV.of G_PV.of E= 2t¢ _atb _c-b

2 2 T2

HF =PV, of F—PV.of H= C’;d _b;d _ C;b

EG = HF = EG| HF and EG = HF
= EGHF is a parallelogram.

SoME MoRre SoLvep ExampLEs

 Check whether the three vectors 2i + 2] + 3k, - 3i + 3j + 2k and 3] + 4% form a triangle

or not.

If vectors a=2i + 2}' + 31Ac, b=-3i+ 3}' +2k and ¢ = 3 + 4k form a triangle, then we must have

- -

5
But for given vectors, a+ b+ ¢ #0. Hence these vectors do not form a triangle.

3 b g A A S - A A -~
- Find the resultant of vectors a =i — j+ 2k and b =i + 2j — 4k. Find the unit vector
in the direction of the resultant vector.

The resultant vector of aandb is a+b =2i + } —-2k=c (let)

> 42k . 1,x A o«
Now unit vector in the direction of cisc= J ==Q2i+ j-2k)

JOP+ Q) + (=2 3

. - A . A A
(RENIUIR®AY If in parallelogram ABCD, diagonal vectors are AC=2i+3j+4k and

- A A ~ ' - -
BD =-6i +7j— 2k, then find the adjacent side vectors AB and AD.
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Sol.

Let ;B:ZandA_b=g
Then AC=a+bandBD=b-a

AC+BD. .~ AC-BD
2 2

= AB=-2i+35+kand AD=4i—2]+3k

PP If two sides of a triangle are i+ 23' and i + I;, then find the length of the third side.

- A A - A A
Given sides of the triangle are a=i+2jandb=i+k%
: - - = -
If vector along the third side is c, then we must have a+b+c =0

Then c=-(G+2))-G+k)=-21-2]-%

Therefore, the length of the third side Iclis \/(—2)2 + (22 +(-D* =3

F®X%] Three coinitial vectors of magnitudes a, 2a and 3a meet at a point and their directions

e are along the diagonals of three adjacent faces of a cube. Determine their resultant R.
Also prove that sum of the three vectors determined by the diagonals of three adjacent
faces of a cube passing through the same corner, the vectors being directed from the
corner, is twice the vector determined by the diagonal of the cube.

Example

Sol.
Let the'length of an edge of the cube be taken as unity and the vectors represented by OA, OB and OC

(let the three coterminous edges of unit be ? , J and lAc, respectively). OR, OS and OT are the three

diagonals of the three adjacent faces of the cube along which act the forces of magnitudes a, 2a and 3q,
respectively. To find the vectors representing these forces, we shall first find unit vectors in these directions
and then multiply them by the corresponding given magnitudes of these forces.

C M
Ly S
iy T
“"‘Ak ’
O
J
T N\

Fig. 1.31
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—_ A A 1 A
Since OR = J + k, the unit vector along OR is 7 (J+k).

Hence, force 1?1 of magnitude a along OR is given by

P =—m b

N5

Similarly, force F of magnitude 2a along OS is \/— (k + ,) and force F of magnitude 3a along OT is
3a A A

@+ Jj)-
\/_ :
If R be theirresultant, then R=F + F, + F,

1 2 3

l

=R Ut Gt i+ LG+
S0y da 5,3
=R'TRTR
Again, OR + 08 + OT = j+k+i+k+ i+ ]
_2(?+}+1§)
AlsoOP 0T+TP—(z+J+k)( OT = i+j and TP = OC = k)
OR + 05 + OT = 20P

(8}

oo ekl The axes of coordinates are rotated about the z-axis through an angle of 274 in the
anticlockwise direction and the components of a vector are 2\/—— 3\/5 4. Prove that
the components of the same vector in the original system are -1, 5, 4,

If ? ;, lAc are the new unit vectors along the coordinate axes, then
a =227 +242 ] + 4k ®
;, 3‘, ]Ac are obtained by rotating by 45° about the z-axis.
Th laced b 45° + 45° = i+

en llS replace; cos sin = —==

P Y ’ J ﬁ

and A
A n A —i+j
J isreplaced by —i cos45°+ j sin45° = NG
k=k>

it e
7 =22 | +3V2 | T | +4k

=(2-3) i +(2+3) j+4k

=—?+59‘+4l::
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Example 1.25 If the resultant of two forces is equal in magnitude to one of the components and
PRS- perpendicular to it in direction, find the other component using the vector method.
Sol.

Let P be horizontal in the direction of unit vector : The resultant is also P but perpendicular to it in the
direction of unit vector J. If Q be the other force makmg an angle 0 (obtuse) as the resultant is
perpendicular to P, then the two forces are Pz and Q cos 6 z + @ sin 0 j . Their resultant is P J .

Fig. 1.32

PJ -P; +(Qcos€; +Qs1n0])
Comparing the coefficients of 1 and J, we get
P+Qcosf=0 and Qsin@=P
or Qcos@=-PandQsinf=PpP
Squaring and adding Q = P./2 and dividing
tanf=-1
6 =135°

I:Yample iW/3 A man travelling towards east at 8 km/h finds that the wind seems to blow directly
= from the north. On doubling the speed, he finds that it appears to come from the
north-east. Find the velocity of the wind.
Sol.

The velocity of wind relative to man = Actual velocity of wind — Actual velocity of man @)

Let ; and j represent unit vectors along east and north. Let the actual velocity of wind be given by xi

+ V7.
N
st v N-E
2nd
W- i > E
ON\45° g;
S

Fig. 1.33
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In the first case the man’s velocity is 8i i and that of the wind blowing from the north relative to the man
is P ] Therefore
-pj =(j +yJ) 8i (from Eq. ()]
Comparing coefficients, x -8 =0,y=-p (i1)
In the second case when the man doubles his speed, wind seems to come from the north—east direction
~q(i+ j)=(xi + yj)-16i o

x-16=-¢g,y=-¢q (iii)
Putting x =8, we get g =8

Hence, the velocity of wind is xi+y j=8 (i—j)

Its magnitude is /(8% +8%) =8+?2 and tan6 =1
0=-45°.
Hence, its direction is from the north—west

If ABCD is a thombus whose diagonals cut at the origin O, then prove that aq)+ 55.,. aﬂ 51—’)

=0.
Let D, E and F be the middle points. of the sides BC, CA and AB, respectively, of a triangle

—

ABC. Then prove that E.{. EE+ CF =6.
Let ABCD be a parallelogram whose diagonals intersect at P and let O be the origin. Then

_— s —— —

prove that OA + OB + OC + OD =40P.
If A, B, C and D be any four points and E and F be the middle points of AC and BD,

—_ — —  —

respectively, then prove that CB+CD+AD + AB =4 EF

.- If AQ+OB=BO+O0C, then A, B and C are (where O is the origin)

a. coplanar b. collinear ¢. non-collinear d. none of these

If the sides of an angle are given by vectors Z: ? - 2;' + 2]2 and Z = 2; + 3 +‘2]A¢ , then find
the internal bisector of the angle.
ABCD is a parallelogram. If L and M be the middle points of BC and CD, respecti\}ely, express

—_—

AL and Ez in terms of A_B) and E Also show that E+ ATJ = (3/2) ZE
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8. ABCD is a quadrilateral and E the point of intersection of the lines joining the middle points
of opposite sides. Show that the resultant of E{ O—B) O_C)‘ and OD is equal to 4OFE, where

O is any point.

9. What is the unit vector parallel toa=3i+4j—2k? What vector should be added to 2 SO

that the resultant is the unit vector i?

10. The position vectors of points A and B w.r.t. an origin are a=i+3j—2k and Z: 3it }‘—212,

—_—
respectively. Determine vector gp which bisects angle AOB, where P is a point on AB.
ndindind ) o . . .
11. If 5, r,r are the position vectors of three collinear points and scalars p and g exist such

-

that 7 ‘—‘P';,) +q;;, then show that p + g = 1.

VECTOR ALONG THE BISECTOR OF GIVEN TWO VECTORS

We know that the diagonal in a parallelogram is not necessarily the bisector of the angle formed by two
adjacent sides. However, the diagonal in a rhombus bisects the angle between two adjacent sides.

Consider vectors E = Z and ZB = Z forming a parallelogram ABCD as shown in the following figure.

A

Fig. 1.34

Consider the two unit vectors along the given vectors, which form a thombus AB'C’D’.

- Z —, b
Now AB’ = — and AD’ = — - Therefore,

lal bl

AC' = % + %

lal bl

: . . a b
So any vector along the bisector is A| ——+-—- |-
lal bl

|c~¢

|m¢

Similarly, any vector along the external bisector is A_)C' "=

Sl
=1
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: - - A A A - A A A -
’E‘,“P.lefl-”» If a=7i-4j—4k and b =-2i—j+2k,determine vector ¢ along the internal

- - -
bisector of the angle between vectors a and b, such that Ic| = 5.6.

Sol. A1
a=—-(Ti-4j-4k)
9
A 1 A AL A
b = 5 (—2I—J+2k)
- A A 1 A A A
c =Alatb] =/1§ (i-7 j+2k) @
lcl=546

2

A
= T(1+49+4)=25x6

25x6x81
12=‘—_ = 5

54 2
A==15

Putting the value of A in (i), we get

(i=7j+2k)

. AR - A A A - A A
xaple (@23 Find a unit vector ¢ if —i + J—k Dbisects the angle between vectors ¢ and 3i +4j.

Sol.
Letz=x§+y}+zlz, where x* + y? + 2= 1. 6

Unit vector along 3? +4}is 31;4] .

The bisector of these two is _ 74 }_ ]Ac (given). Therefore,

nn o n 3igd)
_§+}_]2 =1 | xityj+zk J
A A A 1 A A A . .
_i+j_k=‘5*l[(5x+3) i +Gy+4) J +5zk] (i)

&5. 3—1&.5 4—1&5—1
5(x+ )——’5()"" )_F’S i=-

T 5434 5-44 1

r=- T Y=y ey

Putting these values in (i), i.e., ¥* + y* + 22 = 1, we get
(5 +30)7 + (5 -44)* + 25 = 25)?
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2542 — 104 + 75 = 2542
A=15/2

- 1 A A A
¢= — (-11i+10 j-2k
5 (711i+10/-2k)

LINEAR COMBINATION, LINEAR INDEPENDENCE AND LINEAR DEPENDENCE

Linear Combination

-5 >

- -
A vector r is said to be a linear combination of vectors a,,a,, -, a, if there exist scalarsm ,m,, ---,m_such

- - - -
that r=m a+m,a,++ma,.

Linearly Independent

- - -
A system of vectors a,, a,,-,a, is said to be linearly independent if

mlc_z)l+mlc;;+---+m"c;; =6 =>m=m==m =0
It can be easily verified that ’
i. A pairof non-collinear vectors is linearly independent.

Proof:

Let Z and Z; are non-collinear vectors such that m, Z, +m, Z =0
Letm,m,#0

Iy

m
= g, and g, are collinear, which contradicts the given fact.
Hence m,, m,=0

ii. A triad of non-coplanar vector is linearly independent.
Linearly Dependent

A set of vectors c;:, c;;(;; is said to be linearly dependent if there exist scalars m,, m,,~, m_, not all zero,
such that mlcz+m2;2 + ---+mnc7n = 0.

It can be easily verified that

i. A pair of collinear vectors is linearly dependent.

ii. A triad of coplanar vectors is linearly dependent.

Theorem 1.1

-

- - - —
If aandb be two non-collinear vectors, then every vector r coplanar with aand b can be expressed in one

- -
and only one way as a linear combination xa+ yb; x and y being scalars.
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Proof:

J !

Fig. 1.35

Let O be any point such that )4 = a and OB = p,.

As 7 is coplanar with Z.and Z the lines OA, OB and OR are coplanar.
Through R, draw lines parallel to OA and OB, meeting them at P and Q, respectively.

Clearly, op = x OA = xa ¢ 53 and E{ are collinear vectors)
Also 0@ = yOB=yb ¢ @ and 513 are collinear vectors)

?:Ez’:Bﬁﬁé:ﬁ#b@’ ('.'b—Q)andﬁareequal)
= xa+yb @

- -
Thus, r can be expressed in one way as a Imear comblnatlon xa+yb.

ii. To prove that thlS resolutlon is unique, let 7= Xa+ y ‘b be another representation of rasa linear
combination of a and b
- -
Then, xa+yb=x’a+y’b
- - -
or x=xNa+(y-y)b=0
. - g .
Since g and b are non-collinear vectors, we must have
x~x"=0,y-y"=0
ie., x=x,y=y
Thus the representation is unique.

Note:

If OA and OB are perpendicular, then these two lines can be taken as the x- and the y-axes, respectively.
Letz be. the umt vector along the x-axis and | be the unit vector along the y-axis. Therefore, we have

- -

r=,xz+,y]

Also r= x2 + y2



1.34 . Vectors & 3D Geometry

Theorem 1.2

- - -

5
If a, band c are non-coplanar vectors, then any vector r can be uniquely expressed as a linear combination

- —

5
xa+vyb+zc;x,yand z being scalars.

Proof:
i

A
yAN—
\

|
S

D

A

Fig. 1.36

Take any point O so that 04 =71), 0B =—l;, O—C) ~Cand a; =7

On OP as diagonal, construct a parallelpiped having edges OA’, OB’ and OC’ along OA, OB and OC,
respectively. Then there exist three scalars x, y and z such that

a'zxa:x2,£'=)7§:y3,£'=z6?=z2

= 0P
=OA'+ A'P

— OA'+ A'D+ pp (by definition of addition of vectors)

=0A'+ 51—-;'+ O_C)’

— - - .

xa+yb+zc @
- - = —

Thus r can be represented as a linear combination of a, band c.

- -5 — -
ii To prove that this representation is unique, let, if possible, r = x a+y b+ 7 ¢ be another

- - - -
representation of » as a linear combination of a, band c. (ii)
Then from (i) and (ii), we have
- — - - - - —
xa+yb+zc=r=x'a+y'b+z'c
or

(x=x)a+(y-y)b+(z=2)c=0

- > -
Since a, band c are independent, x —x' =0,y -y =0and z—2'=0,0rx= x,y=y andz=2z". Hence
proved.
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Theorem 1.3

- A N - Ay " A - A Iy A
If vectors a=aq, i+a, j+a, k, b = bi+b, j*+bikand ¢ =c i+c, j+c,k are coplanar, then

a a4, a

b b, b =0

G 6 G
Proof

If vectors a, band ¢ are coplanar, then there exist scalars A and usuchthat ¢ =Aa+ pub. Hence,
cite, jte, k=A@ i+a, jva,k)+pu(b i+b, j+b k)
Now {, 7 and k are non-coplanar and hence independent. Then,

¢, =Aa + b, c,=Aa, + pb,and c, = Aa, + b,

The above system of equations in terms of A and u is consistent.

- - - - - - -

. . . I -
Similarly, if vectors x, a + Vb +2,¢ x,aty,btz,c andx;a+y, b+z,c are coplanar (where

LI S

Z, Zandz are non-coplanar). Then Y% %l =0 canbe proved with the same arguments.
RSN R
To prove that four points A (2), B (l_;), C (Z) and D(z ) are coplanar, it is just sufficient to prove that
VeCtors Ap BD and CD are coplanar.

Notes:

Two collinear vectors are always linearly dependent.
Two non-collinear non-zero vectors are always linearly independent.

Three coplanar vectors are always linearly dependent.
Three non-coplanar non-zero vectors are always linearly independent.

More than three vectors are always linearly dependent.

AN S o o

- - = - . : X _ .
Three points with position vectors a, band c- are collinear if and only if there exist scalars x, y and

Z not all zero such that (i) xZ +_yz + ZZ =Qand (ii) x+y+2z=0.

Proof:
-
Let us suppose that points A, B and C are collinear and their position vectors are a b and ¢,

respectively. Let C divide the join of a and b in the ratio y : x. Then,
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-

xa+yb
x+y

.
c=

or xa+ yb~(x+);) c=0

or xa+yb+zc=0,wherez=—(x+y)
Also,x+y+z=x+y-(x+y)=0.
Conversely, let xZ + yZ+ ZZ = 8 , where x+y + z=0. Therefore,

- - - -
xatyb=-zc=(x+y)c, v x+y=-2

-
- xa+yb
or ¢=——"t—
x+y

C o - - = 7
This relation shows that ¢ divides the join of a and b inthe ratio y : x. Hence the three points A, B

and C are collinear.
7 - 5 - —

. Four points with position vectors a, b, c and d are coplanar if there exist scalars x, y, z and w (sum of
. - - 5 -» '
any two is not zero) such that xa+yb+zc+wd =0 withx+ y+z+w=0.
Proof:
- - -

xa+yb+zc+wd=0

= x2+yz=—-(zz+w2) ; 6y
x+y +z+ w=0
= x+y=-(wW+2) (ii)
C) B(;; )

-
- Dd
A(a) (d)
Fig. 1.37
: xa+yb zc+wd
From (i) and (ii), we have TYP ke
S x+y z+w
Thus there is point P
xatyb zct+wd , , (i)
x+y z+w ' ' o :
xa+ yZ

" is the position vector of a point on AB which divides it in the ratio y : x.
x+y , , .
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- -

' +wd . . , . Ca g .
2ETWE s the position vector of a point on CD which divides it in the ratiow : z.
Z+w.

From (iii), these points are coincident; hence the points are coplanar.

Example 1. 29 The vectors 2i+3 ] Js 5i+6] Jj and 81+ /‘L J have their initial points at (1, 1). Find the
" value of 4 so that the vectors terminate on one straight line

Sol.

Since the vectors 2;' + 3;' and 52+ 63’ have (1, 1) as the initial point, therefore their terminal points are
(3. 4) and (6, 7), respectively. The equation of the line joining these two points is x — y + 1 = 0. The

terminal point of 8 + l}' is (9, A+ 1). Since the vectors terminate on the same straight line, (9, A+ 1)
lies on x — y + 1 = 0. Therefore,

9-A-1+1=0
= A=9

. - oS - -
Example I} If ¢, pand ¢ are three non-zero vectors, no two of which are collinear, 4 + 2b is

i - - - - - -
collinear with ¢ and p+ 3¢ is collinear with a , then find the value of la+ 2b+6¢ 1.
Sol.

Given g+25=Ac @
and b+3¢=pa, ' (ii)
where no two of ¢, b and ¢ are collinear vectors.

Eliminating b from the above relations, we have

a-6c=Ac-2ua

a(l+2p) = (A+6)c

= ;1 = —% alnd A=-6as a and ¢ are non-collinear.

Putting y = ~3 in (i) or A =-6 in (i), we get

a+2b+3c=0

= IZ+2;+3H=O

Prove that the pomtSa 2b+ 3c 2a+ 3b 4c and -7 b+ 100 are collinear, where

a b andc are non-coplanar.

b. Prove that the points A(1,2,3), B(3,4,7)and C (—3 -2, -5) are collinear. Find the
ratio in which point C divides AB.

a. Let the given points be A, B and C. Therefore,
AB =PV.of B-P.V.of A
=(2a+3b-4¢)—(a-2b+3¢)
= a+5b-T¢
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AC =PV.of C~PV.of A
=(-75 +10¢)=(a-2b+3¢)
—— a-5b+7¢=—AB
Since AC =— AB , 1t folfows that the points A, B and C are collinear.

3k+1 4k+2 7k+3)
k41" k+17 k+1

b. Let Cdivide ABin the ratio k : 1; then C(-3, -2, -5) = (

3k+1 3 4k+2=—2and

Tk+3
= =-3, =-5
k+1 k+1 k+1

S k=- % from all relations

Hence, C divides AB externally in the ratio 2:3.

Check whether the given three vectors are coplanar or non-coplanar:

23— 2] +ak,—2i +4) — 2k, 4 — 2] - 2%k

Sol.

Given vectors are i 2}' + 41Ac, 20+ 4}' - 2IA<, 4% - 2}' - 2/2

-2 2 4
= |2 4 -2/=16+16+16-64+8+8=0
4 2 =2

Hence the vectors are coplanar.

Prove that the four points 6; — 7,16i — 19} — 4k, 3] — 6k and 23 + 5j + 10k form a

tetrahedron in space.

Sol.

Given points are A(6i —77), B(6i — 19 — 4k), C(3] - 6k), D(2i + 5 + 10k)
Hence vectors AB =10i - 127 — 4k, AC =—6i + 107 - 6k and AD = —4i+ 127 + 10k

- -

Now determinant of coefficie;nts of AB, AC, AD 1is

10 -12 4
—6 10 —6|=10(100 +72) +12(—60 — 24) - 4(-72 + 40) # 0
-4 12 10

Hence, the given points are non-coplanar and therefore form a tetrahedron in space.
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Sol.
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- - ’ - - -
If aandb are two non-collinear vectors, show that points [, a+m, Z, l,a+m,band

LoL o
I3Z+m3;; are collinear if | ™ ";2 ";3 = 0.

- o -
We know that three points having P.V.s a, & and ¢ are collinear if there exists a relation of the form
g - - -
xa +yb +zc=0, wherex+y+z=0.

Now xa +yZ +zZ = 6 gives

- - - - - i —3
(lia+mb)+yla+mp)+zlja+mb)=0
or (xl, +yl, +z1) a + (xm, +ym, + zmS)Z = 6
Since ¢ and b are two non-collinear vectors, it follows that
xl +yl,+2zL,=0 6y
xm +ym, +zm, =0 (i)
Because otherwise one is expressible as a scalar multiple of the other which would mean that g and Z
are collinear.

Alsox+y+z=0. ’ (iii)

Eliminating x, y and z from (i), (ii) and (iii), we get

Alternative method:

A(, a+ m, Z), B(l, a+ m, Z) and C (I, a+ m, Z) are collinear.

=> Vectors =(l, -1,) a+ (m, — ng)z and AB = - 12)2 + (m, — mz)z are collinear.
Lob _mom,

— .
L=l m-—m

- - - -
- Vectors a and Z are non-collinear. Find for what value of x vectors ¢ =(x—2)a+b

and d = 2x + 1)2—3 are collinear?

- - -
Both the vectors ¢ and d are non-zero as the coefficients of 5 in both are non-zero.

- -
Two vectors ¢ and d are collinear if one of them is a linear multiple of the other. Therefore,
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d= e
or Qr+l)a-b=1 ((x-2) a+5) @
or {(2x+D=A®x-2))a~(1+1) B =0

- —

. . - -
The above expression is of the form pa+gb = 0, where a and p are non-collinear, and hence we have

p=0and g =0. Therefore,

2x+1-A(x-2)=0 (iD)
and 1+4=0 (i)
From (iii), A=~ 1 and putting this value in (i), we get x = %

Alternative method:

c=(x-2) Z+Ij and d =Q2x+1) Z—Z are collinear.

30 D c©

Fig. 1.38

Taking A at the origin
LetP.V.of Band Cbe p andz, respectively.

bt ¢ andpPv.of Eis 2 €

PV.of Dis

LetAF:FC=p:1. 5
Then position vector of F is
LetBF:EF =gq: 1.

®

p+1

GRS N |
The position vector of F is 7-1 (ii)
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Comparing P.V. of Fin (i) and (ii), we have

(Z+Z) 2
- -b
pe 174
p+1 q-1

Since vectors b and ¢ are independent, we have
-4
P _ 9 ,4-9
p+l 4@g-1)  4@g-1
= p=1/4andg=4
= AF:FC=1:2

Prove that the necessary and sufficient condition for any four points in three-
dimensional space to be coplanar is that there exists a linear relation connecting their
position vectors such that the algebraic sum of the coefficients (not all zero) in it is
zero.

- o -5

Let us suppose that the points A, B, C and D whose position vectors are a, b, ¢ and d respectively, are
coplanar. In that case the lines AB and CD will intersect at some point P (it being assumed that AB and
CD are not parallel, and if they are, then we will choose any other pair of non-parallel lines formed by
the given points). If P divides AB in the ratio ¢ : p and CD in the ratio n : m, then the position vector of
P written from AB and CD is

- - -

pa+qgb mc+nd

p+q m+n

or 4 a+t+ cl b— " Cc— " d=0

Of La+Mb+Nc+Pd=0
p + 9 m n
WhereL+M+N+P=p+q ptq min m+n=1—1=0

Hence the condition is necessary.

Converse: Let /g +mb + nc + p:l =0

where [+ m+n+p=0 i)
We will show that the points A, B, C and D are coplanar.

Now of the three scalars {+m, [ + nand [ + P, one at least is not zero, because if all of them are zero, then
[+m=0,l+n=0,l+p=0. Therefore,

m=n=p=-1{

Hencel+m+n+p=0 = 1-31=0 = [=0

Hencem=n=p =—1=0

Thus =0, m =0, n=0, p =0, which is against the hypothesis.
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Let us suppose that [ + m is not zero.
l+m=—(n+p)+0, {From (i)] (i)
Also from the given relation, we have '

lZ+mZ =—(nz+p2)

l_z;+mz rzz+p2 ..
or = {From (ii)} (ii1)
I+m n+p

L.H.S. represents a point which divides AB in the ratio m :'/ and R.H.S. represents a point which divides
CD in the ratio p : n. These points being the same, it follows that a point on AB is the same as a point
on CD, showihg that the lines AB and CD intersect. Hence the four points A, B, C and D are coplanar.

— — - - - - - -
elulolasel] a. If a,band ¢ are non-coplanar vectors, prove that vectors 3a -7b -4c,

- - - - = -
3a -2b +canda +b +2¢ are coplanar.
A A

b. Ifthevectors 2i — j +k, i + 2j — 3k and 3i + a j + 5k are coplanar, then prove that
a=4.

Sol.

a. If the given vectors are coplanar, then we should be able to express one of them as a linear
combination of the other two.

Let us assume that 32 —=7h —4¢c=x(3a—2b+c)+y(a +b+20), |
where x and y are scalars. Since Z , Z and Z are non-coplanar, equating the coefficients of 2 ,
; and Z, we get

3x+y=3,-2x+y=-T,x+2y=-4

Solving the first two, we find that x =2 and y = - 3. These values of x and y satisfy the third equation
as well.

Hence the given vectors are coplanar.

2 -1 1
b. Given vectors 27— 3‘+ ]Ac, it2 }'_ 3%kand 3i+a }'+ 5% are coplanar. Then |1 2 -3{=0
3 a 5

= 3-T7a+25=0
= a=4

- o -
If a, p and ¢ are non-coplanar vectors, prove that the four points

- - - - - - - - - - -
2a+3b~c,a-2b+3¢c, 3a+4b—2c and a ~6b +6¢ are coplanar.

Sol.

Let the given points be 4, B, C and D. If they are coplanar, then the three coterminous vectors

ﬁ, A—é and E should be coplanar.
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- -

AB=OB-OA = —a-5bh+4¢

AC=0C-0A=a+b-c

and AD=0OD -0OA=-a-9b+7c
-1 =5 4

Since the vectors ﬂg) R, AD are coplanar, we musthave | 1 1 —1|=0, which is true.
-1 -9 7

Hence proved.

- - - - - - - -
| Points A(a), B(b), C(c)and D(d) are related as xa +yp +zc +wd =0 and
x+y + z+w=0,wherex, y, zand w are scalars (sum of any two of x, y, zand w is not zero).

Prove that if A, B, C and D are concyclic, then [xy || Z—Z [2=lwzlle-d1?
Sol.

From the given conditions, it is clear that points A (a) , B (Z) ,C(c)and D (2) are coplanar.

._)
C(c) B(;’)
—
— D(d
4(2) @)
Fig. 1.39
Now, A, B, C and D are concyclic. Therefore,
AP x BP = CP xDP
Y a—bl |2 o F = ‘L le—dl |—21c—d1
x+y x+y w+ 2z w+z

Ixyl g—pl=lwzllc—dl?

Concept Application Exercise 1.2

- o - -

1. If a,b,candd are four vectors in three-dimensional space with the same initial point and

such that 32 - 22+ 3_22 = 6, show that terminals A, B, C and D of these vectors are coplanar.
Find the point at which AC and BD meet. Find the ratio in which P divides AC and BD.

- - e T - - o -
2. Show that the vectors 2a —b+3c,a+b —2c¢ and a + b —3¢ are non-coplanar vectors (where

- o5 o

a, b, ¢ are non-coplanar vectors).
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Examine the following vectors for linear independence:

ik 2i43j—k—i-2j+2k

. 3i+j—-k,2i—j+7k,7i—-j+13k

If Z and Z are non-collinear vectors and A=(p+4q)a+(2p+q+1)b andE =(2p+qg+2)a
+(2p-3g-1)b,and if 3A=2B, then determine p and gq.

If Z,Zand: are any three non-coplanar vectors, then prove that points

- — - - - - - - - ~ - - N
La+mb+nc,l,a+mb+n,c,lba+mb+nc,l,a+mb+n,c are coplanar if.
L L L

m, m, m; m,

If a band c are three non- zero, non- coplanar vectors, then fmd the lmear relatlon between
the following four vectors: a 2b + 3c 2a 3b +4c 3a 4b + 5c 7a - 11b +15c

Exercises

Subjective Type | TR SR R ,Sq’lytion&»‘onkpégévl;S?-»"‘:f

1.

The position vectors of the vertices A, B and C of a triangle are z + J ] + k and z+ k respectively.

Find a unit vector r lying in the plane of ABC and perpendicular to IA, where [ is the incentre of the
triangle.

A ship is sailing towards the north at a speed of 1.25 m/s. The current is taking it towards the east at
the rate of 1 m/s and a sailor is climbing a vertical pole on the ship at the rate of 0.5 m/s. Find the
velocity of the sailor in space.

Given four points P, P,, P, and P, on the coordinate plane with origin O which satisfy the condition

ﬁ,,_. +6P?u+l :%a;,,.

i. If P and P, lie on the curve xy = 1, then prove that P, does not lie on the curve.
ii. IfP,P,and P, lie on the circle x* + y* = 1, then prove that P , also lies on this circle.
ABCD is a tetrahedron and O is any point. If the lines joining O to the vertices meet the opposite

f P, O, R and P+0Q+0R+ﬁ
aces at P, Q, R and S, prove that AP BO CR DS

A pyramid with vertex at point P has a regular hexagonal base ABCDEF. Position vectors of points

Aand Bare ; and i+2], respectively. Centre of the base has the position vector i +3’ +3k.
Altitude drawn from P on the base meets the diagonal AD at point G. Find all possible position
vectors of G. Itis given that the volume of the pyramid is ¢,/3 cubic units and AP = 5 units.



10.

11.

12.

13.

14.

Objective Type
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A straight line L cuts the lines AB, AC and AD of a parallelogram ABCD at points B »C and D,

I

— —_— —— — N N 1 1 1
respectively. If AB\,= A, AB, AD,=2,AD and 4C, = A, AC, then prove that 7 = 74' 1
3 1

The position vectors of the points P and Q are 5747 }'_ 2k and —37+3 3 +6 ]A(, respectively. Vector

Z =3i— } iy passes through point P and vector Z; =-3i+ 2;'4_ Ak passes through point 0. A

third vector 27 + 7 } _ 5} intersects vectors A and B. Find the position vectors of points of intersection.

N A ~ A A ~ oL A A A .
Show that % I+, j+ 2k, x,i+y, j+ 2,k and x,i+y; j+ z;k are non-coplanar if Ix,| > Iy | + Iz |,
byl > Ix,t +1z,) and Iz,) > Ix,| + Iy,

If Xand §be two vectors and k£ be any scalar quantity greater than zero, then prove that
- - - 1 -
IA+B|2£(1+k)|A|2+(1+;)IBI2.

Consider the vectors i+cos (B-a) } +cos (Y —ar) k, cos (x-pB) ;+} +cos (Y —f) k and
cos (a—7) i +cos B-7 } +a lAc, where ¢, Band yare different angles. If these vectors are coplanar,
show that a is independent of ¢, B and ¥.
In atriangle PQR, S and T are points on QR and PR, respectively, such that OS = 3SR and PT=4TR. Let
M be the point of intersection of PS and Q7. Determine the ratio QM : MT using the vector method.
A boat moves in still water with a velocity which is k times less than the river flow velocity. Find the
angle to the stream direction at which the boat should be rowed to minimize drifting.
If D, E and F are three points on the sides BC, CA and AB, respectively, of a trlangle ABC such that
the lines AD, BE and CF are concurrent, then show that

BD CE AF _

CD AE BF

In a quadrilateral PORS, PQ = g, OR = b, SP = a— b, M s the midpoint of OR and X is a point on
4
SM such that SX = g SM. Prove that P, X and R are collinear.

N TSQlLt:tiqns on page165

Each question has four choices a, b, ¢ and d, out of which only one answer is correct. Find the correct answer.

1.

2.

Four non-zero vectors will always be
a. linearly dependent b. linearly independent
c. eitheraorb d none of these

Let Z,Z andz be three units vectors such that 32 +4Z +52 =0 . Then which of the following
statements is true?

a. Z{ is parallel to b

b. a is perpendicular to b

c. a is neither parallel nor perpendicular to b
d. none of these
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3.

b

10.

11.

12.

13.
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Let ABC be a triangle, the position vectors of whose vertices are respectively i+ 23‘ +4k,
~2i+2j+kand2i+4j—3k.Then AABC is
a. isosceles b. equilateral c. rightangled d. none of these

If | a+bila—b I, then the angle between aand b can lie in the interval

a. (-m2, n/2) b. (0, m c. (w2,3n/2) d. 0,2m)

A point O is the centre of a circle circumscribed about a triangle ABC. Then (A sin 2A + OB sin 2B
+ 58 sin 2C is equal to

a. (OA+ OB+0C)sin24

b.3 O_G) . where G is the centroid of triangle ABC

[
d . none of these

If G is the centroid of a triangle ABC, then G_A)+ @)-y G_C)‘ is equal to

a g . b. 3GA ¢. 3GB d. 3GC
If 2 is a non-zero vector of modulus a and m is a non-zero scalar, then mZ is a unit vector if
a. m==z=l b. a=Iml c. a=1/Iml . d a=1lUm
ABCD a parallelogram and A and B, are the midpoints of sides BC and CD, respectively. If
AA+ ABy = A AC then 4 is equal to

1 3 .
a. 5 b. 1 c. 5 d. 2
The position vectors of the points P and Q with respect to the origin O are 7= i+ 3/]\‘ -2 ]2 and
Z =3 f_ ;'_ 2 /2 respectively. If M is a point on PQ, such that OM is the bisector of POQ, then (ﬂj
is o
a. 2(i-j+k) b. 2i+7-2k ¢ 2(-it j—k) d. 2(i+j+k)
ABCD is a quadrilateral. £ is the point of intersection of the line joining the midpoints of the opposite
sides. If O is any point and OA+OB+0C+0D = )5[2, then x is equal to
a. 3 b. 9 c. 7 d. 4

If vectors AB = —3;+4) and AC =57 2j+4 % are the sides of a AABC, then the length of the
median through A is

a. J14 b. /18 c. /29 d. 5

e

A, B, C and D have position vectors a,b,c andd respecuvely, such that a-b= 2(d c) Then
a. AB and CD bisect each other b.. BD and AC bisect each other
C. AB and CD trisect each other d. BD and AC trisect each other

If a and b are two unit vectors and 0 is the angle between them, then the unit vector along the
angular brsector of a and b will be g1ven by

a-b b a+b ab q o
2c0s (8/2) " 2co0s (0/2) “ s @12 . none of these
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Let us define the length of a vector ai+b j+ck aslal+1b|+I|c|. This definition coincides with the

usual definition of length of a vector 4+ b}'+c ]/2 if and only if
a. a=b=c=0 b. any two of a, b and c are zero

¢. any one of @, b and c is zero d. a+b+c=0

Given three vectors Z =6? _3}, Z:z/i\—6"/}. and Z =27 +21}' such that &) :2 +Z+2_ Then the

resolution of the vector ¢ into components with respect to aand b is given by

a. 3g-2b b. 35 -24 ¢ 2a-3b d. a-2b
Ifa+[3+y a6and,3+y+5 ba o and & are non-collinear, then a+,3+y+5equals
a, aa b. b5 c. 0 d. (a+b)y

In triangle ABC, £A = 30°, H is the orthocentre and D is the midpoint of BC. Segment HD is produced
to T such that HD = DT. The length AT is equal to

4

a. 2BC b. 3BC c. EBC d. none of these
Let ;;, g, r?, - r be the posmon vectors of points P, P,, P, P, relative to the origin O. If the

vector equation @, r+ a, r tetar =0 holds, then a similar equation will also hold w.r.t. to any

non.

other origin provided

a a +a,++a=n b. a +a++a =1

¢ ata,++a=0 d. a =a,=a,="=a =0
n 1 2

- >

Given three non-zero, non-coplanar vectors a,b and ¢. 7 = pa+gb+¢ and 7, =d+ pb+gqc. If
the vectors ;:+ 2;2) and 2;;+;2) are collinear, then (p, q) is
a. (0,0) b. (1,-1) ¢ (-1,1) d. (1,1

If the vectors 2 and _l; are linearly independent satisfying (\/—?; tanO+1) Z+ (\/5 secO—2) Z = (), then
the most general values of 8 are

b4 117 /4 Q¥4

a. nt— —,neZ b. 2ntt —,neZ ¢. nm+ —,neZ d. 2nm+—, neZ
6 6 6 6

In a trapezium, vector B¢ — g ap - We will then find that ; —AC + BD is collinear with AD. If

-

= 11 AD, then which of the following is true?
a U=o0+2 b. u+a=1 c. o=pu+l d u=a+1

= A A A A N A - I3 Ay A
Vectors a=i+2j+3k; p=2i— J+kand ¢ =3i+j+ 4k are so placed that the end point of
one vector is the starting point of the next vector. Then the vectors are

a. not coplanar b. coplanar but cannot form a triangle
¢. coplanar and form a triangle d. coplanar and can form aright-angled triangle
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Vectors 5 =—4 ; + 3]2 ; Z =147 +2 3 ~5k arelaid off from one point. Vector 2, which is being laid
off from the same point dividing the angle between vectors a and p in equal halves and having the
magnitude /6, is

a. i +J+2k b. §—j+2k c. i+j-2% d. 2i—j-2k

If ; - 3}' +5% bisects the angle between a and —i{ +2j +2k , where a is a unit vector, then

A 1 A A A A 1 A A A

. a=——(417+88—40% . a=—— (417 +887 +40%

a. a 105( i J ) b. a 105( i J )
L a=—(-41i+88-40k Ca=—— 4188 - 40k
¢ a=qgs CHi+88-40k) d 105 (41i=88)- )

A N n 03 ~ [l A A A .. .
If4; +7j + 8k,2i +3j +4k and 2] +5 j +7k are the position vectors of the vertices A, B and C,
respectively, of triangle ABC, the position vector of the point where the bisector of angle A meets

BC,is
2, 8 on 2 aon [ A A L~ a
a. 5(—61 —-8j—6k) b. 5(61 +8j+6k) . 3 (6i+13;+18k) d. 5(51+12k)
If b is a vector whose initial point divides the join of 5; and 5;’ in the ratio & : 1 and whose
terminal point is the origin and |Z| < /37 . then k lies in the interval
a. [-6, - 1/6] b. (o0, 6]U[-1/6,c0)
c. [0, 6] d. none of these
Find the value of A so that the points P, Q, R and S on the sides OA, OB, OC and AB, respectively, of '

Oo°P 1 O 1 OR 1 os
aregular tetrahedron OABC are coplanar. It is given that — = = 09 —=—and ——=A

0A30B20C3 AB
1

a. X:— b. A=-1 c. A=0 d. for no value of A
‘I’ is the mcentre of triangle ABC whose corresponding sides are a, b, c, respectively.
alA +b 1B +c ]C is always equal to

a. g b. (a+b+c)BC

¢ (a+b+c)AC d. (a+b+c)AB

Letx?+3y?=3 be the equation of an ellipse in the x-y plane. A and B are two points whose position

vectors are —./3 z and \/5 i+ 2k Then the position vector of a point P on the ellipse such that
LAPB = /4 is

a b. +(i+ ) e 4] d. none of these

1
Locus of the point P, for which 0P represents a vector with direction cosine cos ¢ = — ( O’ is the
origin) is
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a. acircle parallel to the y-z plane with centre on the x-axis _

b acone concentric with the positive x-axis having vertex at the origin and the slant height equal to
the magnitude of the vector

¢. aray emanating from the origin and making an angle of 6Q° with the x-axis

d  adisc parallel to the y-z plane with centre on the x-axis and radius equal to | OP | sin 60°
If x and ; are two non-collinear vectors and ABC is a triangle with side lengths a, b and c satisfying
(20a-15b) x + (15b-12¢) y + (12¢-20a) (x x )= 0, then triangle ABC is

a. anacute-angled triangle b. an obtuse-angled triangle
¢. aright-angled triangle d. anisosceles triangle

A uni-modular tangent vector on the curve x =2 +2, y=4r~5,z=2-6ratr =2 is

1 ~ A 2 A A A
a. 5(21+2]+k) b. ZG-j-k

Wi Wi

c é(2?+}'+1§) ‘ d. =G+ j+k)

If xand y are two non-collinear vectors and a, b and c represent the sides of a AABC satisfying

(a-b) ; +((b-c) ; +(c—a) (; X ;) =0, then AABC is (where ;c><§ is perpendicular to the plane

of xandy)
a. an acute-angled triangle b. an obtuse-angled triangle
¢. aright-angled triangle d. ascalene triangle

- - . . . . . .
A 1s a vector with direction cosines cos «, cos § and cos y. Assuming the y-z plane as a mirror, the .

.. . . . - .
direction cosines of the reflected image of A in the y-z plane are
a. cosa,cosf, cosy b. cosa,—cosf, cosy
c. —cosa,cosf, cosy d. —cosa,—cosf3, —cosy

Each question has four choices a, b, ¢, and d, out of which one or more are correct.

1.

The vectors xi + (x +1)] + (x+ 2k, (x +3)i + (x +4) ] + (x + 5k and (x + 6)3 + (x + 7)] + (x + &)k
are coplanar if x is equal to
a. 1 b. -3 c. 4 d. 0

The sides of a parallelogram are 2i+ 43’— Sk and i+2 }'+ 3%. The unit vector parallel to one of the
diagonals is

a. %(3?+6}'—21€> | b. —;-(3?—6}'—212)

1 N A ~ 1 A A A
—(i+2j+8k ——(—~i-2j+8k
C. \/@( J ) d. \/gg( J )
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5

A vector a has the components 2p and 1 w.r.t. a rectangular Cartesian system. This system is rotated

through a certain angle about the origin in the counterclockwise sense. If, with respect to a new
-

system, a has components (p + 1) and 1, then p is equal to

a -1 h -1/3 c 1 d 2
If points i+],i—jand pi +cﬁ + rk are collinear, then
a. p=1 b. r=0 ¢. g€ R d. g#1

If 2, ; and ; are non-coplanar vectors and A is a real number, then the vectors a +2b + 3¢, Ab+uc
and (2A— 1) c are coplanar when
a UeR h. l:z c. A=0 d no value of 4

If the resultant of three forces F?l = pf+33‘_/2, 1?; =6i—k and 7:3 =_5f+}+2]2 acting on a

particle has a magnitude equal to 5 units, then the value of p is

a. —6 b. -4 c 2 : d. 4
If the vectors i— 3‘, }'+ kand @ form a triangle, then a may be
a —i-k b. i-2j-k e 2i+j+k d. i+k

The vector §+x}+ 3k is rotated through an angle 8 and doubled in magnitude. It now becomes

47+ (4x-2) i+ 2k. The values of x are

a 1 b. —2/3 c. 2 d. 4/3

- - -

- - - - - o
a, b and c are three coplanar unit vectors such that g + b + ¢ =0. If three vectors p, gand r are
- o -
parallel to a, band ¢, respectively, and have integral but different magnitudes, then among the
- - o
following options, | p + g + r | can take a value equal to

a. 1 b 0 ¢ \f3 d. 2

- - - -
If non-zero vectors g and b are equally inclined to coplanar vector ¢ , then ¢ can be

lal - 1bl - bl - lal =
— — a+t - - b b. - - a+ - - b
lal+21b1  tal+1bl la\+1B1  lal+lbl

|_) - '—)| - S - —)| -
- al——)a+ —>Ib —)b d. —)lb|—>a+ —)Ia —>b
lal+21b1  lal+21b] 2al+1b1  2lal+1b!

IfA (-4,0,3)and B (14, 2, -5), then which one of the following points lie on the bisector of the angle

between ‘O—A) and Ei (O is the origin of reference)?

a. (2,2,4) b. (2,11, 5) c. (-3,-3,-6) d. (1,1,2)
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N

In a four-dimensional space where unit vectors along the axes are Q, 3', % and 2, and a,, a,, a,, a, are
four non-zero vectors such that no vector can be expressed as linear combination of others and
(=1) (@-an)+p(@+a)+7 (@+a,-2a) +ay+8a, =0, then

a. A=1 b. u=-2/3 c. y=273 d. 6=1/3

Let ABC ‘be a triangle, the position vectors of whose vertices are73‘+10]2, _§ +6}'+6]A< and
—4i+9 j+6k. Then AABCis

a. isosceles b. equilateral ¢. right angled d. none of these

Reasoning Type [ - . Solutions on page 1.77

Each question has four choices a, b, ¢, and d, out of which only one is correct. Each question contains
Statement 1 and Statement 2.

a. Both the statements are true, and Statement 2 is the correct explanation for Statement 1.
b. Both the statements are true, but Statement 2 is not the correct explanation for Statement 1.
¢. Statement 1 is true and Statement 2 is false.

d. Statment 1 is false and Statement 2 is true.

A vector has components p and 1 with respect to a rectangular Cartesian system. The axes are rotated
through an angle o about the origin in the anticlockwise sense.

Statement 1: If the vector has component p+2 and 1 withrespect to the new system, then p = -1
Statement 2: Magnitude of the original vector and the new vector remains the same.

Statement 1: If three points P, O and R have position vectors Z ,b and Z, respectively, and
224. 32_ 52 =0, then the points P, Q and R must be collinear.
Statement 2: If for three points A, B and C; E =2 ZZ‘ , then points A, B and C must be collinear.

Statement 1: If i and ¥ are unit vectors inclined at an angle cand X is a unit vector bisecting the
angle between them, then = (Z+ ;;)) /(2sin(ar/ 2))-

Statement 2: If AABC is an isosceles triangle with AB = AC = 1, then the vector representing the
bisector of angle A is given by AD = (AB+AC)/2-

Statement 1: If cos @, cos 3 and cos v are the direction cosines of any line segment, then cos’a +
cos?f + cos?y = 1.
Statement 2: If cos a, cos B and cos yare the direction cosines of a line segment, cos 20 + cos 28

+cos2y= -1

Statement 1: The direction cosines of one of the angular bisectors of two intersecting lines having
direction cosines as I, , m, 1, and L, m,, n, are proportional to [, + L, m+ m,, n, +n,.

Statement 2: The angle between the two intersecting lines having direction cosines as l,m,n, and
1, m, n,is given by cos O=11,+mm,+nn,
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6. Statement1: In AABC, AR+ BC+CA =0

Statement 2 : If 0A =Z,a§ = 1_;, then XE =a+b
7. Statement 1: Z=37+ p7+ 3% and Z:z? +3_j+qz are parallel vectors if p =9/2 and g = 2.
- - - - N = N N a, _ a, _ as,
Statement 2: If a=q, i +a, j+a, k and b=b i +b, j+b, k areparallel, ;—b—.—b—'
1 2
8. Statement1:Iflatbl =la—bl,then a and Z are perpendicular to each other.

Statement 2 : If the diagonals of a parallelogram are equal in magnitude, then the parallelogram is a
rectangle.

9. Statement 1: Let A(a) B(b) and C(C) be three points such that a=2i+k b=3i- ]+3k and
c =—i +7 ] Sk Then OABC is a tetrahedron.

Statement 2: Let A(a), B(b) and C(c)be three points such that vectors 2, b andc are non-
coplanar. Then OABC is a tetrahedron, where O is the origin.

10. Statement 1: Let Z,Z,Z and d be the position vectors of four points A, B, C and D and
" 3a-2b+5c-6d = 0.Then points A, B, C and D are coplanar.

Statement 2: Three non-zero, linearly dependent coinitial vectors ( pQ PR and PS ) are coplanar.
Then PQ = APR + uPS, where l and p are scalars.

11. Statementl:If|a| =3, 151 —4and la+bl =5,then la—-bl =5.

Statement 2: The length of the diagonals of a rectangle is the same.

I
.

Linked Comprehension Type

Based on each paragraph, some multiple choice questions have to be answered. Each question has four
choicesa, b, c, and d, out of which only one is correct.

For Problems 1-3

- ABCD is a parallelogram. L is a point on BC which divides BC in the ratio 1 : 2. AL intersects BD at P. M is a
point on DC which divides DC in the ratio 1 : 2 and AM intersects BD in Q.

1. Point P divides AL in the ratio

a 1:2 b 1:3 c 3:1 d 2:1
2. Point Q divides DB in the ratio
a 1:2 b 1:3 c. 3:1 da 2:1
3. PQ:DBisequalto .
a 273 b 173 c. 172 d 34
For Problems 4-5

Let OABCD be a pentagon in which the sides OA and CB are parallel and the sides OD and AB are parallel. Also
OA:CB=2:1and OD:AB=1:3.
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C B
D . X
==14
Fig. 1.40
4. The ratio O—X is
XC
a. 3/4 b. 1/3 c. 2/5 d. 12
5. The ratioﬁ 1s
XD _
a. 52 b. 6 c. 7/3 d. 4

For Problems 6-7
Consider the regular hexagon ABCDEF with centre at O (origin).

6. A—B_I_Eg)j;]:_c)isequalto
a. 2A—B> b. 3A—B> c. 45 d. none of these

—_— — —— —

7. Five forces E;, AC, AD, AE, AF act at the vertex A of a regular hexagon ABCDEF. Then their

resultant is

a. 6AO b. 240 c. 4A0 d. 640

Matrix-Match Type

Each question contains statements given in two columns which have to be matched. Statements
(a, b, ¢, d) in Column I have to be matched with statements (p, q, 1, s) in Column IL If the correct
matches area — p, s; b > q, r; ¢ - p, q and d — s, then the correctly bubbled 4 x 4 matrix should
be as follows: '
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1. Refer to the following diagram:

2.

Integer Answer Type [EREEENE Solutzo;zsonpag€183

1.

._)
[4
2
o
-
b Y
Fig. 1.41
ColumnI Column I
a Collinear vectors p a
b Coinitial vectors q b
.¢. Equal vectors r. ¢
d. Unlike vectors (same initial s. d
point)

a and b form the consecutive sides of a regular hexagon ABCDEF.

Column I Column I
a. IfC—D)=xZ+yZ,then p x==2
b. If CE = xa + yb, then q. x=-1
c. .IfE=x2+yl_)),then r. y=1
d. A_Bé—xz,then s y=2

»

Let ABCbe a trlangle whose centroid is G, orhtocentre is H and circumcentre is the origin ‘O’. If D
is any point in the plane of the triangle such that no three of O, A, C and D are collinear satisfying the

relation A_b + B_b + C_I)LI + 31-;G =1 I;D, then what is the value of the scalar ‘A’ ?

If the resultant of three forces I? =pi+3] - k, f? =—5i4 ]+ 2k and I? =6i —k acting on a particle
has a magnltude equal to 5 units, then what is d1fference in the values of p?7

Let a, b and ¢ are unit vectors such that a + b — ¢ = 0. If the area of triangle formed by vectors
a and b is A, then what is the value of 442?
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4. Fmd the least posmve integral value of x for which the angle between vectors a = xl -3 ] - k and

A

b 2xz +xj— k is acute.

5. Vectors along the adjacent sides of parallelogram are 2 = : +2 ; + k and l_; = 22 + 4;’ + k Find the
length of the longer diagonal of the parallelogram.

6. If vectors Z = 2+ 2;’ - k, _l; = 2? - ; + k and ? = MA' + ;‘+ Zk are coplanar, then find the value of
(A-4).

Subjective Type

1. Find all values of A such that x, y, z # (0, 0, 0) and (§+ }'+3k)x+(3;—3}'+k)y+(—4§+5})z
= l(x§+ y }+ Z k), where, ?, ;and k are unit vectors along the coordinate axes. (IIT-JEE, 1998)

2. A vector has components A, A, and A, in a right-handed rectangular Cartesian coordinate system
OXYZ. The coordinate system is rotated about the x-axis through an angle 7z/2. Find the components
of A in the new coordinate system in terms of A, A, and A,. (ITT-JEE, 1983)

3. The pos1t10n vectors of the point A B, C and D are 31—2] k 2z+ 3] 4k - z+ ]+2k and
41 +5 ]+ ;Lk , respectively. If the points A, B, C and D lie on a plane, find the value of A.
(IIT-JEE, 1986)
4. Let OACB be a parallelogram with O at the origin and OC a diagonal. Let D be the midpoint of OA.
Using vector methods prove that BD and €O intersect in the same ratio. Determine this ratio.
(IIT-JEE, 1988)
5. Inatriangle ABC, D and E are points on BC and AC, respectively, such that BD =2DC and AE = 3EC.
Let P be the point of intersection of AD and BE Find BP/PE using the vector method.
(1IT-JEE,1993)
6. Prove, by vector method or otherwise, that the point of intersection of the diagonals of a trapezium
lies on the line passing through the midpoint of the parallel sides (you may assume that the trapezium
is not a parallelogram.) (IIT-JEE, 1998)
7. Show, by vector method, that the angular bisectors of a triangle are concurrent and find an expression

for the position vector of the point of concurrency in terms of the position vectors of the vertices.
(IIT-JEE, 2001)

8. Let A(t)— f,(t)z+ 5 (t)] and B(t) g, (t)z+ g7(t)], t €[0,1}], where fl, S gl, g2 are continuous
functlons If A(t) and B(t) are non-zero vectors for all and A(O) 2l+3_], A(l) —6z+2],

B(O) 3 i+ 2] and B(l) 21 + 6], then show that A(t) and B(t) are parallel for some ¢.
(IIT-JEE, 2001)

9. Inatriangle OAB, E is the midpoint of BO and D is a point on AB such that AD : DB=2:1.1f OD and
AE intersect at P, determine the ratio OP. : PD using the vector method. (JIT-JEE, 1989)
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Objective Type
Fillin the blanks
a a* 1+d°
L Iflb b* 14b°| =0andthe vectors A = (1,a,ad, B= (1, b, 52, C= (1, ¢, ¢?) are non-coplanar, then

c & 1+c

the product abc = . : (II'T-JEE,1985)

2. If the vectors azA'+}'+12, zA'+b}+lg and §+ }+cl€ (a, b, ¢ # 1) are coplanar, then the value of
LS S S _ | (IT-JEE,1987)
lI-a 1-b 1-c¢

True or false
e e

1. The points with position vectors a+b, a—b and a +k b are collinear for all real values of k.

(IIT-JEE, 1984)
Multiple choice questions with one correct answer
1. The points with position vectors 60; + 3;’, 401A' - 8;‘, a/f - 52} are collinear if
a. a=—-40 b. a=40
c. a=20 d. none of these (IIT-JEE 1983)

A A A

2. Leta, b and ¢ be distinct non-negative numbers. If vectors a z+a ]+ ck,i+kand cz+ c _]+ bk are
coplanar, then c is

a. the arithmetic mean of g and b b. the geometric mean of @ and b
C. the harmonic mean of a and b d equal to zero (IIT JEE, 1993)

3. Leta=i-k b= xz+]+(1 x)k and c—yz+x]+(1+x y)k Then a band ¢ are non-
coplanar for
a. some values of x b. some values of y

¢. novaluesofxandy d. for all valuesof xand y (XIT-JEE, 2000)
4. Let a, B and v be distinct and real numbers. The points with position vectors oi +f3 J+yk

,Bz+y]+ak and yz+a]+ﬂk

a. are collinear : l b. form an equilateral triangle
¢. form a scalene triangle d. form aright-angled triangle
(IIT JEE 1994)
5. The number of distinct real values of A, for which the vectors —A?: +] +k, P2 ]+k and
i+ ] A%k are coplanar is '
a. zero : b. one c. two d. three
(IIT-JEE, 2007)
6. If a=i+ ]+k b= 4z+3]+4k and c—z+aj+ﬁk are linearly dependent vectors and el

=[, 3,then

a. a=1,b=-1" b. a=1,b=x1 ¢ a=-1,f=%1 d. a=+l, =1
(IIT-JEE, 1998)
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ANSWERS AND SOLUTIONS

Subjective Type

1. Since | AB|=1BCl=1CaA |, the incentre is same as the circumcentre, and hence /A is perpendicular to
BC. Therefore, : is parallel to BC.
r=AG-J)

Hence, unit vector r =t —= (z - ])

[

2. We take the unit vectors i j and & parallel to the east, north and vertically upwards in the direction of

pole respectlvely Then the velocny vectors of the current, ship and the sailor are, respectively,
0125 Jand 0.5 3 Velocity v of the sailor in space is the resultant of these vectors.

Hence V= i+1.25 j+ 0.5k

CThen Iy 1 = 1+ (1257 + (0-5)°

= J1+1.5625+ 25
= 28125 =1.677 m/s

—_— — 3“—)

3. YPutn=2in oP,, + OP,,, = EOP"
- 3 — .
oP; =E OP2_0P1 ’ €3]

—_— A l/\
0P.=ai+—j
a

— A Al ab#0
OPz:bi+%j “

.. OP; =§(bi+% j) _ (a?+£}) - (3—;—a);+(535—%)j
If P liesonxy=1
3b 31
3-) (52
= (3b ~2a) (3a - 2b) = 4ab
= 9ab — 6b* - 6a* + 4ab = 4ab
= 2a>-3ab+2b*=0
which is not possible as Discriminant < 0 (a = 0 and b = 0 not possible)

(i) op =cos o ; +sina} and 0P, =cos B +sin B

—_—_ 3 A . A A . A
. OP; =E(cosﬂl~ +s1n,Bj)—(cosal- +sina ;)
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= (%cos B—cos a) f*(% sin B—sin a) ;

Since P, lies on x* +y* =1
3 '3 ’
= (Ecosﬁ—cosa) +(5sinﬂ—sina) =1

9
= Z+1—3 (cos Bcos o+ sin Bsina) =1

9 .
=>Z—3cos(ﬁ—a)=0=>cos(ﬁ—a)=% (i)
Put r = 3 in the given relation.

OP>+0P« = 5 0P OP: = OP; - OP:

0B =2 [20P:-0P | _ B, =2 52 -3 G

=>0P4=§ 9 2 ! —0P2=Z OPZ—E OP

5 A A 3 N A . .
= OP, =Z(C°Sﬁi +sin,Bj)—§(cosai +sin o j), which lies on x* + y* = 1

c D
Fig. 1.42
Here ABCD is 4 tetrahedron. Let O be the origin and the P.V. of A, B, Cand Dbe a, b, c and d, respectively.
We know that four linearly dependent vectors can be expressed as

- -

xa+yb+ ZZ +rd =0 (where x,y, z and ¢ are scalars)

-

—-Xxa

— - -
of yb+zc+td

- - -
yb+zc+td xa
y+z+t y+z+t
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where L.H.S. is P.V. of a point in the plane BCD and R.H.S. is a point on ;5 _
Therefore, there must be a point common to both the plane and the straight line. That is

-

— —xa
OP =
y+z+t
— —_— — N + + N
ap +z+t )52
oP = —* (y z ]AP
y+z+t\ x+y+z+t
579=[—x—]ﬁ
x+y+z+t
oP x
= — =

AP~ x+y+z+t

00y
Similarly, 5 = iy v+t
OR Z oS t

CR = xtytztt M DS xvy+o+t

OP OQ OR OS
= ——t——t——+— =]
AP BQ CR DS
Let the centre of the base be (0). Therefore,
1AB1=2

AOAB:%X4X\/§:\/§

AQ) BG+2)

Fig. 1.43
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Base area = 6+/3 $q. units
Let height of the pyramid be 4. Therefore,

%x6\/§h = 6\/§:>h=3 units

It is given that | AP =35. Therefore,

AG = \[205_-9 =4 units

= | 4G | = 4 units

Now | AG | and 1AO| are collinear. Therefore,

AG = AAO=IAGI=1AI1A01 = 21 AI=4 = 1 A1=2
22+ +B3h) =06 =22 +j+BR)+i

= AG

0G

—(+27+23k),3i+2 +24B%

6. Let AB = g, AD = b; then 40 = a+5.

Given ,ﬁ =1|Z ) ,E): = ,‘LZZ,E =13(Z+3)
BD, = AD,~ AB, = A, b- A, a

Since vectors TC, and ﬁ are collinear, we have

D

Fig. 1.44
D, = kB,D, forsomek e R

= AC,—AD, = kBD,
= A(a+b)—A b=k(1, b1 a)

= A, a+(A—A,) b=kL, b—kA a
Hence, A, = —kA, and A -4, =kA,

2
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Let vector 2? +7 }'_ 5]2 intersect vectors Z and 1} at points L and M, respectively, which have to be
determined. Take them to be (xl, ¥,»z,) and (x5 ¥,» 2,), respectively.

3,-1,1 4 B -3,2,4

/L (5 Y 2) \M (34 23)

P(5,7,-2) 0(-3,3,6)
Fig. 1.45
PL is collinear with vector X Therefore,
~PL =LA
. . oN 2 x1_5 )’1—7 Zl+2
Comparing the coefficient of i, jand k, we get 3 S 1 T A (say)

Lis31+5,-4+7,4-2
Similarly, gps = #E. Therefore,

n+3 y,-3 56 N
-3 - 2 - 4 —.u(saY)

S Mis-3u-3,2u+3,4u+6
Again LM is collinear with vector 2{ + 7] — Sk. T herefore,

e T N 4 S SN & S

2 T 7 55 Tvew
-3u-31-8 2u+A-4 4u-A+8
2 =
3u+3i+2v=-38
u+A-Tv=4
4u—A+5v=-8
Solving, we get
A=u=v=-1

Therefore, point Lis (2, 8,—3) or 22 + 83‘—3/2

and Mis (0,1,2) or j + 2k

OB (I
If the given vectors are coplanar, then |x, y, 2z, =0
X Y G

or the set of equations
xx+yy+zz=0,
xx +y,y+z,z=0and
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XX +y,y +2,2= 0 has a non-trivial solution.

Let the given set has a non-trivial solution x, y, z without the loss of generality; we can assume that
x2y2z.

For the given equation xx +yy + z,z = 0, we have x x = —yy — z,z. Therefore,
xxl=lyy+zz <lyyl+lzzd=kx<lyxd+lzx = x| <lyl+lz],
which is a contradiction to the given inequality, i.e., ly,| > ly | + Iz I.
Similarly, the other inequalities rule out the possibility of a non-trivial solution.

Hence the given equation has only a trivial solution. Hence the given vectors are non-coplanar.

- 1 - - - - 1 -
We know: (1+k)IAIZ+(1+;)IBI2=|AI2+I<|A|2+IBI-+;|BI2 @)
Also,
- 1 - - 1] = 12 - - :
kKIAP +=I1BP 22| k+1 AP .=IBP =21Al-1BI (ii)
k k

(Since arithmetic mean > geometric mean)

- 1 - - — ~ - - — )
(1+k)IAI2+(1+;)IBI2 2 AP +I1BF +21A1-1Bl = (1 Al+IBI)? (Using (i) and (ii))
Andalso 1AI+(B12 1A + BI

- 1 2 - - -
Hence, a+k) LAP +(1+;) IB? 21 A+BP

Since the vectors are coplanar

1 cos (B—a) cos(y—o)
cos (. —fB) 1 cos (Y — fB) -0
cos(ax—y) cos(B-y) . a )
cosa sinax 0 cosa sina 0
cosfB sinfB 0O cosfB sinf 0 -0
cosy siny a-1 cosy siny 1
=a=1
_)
P(a)
T
4 S =
0(0) k()

Fig. 1.46
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LetOM:MT=A1:1and PM: MS=pu:1

4 B = 4, QR =5

- Q—T’=4b+a
5
— Y 4;+2 :
M = —— i
and Q, Tl 5 ®

(i)

A 47 3u
= a_nd =
+1 5(A+D 5(A+1)  4(u+d)
= A=15/4and u=16/3
o OM:MT=15:4

Let the flow velocity of river be u and the velocity of boat in still water be v.

From (i) and (ii), 1

Thus, v = —
us, v = X
AKY
S
—> U
d
v
applo R
o X
Fig. 1.47

Also, let the boat move at an angle 6 with the stream direction.

Now the velocity of boat in the river is the vector resultant of the velocity of boat and flow velocity of
river, which can be written as

Vg = (u—vcosa)§+ (u'sinoc)}'= (u+vcos€)lA'+ (usin 9)}'

Hence, the time taken to cross the river = ﬁ (d = width of the river)
Thus, the drift s = (u+vcos 8) - d
= s=d (cosec 8 + KC0t9)
ds u v
= 0 =d (cosec O cot O — ; cosec? ) =0

v
= —cosec’0 = cosec Hcotf
U

~9_l g_cos“(l)
= cos =, =0-= P
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— -

13. xa+ yb+zc+t7z =0 such that
X+y+z+1=0 @

-

xa+yb=-(zz+t;)
andx+y=~(z+1)

x2+yl_;. zc+th )
= (n)
xty Z+t 7
N ra+yh
Position vector of F = —=<—
X+y
__)
(@)
F FE
Clo)
B>
®) D
Fig. 1.48
Hence, F divides AB in the ratio y/x.
AF _y
lFB x
Similarly, o2=2 , 4 CE_x
imilarly, ~> . an AE
AF BD CE '
= =
FB CD AE
U oM=2spg=74+2
2 2
S R
X M
_)
b
P . 0.
a
Fig. 1.49

SM =PM - PS =2a ~

1}
| S
()
</
Il
W | oo
ol
l
W
NN

SX
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PX = PS + SX

- -5 - 2

=-a+b+-a-=p= 3( +3)
5 5 5

Also PR —PQ + QR =a+b =

Hence P, X and R are collinear.

PX

u.)IUl

Objective Type

1. a. Four or more than four non-zero vectors are always linearly dependent.

2. d.3a+4b+5¢ =0

= g, band ¢ are coplanar.

No other conclusion can be derived from it.
3. ¢. BC=0C-0B=4i+2}-4k

AB=-3i-3%,AC =i+2) -7k

BC?>=36,AB?=18,AC* =54

Clearly, AC? = BC? + AB?
L LB =90°

4 c.ig+bida-bi
T 3
—<fP<—=

) 2

5. c. The position vector of the point O with respect to itself is

OAsin2A + OB sin2B + OCsin 2C
sin2A+sin2B +sin 2C

_, OAsin24+ OBsin2B+0Csin2C 3
sin2A+sin2B +sin2C

= OAsin24 + OB sin2B+0Csin2C = 0
6. a. We have _GE+ (;—C" =(1+1 G—D) = 255 where D is the midpoint of BC.

—_— — —  —

- GA+GB+GC=GA +2GD GA GA 0
(-+ Gdivides ACintheratio2:1, .. 2 GD = —GA )
7. ¢. ma isa unit vector if and only if

- —
lmal=1=ml|gi=1 > Imla=1=4qg= Tl
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_)

4=

> B
(0) (v)
Fig. 1.50

LetP.V.of A, Band D be 6, b and d, respectively.

Then P.V.of C, ¢ = b+d

AlsoPV.of A, = b+

(SR

and PV.of B, = 2+%

—_— — 3 - —
= AA+ABi =3 (b+d) =%AC

9. b.Since |OP =100 1% 14 , AOPQ is isosceles.
Hence the internal bisector OM is perpendicular to PQ and M is the midpoint of P and Q.

— 1

;. OM = (OP+0Q) = 2i+ j-2k

10. 4
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Let OA = Z, OB = 3 OC = cand OoD=4. Therefore,

_— —— —

OA+OB+0C+0D = G+b+¢+d

- o

P, the midpoint of AB, is 272

- -

Q, the midpoint of C_D), is ctd

11. b.

12,

13.

Therefore, the midpoint of @ is at b-:, ctd
- . - atbtord . —  atbtc+d
Similarly the midpoint of RS is — Le., OF = 7 =>x=4
A
B D C
Fig. 1.53

AB+AC = 2AD

—

1‘ A A A A A
©AD =3 ((S3i+4k) +(5i-2j+4k))

|

~ >
[
~.
+

SN
==~

Lengthof AD= 111+16 = Jig

d. 2 —»Z =2 (2_2)
. Z+ 22 _ Z+ 22
C 241 2+1

=> AC and BD trisect each other as L.H.S. is the position vector of a point trisecting A an C, and
R.H.S. that of B and D.

> o

+b

. N . - 7. a
b. Vector in the direction of angular bisector of aand b is

- o

. . . .. . . a+b
Unit vector in this direction is

-

la+ bl
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Fig. 1.54

B

... . a+b
From the figure, position vector of E is

Now in triangle AEB, AE = AB cos%

- o

la+b 6
=

- o

Hence unit vector along the bisector is

2 cos—
2.

14. b.ial+1bl+lcl= (g2 + p? +¢* < 2labl+2ibct+2ical =0

& ab =bc =ca=0 & any two of g, b and ¢ are zero
15. ¢. g =a+b+c =6i +12]

Let (_1)=xt_l)+y3=>6x+2y=6
and - 3x - 6y =12

Lx=2,y=-3
" a=2a-3b

16. c.Given o+ B+y=ad G)
ﬁ+?+3=-ba (i)
From (i), a+ B+y+6=(a+1)3 (iif) "
From (ii), &+,73+}+3=(b+1)& @iv)

From (ii1) and (iv),

@+1) §=(b+1) )
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Since P is not parallel to 3,
From (v), a + 1 =Qandb+ 1=0

From (ifi), o+ f+ 7 + 8=0

17. a. Let the origin of reference be the circumcentre of the triangle.
Let OA=2,0B=5b,0C=cand OT =7
Then IZI =| l_; I=1 ZI = R (circumkadius)

Again a+£+07=a+257)=a+ﬁ=671

A

Fig. 1.55

Therefore, the P.V. of His Z + Z;+ z Since Dis the midpoint of HT, we have

A T Sy

a+b+c+t _ b+
2 2

-
iy

c -
=>f=-q

o AT=-2a = AT=1-2a1=2121= 2R But BC=2RsinA = R, therefore
AT = 2BC

: - - -
18. c.Given @, 1, +a,1,++a r.=0

n

Fig. 1.56
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-2 2 o
Now a+r =v, and so on
o5 o 5 5 o
Hencea, (a+r)+a, (@a+r) +~+a (a+r) =0
- - - N
an 4 & L.yar ya@ta+-ta) =0
- : g

Hence a1, + azr; +---+a"r,; =0if a|+a2+--_-+an=0.
19. d. 5+ 2r, = (pat+gb+c)+2(a+pb+qc) =(pv+2)2+(q+2p)z+(1+2q)_c’

247 =@2p+1) at 2+ p) b+(2+g) ¢

p+2 q+2p 1+2q p+qg+2p+2g+3
2p+l 2q+p 2+q  p+q+2p+2q+3 =1
= p=landg=1

20. d. \/3tan@+1=0and \/3 sec@—-2=0
1r

6

1ir
= 0=2nmw+ ?, neZ

- - - -

21. d.c—b=qad and P = AC+ BD =M AD

B(b) C(c)
A4 > - D(d)
(origin)
Fig. 1.57
Hencep=z+2—z=#2 (using2—3=az)
oro+1l=u
22. b.Notethat 2 + b= ¢
23. a. le -4i+3k ;l;=14l+2j_5k
5 15

-

N g A A
A vector v bisecting the angle between a and b is ‘_/) = a4b

_127 +9k +147 +2 ] ~5k
15

2§+2'}‘+412
15
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Required vector 4 =+/6V = + 3 +2k

24. d. We must have A (2 - 33’ + SIAc) = a+ 2k—+§]—_—l— Therefore,

3a=3A(-3j+5k) = @k +2j 1) = iGA+D— ] 2+9A)+ (151 ~2)

= 3lal = JGA+1) +(2+92) + (154 - 2)°

2
=S9=0CBA+1)+2+90)*+ (15 - 2)*= 315A2~ 18 =0 = A =0, 35

IfA=0, ;= 2 3'.. 2% (not acceptable)
2 , 41~ 88~ 40
-, =l —-——] - —
354 105 105 105
25. c. Suppose the bisector of angle A meets BC at D. Then AD divides BC in the ratio AB : AC.

For A =

|ABI(2i +5)+7k)+ | AC| (2i+3 j+4k)

So,PV.of D= . _,
1AB| + | AC|

But AB=-2i -4 -4k and AC=—-2i-2j-%
= |ABl=6 and | AC|=3

6(2i+5]+7k)+3(2i +3 ] +4k)
6+3

L PV.of D=

(6i+13 j+18k)

W=

| A 5 ) k+(5i
26. b. The point that divides 5i and 5 in the ratio of & : 1 is (—%
5?+5k}'
k+1

Also, IZ! S\/3_7

S Z:

—6\_—/—1/6

Fig. 1.58

1
= —— 25+ 25k% £4/37
k+1 .
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27.

28.
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= 5J1+k% <37k +1)
Squaring both sides
25(1 +K2) <37(k2+ 2k + 1)

. 0or6k2+37k+620=(6k+ 1) (k+6)20

1
e o] L)

b. Let OA—a OB bandOC—cthenAB b aandOP—

Since P, Q, R and § are coplanar, then

P—S) =0 P_Q) +B Eé (E can be written as a linear combination of PQ and PR )

— (0Q — OP)+ B(OR- OP)

L =2 == a a3 ﬁ
ie, OS—-0OP=- 42 Lol

(oc+ﬂ)3 Sb+ge
= 0S = (1-a- [}) g

Given a‘)= AE= A (Z—— Z)

_—
From (i) and (i), ﬁs=0,T“=_,1 and%#

=2A=1+3A
=Ai=-1

a. Let the incentre be at the origin and be A(;), B(;])) and C(?). Then
JA=p, IB=gand IC = .
a;.+ b5+ cr

Incentre I is .
a+b+c

, where p=BC,q=ACand r=AB
Incentre is at the origin. Therefore,

aptbgtrer _ 6 or a;+b5+c?=6
a+b+c :

= a*IX+b_I_B>+cI_C) -0



29.

30.

31.
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a
Y
X
Fig. 1.59
Point P lies on x>+ 3y?=3 @)
Now from the diagram, according to the given conditions, AP =AB
or(x+ 3+ -01=4or(x+ /3 )V +y' =4 (i)

Solving (i) and (ii), we getx=0andy=+1

Hence point P has position vector * j
b.

»
»

A
v
S

Fig. 1.60

From the diagram, it is obvious that locus is a cone concentric with the positive x-axis having vertex
at the origin and the slant height equal to the magnitude of the vector.

c. Since ;,; and x x ; are linearly independent,
20a - 15b =15b - 12¢ = 12¢ - 20a =0

a_b_c
=374 5
=32 =a*+ b

Hence, AABC is right angled.
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32. a. The position vector of any point at £ is

r=2+7 ? +(4t—5)} +(2tz—6)12

-

N %:m Tr4 4+ di-6)k

= ﬂ =41A'+4;'+212and fi—
dt dt

=1/16+16+4:

=2 1=2
A

. . ' R S S
Hence, the required unit tangent vector at z = 2 is 3 (2i+2j+k).

- - - -

33. a.As x,y and x X y are non-collinear vectors, vectors are linearly independent.
=a-b=0=b-c=c-a
= a=b=c

Therefore, the trlangle is equilateral.
3. c.

Multiple Correct Answers ; e

1. a.b..c.d.

Xi+ (x+ 1)+ e+ 20k, (x+3)i + (x+4) )+ (x+ )k and (x + 6)i + (x + 7) ] + (x + 8)k are coplanar
X x+1 x+2
We have determinant of their coefficients as [x+3 x+4 x+5
x+6 x+7 x+8
Applying C,— C,~ C, and C,— C,— C,, we have
X 1 2
x +3 1 2=0
x + 61 2
Hencexe R
2. a,d.Let a=2i+4j-5kand b= §+2}'+312 '
Then the diagonals of the parallelogram are p atbandg = b—a,
ie., p 3z+6] 2k q——z—2]+8k
So, unit vectors along the diagonals are —(3l+6J 2k) and \/——( 1—2J+8k)
3. b., c. We have, a_sz_]
On rotation, let b be the vector with components (p + 1) and 1 so that b = (p+1) P+ ;

e d Ed 3 2
Now, jgl=1bl=a*=b
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=4p*+1=(p+1)2+1
=4p’=(p+1)?
=2p=t(@p+1)
=3p=-lorp=1
sp=—=13o0rp=1

. a,b.d.

Points A( + J), B( ~ ) and C(pi + gj + rk) are collinear
Now AB=-2] and BC=(p-1Di+(q-1)]+rk

X Vectors AB and BC must be collinear

= p=1,r=0andg=1

. a,b.,c )
1 2 3
For coplanar vectors, |0 4 H =0
0 0 24 -1

1
=2A-1)A=0=1=0, )
. b,ec.
Let R be the resultant.
Then R=I:’:+}72+13;=(p+1);'+4}'
Given, |7q; = 5. Therefore,
r+1)+16=25

=p+1==%3
Sop=2,-4
. a.,b.,d.

(1) si-24)

- b, c.Let o= i+ x 43k, f=di+(dx—2) ]2k
Given,2|(;|= |B|

= 23104+ x* = 20+ 4 (22 1)’

= 10+22=5+“@x2—4x+1)
=3x2-4x-4=0

=2 - =
=x=2,-7
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9. ¢,d.

Let Z, band ¢ liein the x-y plane.
Br o 1a

- A 1/\ 1/\ A
Let a= i,b=——2— i+'7i and ¢ =—5i—— . Therefore,

| p+g+ri=lAa+ub+vcl

_ Azw(_;gg]w[_;_g;]
B Y By
_'(ﬂ, 5 2)1+2(y v)j

= \/12+u2+v2—/1,u—/1v—/.tv

= 1ﬁ\/(),—u)z+(,u—v)2+(v—/1)2
%m:ﬁ

= | p+ ¢+ 711 can take a value equal to /3 and 2.

10. b.,d. Since g and b are equally inclined to c, Z-mustbe of the form ¢ —f— % .
bt - lal 2 lallbl} a b
Now =— 5 at—5——5b=F5—F |5+
lal+lbl  lal+ibl lal+1billal bl
bl > dal > anp (o &
Atso, T ot = b P |4,
2lal+1b] 2lat+1bl 2Nal+ibl \lal bl
. . a b
Other two vectors cannot be written in the form ¢ —+— |
fal 1bl
11. a.c.,d.

OA = -4i+3k; OB = 14i+2] -5k

_4i+3k . 147 +25 -5k
s 15

I
a

?:%[—12?+9}+14?+2}—5/§]



Introduction to Vectors 1.77

- A{ ral A FaY
—[2i+2j+4k
r 15[ i+2] 1
- 22{ A A A
=—[i+j+2k
r=Ts [i+) 1
12, a,b.,d.

A=1) (@-a)+p(a+a)+y(a+a—2a)+a+6a,=0

e, (W= 1) g+ (1= A+ = 2y)ay+ (u+y+1) a+(y+8) a, = 0
Since a,, a,, a,and c;; are linearly independent
A-1=0,1-A+u-2y=0,u+y+1=0 and y+6=0
e, A=1,u=2yu+y+1=0,7+8=0

1 1

. 2
1.e.,l=1,u=—§,}’=—3,5=§

13. a.,c. Wehave, AB=—i— j—4k, BC=—-3i +3] and CA =4i —2 j +4k. Therefore,
|ABI=1BC1=3\2 and | CA|=6

Clearly, | ABP +| BCP =1 AC P

Hence, the triangle is right-angled isosceles triangle.

Reasoning Type §

1. a.
J(p+2)? +1=p*+1
=SpP+4+4p+1=p?+i
=4p=-4
=p=-1

Hence a is the correct option.
2. 8.24+3b-5¢=0
=3(b-a)=5(c—a) = XE=%A_C:
= E and R must be parallel since there is a common point A. The points A, B and C must be

collinear . - -

)
, where 0 is the

. - - 2 cos —
angle between vectors # and v .

3. d. We know that the unit vector along bisector of unit vectors u and v is

Hence Statement 1 is false, however Statement 2 is true.
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4. b. Obviously, Statement 1 is true.
cos 2a + cos 23 + cos 2y = 2cos? @ — 1 + 2cos? ff — 1 +2cos?y ~1
=2(cos’a + cos’f +cos’y) -3 =2 -3 =—1

Hence, Statement 2 is true but does not explain Statement 1 as it is result derived using the result in the

Statement.
5. h
D c
5
D
LT3
2
A& > Y
(0) 7
Fig. 1.61
. o . . - 7. +b
We know that vector in the direction of angular bisector of unit vectors a and b is
where a = AB=li+m j+nk andb=AD=Li+m,j+nk

, . L+ Ly omtm, A m 4 s
Thus unit vector along the bisector is 27 4+ 74 2i+ 2%

cos — cos— cos —
2 2 2

Hence Statement 1 is true.

Also, in triangle ABD, by cosine rule

AB* + AD? - BD?

cos @ =
2AB- AD
= cosG:Hl_l(ll—12)1.""(”%"”’lz)j+(nl—nz)kl2
2
= COSQ:2_[(1'—12)2+(m1_m2)2+(1’l|—n2)2]
2
_2-[2-20k + mm, + nn,)

2
= LI, + mm, + npn,
Hence, Statement 2 is true but does not explain Statement 1,

e ——

6. c.InAABC, AB+BC=AC=-CA = AB + BC + CA = 0
OA+AB =OB is the triangle law of addition.

Hence Statement 1 is true and Statement 2 is false.



10.

11.

Linked Comprehension Type
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> 2 d 2
- = —a =
q:}]) 2 na g

olw

P
3
Thus, both the statements are true and Statement 2 is the correct explanation for Statement 1.

- -

a a+b = Z —Z are the diagonals of a parallelogram whose sides are a and b.

Na+bl=la—bl

= Diagonals of the parallelogram have the same length.

= The parallelogramis arectangle= a L b

a. Given vectors are non-coplanar. Hence the answer is (a)

8 30-2b+5c—6d=(2a—2b)+(-5a+5¢)+(6a-6d)

=~ 2AB+5AC-6AD=0
Therefore, E XE‘ and A—D) are linearly dependent. Hence by Statement 2, Statement 1is true.
a. We have adjacent sides of triangle IZI =3, IZI = 4
The length of the diagonal is |a +b | = 5.

- -

Since it satisfies the Pythagoras theorem, a L b.
Hence the parallelogram is a rectangle.

Hence length of the other diagonal is la - b' =5

For Problems 1-3
1.c,2.b,3.c

Sol.

Fig. 1.62

" AL=a+<b
3
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Let AP = A AL and P divides DB in the ratio 1 1 -1
— - /’L-)

Then AP=la+§b

Also AP =u 2+(1—y)l—;

From (i) and (ii), A Z+%b=u2+(1fu)3

.'.l:;iand%:l—,u

cA=d
4

@)

(i)

Hence, P divides AL in the ratio 3 : 1 and P divides DB in the ratio 3 : 1.

Similarly Q divides DB in the ratio 1 : 3.

Thus DQ = iDB and PBziDB

PO = %DB, ie,PO:DB=1:2

For Problems 4-5
4.c.,5.b.

Sol.

Let the position vectors of A, B, C and D be a, b, candd, respectively.

Then, OA: CB=2:1

—_— —

= OA=2CB

= a=2b-0)
and OD :AB=1:3

—_ -

30D = AB
= 3d=(b-a)=b-2b-¢) (using (D)

— 3d=—b +2¢
LetOX:XC=A:1andAX:XD=yu: 1
Now, X divides OC in the ratio A : 1. Therefore,

PV, of X = 2
A+1
X also divides AD in the ratio u : 1
PV of x = H2ta
n+l1

From (iii) and (iv), we get

@

(i)

(iii)

(iv)
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Ac _y2+z
A+l !

A{ — /i — 1 —
= d +
|2+ ¢ u+1] [,u+1]a
+( ! )2(3—3] (using (i) and (ii))
3 H+1

Y R o 6_“\ be| 2 ___2 )2
A+1 3(u+l) u+l) p+l

A 6-u 2 [ 2u-6 )\
b
=12+ 3(#+1)] +(3(u+1)]c

S -l PO B el NN A
3+ 3u+1) A+l

Y
PN
ol
]
=
N
|
S
+
)
o

A+1 u+1

ol
I}

6_'u — - -
= 3(u+1) =0 ang 2H=6 ——;L—:O(as band ¢ are non-collinear)
. 3u+l) A+l
.
S U=6A=—
H 5

Hence OX:XC=2:5
For Problems 6-7
6.c.,7.d.

Sol.
Consider the regular hexagon ABCDEF with centre at O (origin).

E D

Fig. 1.63

ZT) +E§ +F_C)= 2@+2£+20_C)
= 2(A0 + 0B)+20C
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= 2AB +2AB ("~ OC = AB)
~4AB

R AB + AC+ AD+ AE+ AF

_ — = — —)

ED + AC+ AD + AE+CD (- AB = ED and AF = CD)

(AC + CD) + (AE + ED)+ AD

AD +AD +AD=3AD =640

Matrix-Match Type

1. a-p,ns;b—qns;c—op,r;dor,s
2. a»qr;bop,r;c—oq,s;dop

Sol.

F
AB=a.BC=b
 AC=AB+BC=a+a (i)
AD=2BC=2b (ii)

(because AD is parallel to BC and twice its length).

CD=AD - AC =2b—(a +b)

=b-a
FA=-CD=a-b (1)

DE=-AB=-a Giv)



e

EF=-BC=-b
AE=AD +DE=2b—a

—_ — — -

CE=CD+DE=b—a—a=b-2a

Integer Answer Type w e S e

- o -

1. @QLHS.=d-a+d-b+h—c+3(g—h)

e

_2d—(a+b+cy+38Flta oy
= 2d-2h=2d-h)=2HD
= A=2
2. (6)Let R be the resultant

Then R=E+F¥+F3=(p+1)f+4j

Given, |R| =35, therefore R? = 25
@P+1YP+16=25=p+1=13
p=2,-4

3. 3)Given, a+b=c

Now vector ¢ is along the diagonal of the parallelogram which has adjacent side vectors a and b.
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)

(vi)
(vii)

-

- : . - -
Since c is also a unit vector, triangle formed by vectors a and b is an equilateral triangle.

Then, area of triangle is 73

Fig. 1.65
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4. (2) Leta= x? -3 } - IAc and b = 2x§ + x}' - l; be the adjacent sides of the parallelogram.

-

Now angle between @ and b is acute,

- - - -
= la+bl>la—->bl

2 2
o |3xi+(x-3j-2k >‘—x§—(x+3)} 2 7-F
= 9+ @x-3P+4>x2+x+3)
= 8xZ-12x+4>0
= 2x*-3x+1>0 _>>
= 2x-Dx-1)>0 a
= x<1/2 or x>1 - Fig. 1.66

Hence the least positive integral value is 2

5. (7) Vectors along the sides are Z = ; + 2}' +12 and b = 21A' + 4;’ +l€
Clearly the vector along the longer diagonal is a + b = 3; + 6}' +2k
Hence length of the longer diagonal is la + bl = I3§ +6 }"+ 2/2| =7

6. (9) Vector a=i+2j—k,b=2i—}+lz,c=/1;+_Ai+21A<arecop1anar

1 2 —1‘
= [2 -1 1|=0
A1 2

= A-3+2(-5=0
= A=13

Archives %

Subjective Type
L G+ 430+ Gi=3j+k)y+(4i+5))z=Axi+y]+zk)

Comparing coefficient of i, x + 3y —4z=Ax

=1-A)x+3y-4z=0, )
Comparing coefficient of J>x — 3y + 5z= Ay
=x-B3+A)y+5=0 . (ii)

Comparing coefficient of &, 3x +y + 0z = Az
3x+y—-2Az=0 (iii)
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All the above three equations are satisfied for x, y and z not all zero if

1-1 3 -4
1 -3+A) 5|=0
3 1 -4

=1 -ADBA+A-51-3[-A-15]-4[1 + 9+ 31] =
SAR22+1=0

= AA+1)2=0

=21=0,-1

5
. Since vector A has components A, A, and A,, in the coordinate system OXYZ,

el A A N

A=iA+jA +kA

When given system is rotated through 772, the new x-axis is along the old y-axis and the new y-axis is
along the old negative x-axis; z remains same as before.

Hence the components of A in the new system are A,,—A and A,

Therefore, Z becomes A, P- A ;’+ A, k.
. GiventhatP.V.’s of points A, B, Cand D are 31A' —2}—/2, 2?+3} —4/2, —zA'+ ;’+2'12 and 42+5;’+l/2,
respectively.
Given that A, B, Cand D lie in a plane if E, R and E are coplanar. Therefore,
-1 5 -3 ' '
-4 3 3 |=0
1 7 1+A

:—1(3+3/1—21)—5(—4—41—3)—3(—28—3)=O
= -3A+18+201+35+93=0

= 17A=- 146
— A= 146
17

. OACB 1s a parallelogram with O as ongm Let with respect to O, position vectors of A and B be
a and b , respectively. Then P.V. of Cis a+ b

_)
B(b) c(a+ D)

._)
0 DG/z) 4(a)

Fig. 1.67
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Also D is the midpoint of OA; therefore, the position vector of D is 2/ 2.

CO and BD intersect each other at P. _

Let P divide CO in the ratio A : 1 and BD in the ratio u : 1. Then by section theorem,
position vector of point P dividing CO inratio A: 1 is

Ax0+1x(a+b) a+b
A+1 A+1
and position vector of point P dividing BD in the ratio ft: 1 is

)

-

Wale o
_MHa+2b
n+1 2(u+1)

As (i) and (ii) represent the position vector of the same point, hence

(i1)

atb _pa+2b
A+l 2(u+1)

Equating the coefficients of a and b, we get

R N T (iii)
A+l 2(u+1b .
1 1

A+l g+l ()

From (iv) we get A = u = P divides CO and BD in the same ratio.
Putting A = y in Eq. (iii), we get u=2
Thus the required ratiois 2 : 1.

5. Let the vertices of the triangle be A (6),B(Z) and C(Z).

5
A(0)

Fig. 1.68
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Given that D divides BC in the ratio 2 : 1.

; +2 c
Therefore, position vector of D is <.
E divides AC in theratio 3 : 1.
Therefore, position vector of E is 0+3c = % :

Let point of intersection P of AD and BE divide BE in the ratio 1 : k and AD in the ratio 1 : m. Then

| kb+1(3c/4 O+m ((b+20)/3 .
position vectors of P in these two cases are %—2 and mO+m ((+1 c) ),respectlvely.
m

Equating the position vectors of P in these two cases, we get

kl—; 3: _ mz . 2mz
k+1 4k+1) 3(m+1) 3(m+1)

k m 3 2m
= = and =
k+1 3(m+D 4k+1) 3(m+1

o0 | W

L 4k 1
Dividing, we have — === k=
3 2
Required ratio is 8 : 3.
Let the P.V.s of the points 4, B, C and D be 0, B(b), D(d) and C(d+15)
For any point :on;q_C)and E)), ? =1 (d+ tZ) and ;) =(1- ).t) Z + ud, respectively.

For the point of intersection, say T, compare the coefficients.

>3
- S(d+§)

- -
C(d+1tb)

A=p,td=1-pu=1-Aor(z+ 1A =1
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1

A=—=
r+1 H 5> 5
Therefore, _r) ( position vector of T) is d+1tb . @)
t+1 b b
Let R and S be the midpoints of the parallel sides AB and DC; then Ris — and S'is d + IE-
Let T divide SR in the ratio m:1. 2
b = b .
m—+d+t— d+th
Position vector of T is 2—2, which is equivalent to
' m+1 )
Ind - 1 1 +1t t
Comparing coefficients of »andd, ——=——-and e =—
m+1 r+1 2m+1) t+1
From the first relation, m = ¢, which satisfies the second relation. Hence proved.
7. Let a, band c be the position vectors of A, B and C, respectively.
Let AD, BE and CF be the bisectors of LA, £B and ZC, respecttively.
a, b and c are the lengths of sides BC, CA and AB, respectively.
Now AD divides BC in the ratio BD : DC =AB: AC =c : b.
> bbb+
Hence, the position vector of D is d = b___c_c 4@
: b+c _ E
Let I be the point of intersection of BE and AD. £,
Then in AABC, BI is bisector of ZB. Therefore,
DI:JA=BD:BA N N
N ral
BD ¢ BD ¢ B®) D ce
But —=-=> ————~= .
DC b BD+DC c+b Fig. 1.70
BD__c
BC c+b
BD = %€
e =
b+c
ac
. DI:IA = rc=a:(b+c¢)
b+c
aa+db+c)
~PVofl=——
a+b+c
aa+ bbtcc (b+c) N a4
_ _aa+bb+cc
at+b+c at+b+c

E

As P.V.of I is symmetrical in a, b, ¢ anda, b, c, it must lie on CF as well.

PACNNA0)

8. Z(z‘) is parallel to B(t) for some ¢ € [0, 1] if and only if
g g @)

or f,()-g,(1) =f,(0)g (1) for some t € {0, 1]

for some 1 € [0, 1]
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Leth(f)=£,(2)-8,(0—£,(1)-8,(")
- h(0)=£,(0)-8,(0)~£,(0)-£,(0)
=2%x2-3x3=-5<0
1) =f£,(1)-g,()-£,(1)-g,(1)
=6x6-2%x2=32>0
Since % is a continuous function, and A(0)-A(1) < 0, there are some t € [0, 1] fo-r which h(®) = 0,

i.e., A(t) and B(t) are parallel vectors for this ?.

With O as origin let a and b be the position vectors of A and B, respectively.

__)
B(b)

N
4 (a)

Fig. 1.71

Then the position vector of E, the midpoint of OB, is Z/ 2.
Againsince AD : DB =2 1, the position vector of D is

1-a+2b _a+2b

1+2 3
L oP_1
“op" %
bV of pis 2T b
= P.V. 0 1S 3(/1_'_1)
Let AP _1
PE u
s
pa+—
= PV, of Pis 2
+1

~ Comparing P.V. of P, we have

1 and 2 1
3A+D) p+l 3 +1) 2Au+1)

W

1
Dividing u = i A=
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opP_3

= Pa 2
Objective Type
Fillin the blanks

a a 1+a°
1. Giventhat|b »* 1+b*|=0

c & 1+¢°

a a* 1 1 a 4°
b b l+abc]l b =0
c ¢t 1 1 ¢ ¢

Operating C, <> C, and then C, &> C, in first determinant

N 1 a & 1 a a°
1 b b*l+abell b b*|=0
1 ¢ ¢ 1 ¢ ¢
1 a 4
(I1+abo)ll b b*|=0
1 ¢ ¢
1 a &
either 1 +abc=0o0r |l b b* =0
1 ¢ ¢

e ] -
Also given that vectors A, B and C are non-coplanar.

2

Q

220

1
1
1 2

[N SR Y
o>

[

So we must have 1 +abc =0
abc=-1

A A Ao A A

- A - A ~ A
2. Giventhatthe vectors u =ai+ j+k, v= i+b j+k and w= i+ j+ck,wherea, b, c# 1 are coplanar.

Therefore,

a 1 1

1 b 1=0

1 1 ¢
Operating C, »C, - C,, C,»C, - C,
a-1 0 1

1-b b-1 1=0

0 1-c¢ ¢
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Expanding
cla-DP-D+A-b)Y1-c)-(1-c)a-1)=0
c 1 1
+ + =
l-¢ 1-a 1-b

c 1 1
—+lt—t—=
-c l-a 1-b
1 1 1
—t—t—=1
l1-¢ 1-a 1-b
True or false

1. Let position vectors of points A, Band Cbe a + b, a — b and a + kb, respectively.

Then AB =(a —b)—(a +b)=-2b
Similarly, BC = (a+ kb)—(a—b) = (k+1)b
Clearly A_B)IIB—(,: VkeR

= A, B and C are collinear Vke R
Therefore, the statement is true.

Multiple choice questions with one correct answer
1. a.Three points A(a), B(b),C(c) are collinear if AB Il AC
AB =201 —11j; AC = (a—60)i —55)

=>——-) —_— a—60_—55 ——40
AB"AC: -20 _jﬁ:a_

2. b.a,band care distinct negative numbers and vectors a i+a j+ck, i+k and ci+c j+bk are coplanar

=0

[ ~

a
0
c

S = 6

=ac+c*-ab-ac=0
= =ab

= a, c, b are in G.P.

So cis the G.M. of a and b.

3. C. a::—];
b=xi+ j+(-x)k

c= y7+ x7+(1+x—y);
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1 0 -1
=ix 1 1-x
y x l+x-y

=(1+x—y-x+x)-1(x*-y)
=1 ‘
4. b. Let the given position vectors be of points A, B and C, respectively. Then

|ABI= {(B-a)' +(y-B) +(a~7)

|BC = \/(}'—B)Z+(0t»—7)2+(06—_13)2

|CAl= (a—7) +(B-a) +(r-B)
»+ 1ABI=| BC=I CA|
Hence, AABC is an equilateral triangle.

5. ¢. We know that three vectors are coplanar if their scalar triple product is zero.

A1 1
=|1 -2 1|=0 R >R +R, +R,
o1 -2 , _ .

2-A% 2 — A% 2-3?

= 1 —A? 1 (=0
1 1 —A2

1 1 1

=>(2-/12)1 -A* 1 |=0
1 1 =22
1 1 1

v =22-MP -(1+4?) 0 =0 (R,>R,~R.,R,>R —R)

0 0 ~(1+A%)

:(2412)(1+,12)2=0=>,1=¢«/§

Hence two real solutions.

6. d.Giventhata=1i+ ;’+ 12, b= 4;+ 33’+ 41Ac and ¢ = : +a;’ + ,BIAc are linearly dependent,

— AN
RN W
o
]
=]

™
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=1-8=0

=p=1

Alsogiventhatlzl=J§ =1+02+ =3

Substituting the value of 3, we get of =1

=>a==*1
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DOT (SCALAR) PRODUCT

-

. - - - - =
The scalar product of vectors aand b, written as a- b, is defined to be the number | a ll b | cos 0, where 0 is the

- -
angle between g and b.
. - - - -
Le., a-b=1allblcos 6, where 0 <8< 7.
- -
1. a-b is positive if 6 is acute.
- - :
2. a-b s negative if 8 is obtuse.

3. ZZ is zero if Ois a right angle.
PhySical- Interpretation of Scalar Product

B

A >4
. 0|C|

COS
Fig. 2.1

Let a = Z represent a force acting on a particle at O and let OB = Z represent the displacement of the
particle from O to B as shown in the figure. Then the displacement in the direction of the force = OC = b cos 6.

Therefore the work done by a force is a scalar quantity equal to the product of the magmtude of the force and
the resolved part of the d1sp1acement in the direction of force work done by force a in moving its point of

application from Oto B = | a il b icos@ = a b

Geometrical Interpretation of Scalar Product

Let aand b be two vectors represented by O_A) and O—B) respectively.
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-

Here OL and OM are known as projections of b on a and a on b , respectively.
Now, a-b=lalblcos 6

=121(0B cos §)

=lal(OL)

-

= (magnitude of a ) (projectionof b on @) . ®
Again, 2; = IZII blcos @

=lbl(lalcosb)
= b 1(0A cos )
=1bi(OM)
= (magnitude of b) (projection of @ on b) (i)
Thus, geometrically interpreted, the scalar product of two vectors is the product of modulus of either
vectors and the projection of the other in its direction.

- - -
' . . - - ab - b - °
Thus projectionof aon b =—=a-——=ab
bl 151
- —
. - ~ ab a 7 ~-
Projectionof bon a=——=—:-b=ab
lal tlal

Properties of Dot (Scalar) Product

- - = 4 A A A A A A
i aa=lallalcos0°=lal =a’= ii=j j=kk=1
29 S -5
ii. a-b=b-a(commutative)
. -5 = -—-) - - - = R . .
m.  ag-(b +c)=a-b+a-c (distributive)

Proof: *

Let 5A = Z, 5B = Z, B_)C = Z so that

OC=0B+BC=b+¢ |
From B draw BM 1| OA and from C, drawn CN 1 0A
LHS.= 2-(b+¢)

= 0A-OC

=(0A) (OC)cosf (where = LCON)
=(O0A)(ON) (as ON = OC cos6) Fig.2.3 _
=(0A) (OM + MN) ’ :
=(0A) (OM) + (OA) (MN)
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iv. (l;z)) -(m;)_= lm(Z-Z), where [ and m are scalars

<

- - - - - - - . :
_v. If aand b are two_non-zero vectors, then a-b =0 aand b are perpendicular to each other

i=jk=ki=0
by =(ath)-(a+h)

- —>2 - >
=1aP+1bP%2ab

. -
VI. (g +

=1aP+l b+ 2lallblcosd
Vil (g4+8)-(a-b)=lal-IbP
+a, 3+ a312 and b =, i+ b, 3 + ba’lgthen. ab = ab, +'azb2 +‘aglb3
(rii=jj=kk =landi j=jk=ki=0) '

= x§+ y _Aj+ zl?.Taking dot product with ?, 3 and k alternatively, we have

A

r
x:?-?,y:,?-}‘andz:?-fc
- —)/}/\ - A A_ - A
= r=(r)i+(rpj+rk

APPLICATIONS OF DOT (SCALAR) PRODUCT

Finding Angle between Two Vectors

- ~ A ) - A A el
If a=ai+a,j+a,kandb=>bi+b,j+ bk are non-zero vectors, then the angle between them is given

by - -
a-b a,b, +a,b, +ab,

S = 2 2 2 2 2 2
lalipl  ya+a2+a? b +b +b;

cos 6 =

Also

(a,b, + a,b, + a;b, )y
(@l +al+al) (B} + b2 +b2)

=cos’9 <1

= (@b, +ab,+ab)< (a’+a;+a}) (b +b;+b)

Cosine Rule Using Dot Product

Using vector method, prove that in a triangle a> = 5? + ¢* — 2bc cos A (Cosine law)
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-4

ol
Sl

"Ql,

W
a

Fig. 2.4
In AABC, : -

o ———

Let AB=¢,BC=a,CA =b,
Sincez + Z +Z=0 ,wehavea=—(z + Z)
slal=1=(b + ¢)l
= laP=1b+cP

— - — - -
= lal=ibF+1cP+2bc
= laP=1bF+1cP+21bl¢lcos(n—A)
(Since angle between Z and Z = the angle between CA produced and AB)
= a?=b*+c2—-2bccos A

. - . - °
Finding Components of a Vector b Along and Perpendicular to Vector g or Resolving

a Given Vector in the Direction of Given Two Perpendicular Vectors

- B

0 M

Sy

Fig.2.5
Let; and Z be two vectors represented by OA and OB and let 0 be the angle between Z and ;
. b=0M + MB
Also OM = (OM)a
=(OBcos 6) a

= (15 1cos6)a
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R ITRCON Y
lallbl
ablr  ab - [ab|o
S|l |9= T as oo |4
lal lallal lal
Also b=0M + MB
— MB=5-0M=5-| %2
|a|2 - - - -
- - a b |- - - .
Thus, the components of b along and perpendicular to a are} —— la and b—| — |a, respectively.
fal lal
- = - - 5 o = . .
If a, b and ¢ arenon-zero vectorssuchthat 4.5 = - ¢ , then find the geometrical relation
between the vectors.
ab=ac
b-ac=0
«(b-¢c)=0
Either p—c¢ = 0 or a L (b —¢)

SA DA A - . -
If r-i=r-j=r-k and | r | =3,thenfind vector r.
- A A A - A - A - A
Sol. Let r=xi+yj+zk. Since r-i=r-j=rk
X=y=2

Also I rl=\x*+y* +7° =3
=x=+3

Hence, the required vector r = +3 (i+ j+k)

-~ - - - - -
If a, b and ¢ are unit vectors such that a + b + ¢ =0, then find the value of
- - - = - =

ab+bc+c-a.

-

Sol. Squaring (Z +bh+ 2); 0
s laP+1bP+1cP+2ab+2bc+2ca=0
= 2Aa-b+bc+ca)=-3

- > - > )

.=>a-b+b-c+c~a:—%
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If a b and c are mutually perpendicular vectors of equal magnitudes, then find the angle
- 2 =
between vectors a and a+b+ec.

- 5 - oo

Sol. Since a, b and c are mutually perpendicular, a-b=b-c =c-a=0

- - -,
Angle between aand a+b+cis
e e I R
a (a+b+c)

e T

Ialla+b+cl

®

cos 8 =

Nowlal:lbl:lcl=a
el - -—)2 - - - - > - - - =
la+b+cl =lalP+1bP+lclP+2a-b+2b-c+2ca
=a?+a*+a*+0+0+0
e 2
= la+b+clP=3a

- 5 o

= la+b+cl=+3a

Putting this value in (i), we get 8 = cos”

’ ~> - - - -
Ex ple’S Iflal+lbl=1ctand a+ b =

Sol. a Z
=la

- - -
¢ , then find the angle between a and b .

-

P+lbP+2ab=lch _ )
and |a|+|b|=|cl
=lal+bP+2lalbl=lcP (ii)

- a-b=lallbl (from (i)and (i)
=cos0=1=6=0°
- 2 -5
If three unit vectors a b andc satisfy a+ b+ ¢ = 0, then find the angle
- -
between a and b .

- o -
Sol. a+b=-c¢
- —)2 —)2
=la+bF=IlclF=1

= lal+IbP+2ab=1

=>'|Z||Z|cose=—%



2.8

Sol.

Vectors & 3D Geometry

’ A 2 - -
(RPN If 6 be the angle between the unit vectors a and b, then prove that
i. cos 2=ll;1’+7;l
2 2
ii. sin Q 1 la—b I
2 2

i (@a+b)-(a+b)=1al+16P+2ab
=141+ 2(1)(1)cos 0
=2+2cos @

= |Z+Z|2=2-2COSZQ

9 1 - -
cos—=—la+bl
=TT

ii. @-b)-(@a—b)=lal+1bP-2ab
=1+1 -2(1)1)cos 6
=2-2cos 8

—la—bP =2-2sin2g

* If the scalar projection of vector xi - J +k onvector 2] j+ 5k is
value of x.
L ALA A (xz—j+k) (2[—j+5k)
Projection of '—'+k 2 +5k =
rojection of xi — j on 2i - ] Jai1:25
2x+1+5

= S0
-5
S2x+6=1=x=——
J30 \/ 2

find the values of a.
ab=(xi+(x-1)j+k) (x+1)i+j+ak)
= x(x+D)+x-1+a
=X +2x+a-1
We must have Z-l_;>0 YV xeR

=x>+2x+a-1>0V xe R
=4-4a-1)<0

=a>2

1
, then find the
J30

Ifa=xi +(x 1)j+12 and b=(x+1)§+}'+a12makeanacuteangleV x € R, then
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- A A A -
ARE PR If g | = a-(i+ j)= a- (i + j+ k) , then find the unit vector ¢,

Sol. Let2=x§+y}'+zlAc
Then,z-? =(x§+ y;'+ zIAc)-? =x and 2-(§+}')=x+y
and Z-(?+;’+l:t) =x+y+z (giventhatx=x+y=x+y+2)
Nowx=x+y=y=0andx+y=x+y+z=>2=0
Hence x=1 (Since Z is a unit vector)

a2
La=l1

,»:Ek;amii;lf'l'l» . Prove by vector method that cos (A +B)=cosA cos B—sinA sin B.
Sol. Let i and j be unit vectors along OX and OY, respectively.

Let OP,0Q be two unit vectors drawn in the plane XOY such that

ZXOP = A, £X00 =B j{
POQ=A+B
S N P
Now OP = icos A+ j sinA
0OQ = icos B— j sin B g
5 o o B » X
OP-0Q = cos A cos B—sin A.sin B
= (1) (1) cos (A + B) = cos A cos B —sin A sin B o
= cos (A + B) = cos A cos B —sin A sin B Fig. 2.6

method.

Sol. Let B_)C:-Z,CTA=E, A_)B=Z, so that
BC=a, CA=b,AB=c¢
Now Z+Z+Z=6

-(Z+Z+Z)=0

Ql

i T T S

a-a+a-b+a-c=0
a* + ab cos (180° — C) + ac cos (180° - B) =0
a* - ab cos C — ac cos B=20
a—-—bcosC-ccos B=0

a=bcos C+ccosB

Fig. 2.7
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Example213 Prove that an angle inscribed in a semi-circle is a right angle using vector method.

Sol. Let O be the centre of the semi-circle and BA be the diameter. Let P be any point on the
circumference of the semi-circle.

__)
P(r)

=l

- -
A(a) 9] B(-a)
Fig.2.8

Let OA = q, then JB =- Z

AP BP = (r—a)-(r+a) '
S S

=a’- a [ r=aas OP = OA]

. AP is perpendicular to BP
= ZAPB = 90°

Using dot product of vectors, prove that a parallelogram, whose diagonals are equal, is a
rectangle.

Sol. Let OACB be a parallelogram such that OC = AB

B C
%
b A

(@] 0'? A

Fig.2.9
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> o

Let OA=a,0B=b
Now OC = AB
= O0C*=AR?

- - 2 - -
= (OA + AC) = (AO + OB)

2

2

= - 2 - -
= (OA+OB) =(~0A+0B)

= (@a+b)=(-a+by

2 2 42 42

= 2 +Z +2a-Z =aqa +b —ZZ-Z

ol

- -
= a b=
-

= aand b are perpendicular

= LAOB =90°
= (OACB is a rectangle

Example215 " Ifa+2b+3c =4, then find the least value of 2> + b + ¢
Sol.  Consider vectors p=ai +bj+ck and g =1 +2] +3k

2b+3
Now cos 0= at2b+3c
_ \/a2+b2+c2\/12+22+32

2
_@+2+30)7 _

‘or cos’f=— > """ <
14(a®>+ B>+ %)

8
= a+br+ctz—
7

2 2 2 8

= Hence least value of a“+b°+¢® is 7
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" » - A A
s uIpALE - Find a unit vector 2 which makes an angle of 774 with the z-axis and it is such that (a+i + j)
is a unit vector. :

Sol. Let a = x?+y}'+zlA<
Given |al=1, therefore
X+y?+72=1 @
Angle between a and z-axis is 71/4, therefore

(71?] ak
cos|— ==
4) lalk!
Sr= o

2
Now a+i+ ) =(x+Di+(y+1)j+zk
Given that Z + : +;’ is a unit vector. Therefore,
Ia+§+;‘l=\/[(x+1)2+(y+1)2+zz]=1
Sx2+y + 2+ 2x+2y+1=0
= 14+2x+2y+1=0, using (i)
=y=—(x+1)
From (i), we have

X+x+1P+(1/2)=1
=4x2+4x+1=0o0r 2x+1)*=0

2 2
-l 1s 12
Hence a = 2 2] «/E

- - -

Vectors a, b and ¢ are of the same length and taken pair-wise they form equal angles. If
A -+ A A N

Z:zA' +j and b = j +k, then find vector c.

Sol.  Let c=xi+yj+zk.Thenlal=1bl=lcl =@+ +2=2

It is given that the angles between the vectors taken in pairs are equal, say 6. Therefore,

cos @ = _>._) = ==

lalpl N2V2 2

ac 1 be 1

= === and — — ==

lallcl 2 Iblicl 2
x+y 1 y+z

1
2 he 2™ AR

=x+y=landy+z=1

=y=l-xandz=1-y=1-(1-x)=x
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Alsox®+y*+22=2=x+ (1 -x+x2=2
SCx+Dx-1D)=0=x=1,-1/3
Now,y=1—x=>y=0f0rx=1andy=4/3forx=—1/3
Hence, Z z+0] +k and c=——1—?+4}—11:',
3 373

& - - - -
- If a, b and c are three mutually perpendicular unit vectors and 4 is a unit vector which

- - - [ e I T
makes equal angles with a, b and c, then find the value of | g + b + ¢ +4 I

-

c

R T R - - - B I N - -
Sol. la+b+c+dP=Xlaf +2Xa-b=4+ 2d-(a+b+¢) (- a,b, are mutually perpendicular)

Letd /”ta+,ub+VC ThenZi)Z:ﬂ-Z:Z-Z:cos 6. Therefore,
A=u=v=cos 8
Also A+ 12 +1=1=3cos’ 0 =1 =>cos § =+

+
-

2-3
la+b+c+dl= _—3=4i2\/§'

E\amplez 19§ A partlcle acted by constant forces 41 + J 3k and 31 + J ki is displaced from point
' o l + 2 J + 3k to point 51 + 4 J +k Find the total work done by the forces in units.

Sol.  Here F=F+F, = 4+ -38)+(31 + - %) = 7} +27 -4k
and d=d,—d, =(Si+4j+R)~(+ 2 +3%) = 4 +2} —2}
. Work done = ;“2
= (7i+2j —4k)- (4 + 25— 2k)
=(N@+2)2)+(4)(-2)
=28 +4 +8 =40 units

Examplez 20 - If a=4i +6] J and b= 3; j+ 4k then find the component ofa along b.

L @bhb 18 L .
Sol. The component of vector a along b is 2—5 QBi+4k)
Ib 2

- - - - - -
Iflal=Ibl=la+b| =1,thenfind the valueof la —b .

Example 2,21 §
Sol. We have
la+b 0 +|Z—E|2=2(|Z|2 +ibP)

= 1+la-bP=4 = |g-b =3

EwnpleZ.ZZ 8 a - l + J +k and b 27 +0j j +k then find vector c satlsfymg the followmg
condltlons (i) that it is coplanar with a and b ,(ii) thatitis Lto b and (iii) that a c =17.
Sol. Letc=x1+y]+zk
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Then from condition (i)

x
-1

=0orx+3y-2z=0 @.
2

O =
— N

From condition (ii)
2x+2z=0 (i)
From condition (iii)
-x+y+z=7 (1ii)

Solving (i), (i1) and (iii), we get the values of x, y and z and hence vector C = ——(—3 i+5 ]+ 6k)

E\ample223 - Let a bandc are vectors such that lal = 3, Ibl =4 and lel = 5, and (a+b) is
perpendicular to ¢ ,(b + c) is perpendicular to a and (c + a) is perpendicular to b Then

- o o
find the valueof la +b + ¢ .

e ) N T Y
Sol. Given, (a+b)-¢c=0 = a-c+b-c=0
- =S S I B

(b+c)-a=0 = a-b+ca=0

- 3 -

(c+a) b=0 = bc+ab 0
2(ab+_l;Z+ZZ) =0
Now, la+ b+ cl=lal+1bl+1cP+2ab+bc+c-a)=50

S la+b+cl=502

Emmple p%”8 - Prove that in a tetrahedron if two pairs of opposite edges are perpendicular, then the third
“7 7" pairis also perpendicular.

Sol. Let ABCD be the tetrahedron and A be at the origin.

Let AB = b, AC= ¢ and AD=d
Let the edge AB be perpendicular to the opposite edge CD.

= AB-CD=0
= b-(d-¢)=0

= bd=bc @)
Also let AC be perpendicular to the opposite edge BD. Therefore,
AC-BD=0

- - -

= ¢-(d-b)=0
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e Y

= cd=bc ‘ @i
Now from (i) and (i), we have

- -

= bd=cd
:>(Z—b)-d=0

= BC-AD=0
= AD is perpendicular to opposite edge BC.

Exémple y&x3 : In isosceles triangle ABC, | ﬁ f=1 E(:: {= 8, apoint E divides AB internally in the ratio

1:3, then find the angle between CE and CA (Where ICA| =12).
Sol.

B(®)

Given | ¢l =12andiZ|=IZ—zl=8

=B =b+P-2bc

:32 =72
222 as 23
4 CCTTL 144-18
cos 0 = = = 5
- - b - b - b
_Z 12{ ¢c=—= 12f c——
lell ¢ ) 4 4 4
—-)2 -
Now [o~2 —|*|2+ﬂ—b—c—144+4 36=112
oWICTY T 6 2
21 21 37

=c08 =—==== = —
2x112 2x4T T g

E\ample 2 26 Arc ACofa c1rcle subtends a nght angle at the centre O. Pomt B divides the arc in the ratio
 1:2.If04 = a and OB = b then calculate OC in terms of zandb.

-

Sol. Vector ¢ is coplanar with vectors a and b. Therefore, ¢ = xq+ yb ®
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Sol.

Vectors & 3D Geometry

8

sl

309
60° e

»
»

Fig. 2.11
Point B divides arc AC in the ratio 1 : 2 so that ZAOB = 30° and £BOC = 60°.

We have to find the values of x and y when we are given lal=1b1=1c |=r (say).

NG

-Z=rzcos30°=r27and ac=0

Q!

-~ o r2
b-c =rfcos60°= —
2
Multiplying both sides of (i) scalarly by Z and a, c:.c=xa-c+ yb-c
and cca=xa-a+yb-a
2

’
r2= -_— p—
0+2y,y 2

and 0 =xr* + yr? %
Puttingy=2, x=- NG

—

c=—Ba+2b

Vector —OX =i+ 2;' +2k turns through a right angle passing through the positive x-axis

on the way. Show that the vector in its new position is di-j-k }

2
Let the new vectorbe OB = xi + yj +zk.
According to the given condition, we have
|OBl=1041=3 =>x*+y+722=9 @®
AlsOOA LOB = x+2y+2z=0 (ii)

Since while turning 04, it passes through the positive x-axis on the way,

Vectors 04, 0B and A7 are coplandr.

= = =
S N <
S AN
l
o
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=y-z=0 (iii)
Solving (i), (ii) and (iii) for x, yand z, we have x = -4y = -4z

= 16"+ y*+y?=9
1 1
=t +—— andx=F4—+—
J_ V2 2
A /\ 1/\
Zh (I ok ﬁk)

N 4 A 1 A /\
Since angle between OB and i is acute, OB= —~=i——F/—j]——F
| o AL

10

11.

12.
13.

_ Concept Application Exercise 2.1

If lal= 3, Ibl=4 and the angle between a and b is 120°, then find the value of l4a+3b1.
If vectors §_ 2x}'—3y ]Ac and 2+3x}' +2yIA< are orthogonal to each other, then find the locus
of the point (x, y).

Let a b and ¢ be pa1rw1se mutually perpendicular vectors, such that la I=1, |b| 2, el =2.
Then find the length of at+b+c.

If g+b+c =0, lat= 3,15l = 5, I¢ 1= 7, then find the angle between aand b.

If the angle between unit vectors aandb is 60°, then find the value of | a-bl.

Y

Letu—_-1+J, v:z—] and w = z+2]+3k Ifn1saumtvect0rsuchthatun 0 and vn= 0,

then find the'value of | w-nl. :

A, B, C, D are any four points, prove that AB-CD + BC-AD + CA- BD =0.
P(1,0,-1),0(2,0,-3),R(-1,2,0)and S(3, -2, —1) then find the projection length of }@on RS.

If the vectors 3 p + q 5 p- 3q and 2 p+ q 47 p- 2q are pairs of mutually perpendicular vectors,
then find the angle between vectors p and q '

Let A and B be two non-parallel unit vectors in a plane. If (az + Z)?) bisects the internal angle
between A and Z? then find the value of a.

Let a b and ¢ be umtvectors such that a +b + c = ;c) Z; =1, Z?c ==, |;I= 2. Then find the
angle between ¢ and x

If a and b are unit vectors, then find the greatest value of |Z + Z [+1 2— Z f

Constant forces P, = ;—} + IAc, P, = _i+ 2}' _k and P, = 3 —k actona particle at a point A.

Determine the work done when particle is displaced from position A(4§—3}' —ZIAc) to

B(6i+j -3k)
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VECTOR (OR CROSS) PRODUCT OF TWO VECTORS

The cross product is just a shorthand invented for the purpose of quickly writing down the angular momentum

of an object. Here’s how the cross product arises naturally from angular momentum. Recall that if we have a

fixed axis and an object distance r away with velocity v and mass m is moving around the axis in a circle, the

magnitude of the angular momentum is mlirilvl, where I7l is the magnitude of vector r. But what direction should

the angular momentum vector point in? Well, if you follow the path of the object, it lies in a plane, an infinite

two-dimensional surface. One way to represent a plane is to write down two different vectors that lie in the-
plane. .

Another method used by mathematicians to represent a plane is to write down a single vector that is
normal to the plane (normal is a synonym for perpendicular). If a plane is a flat sheet, the normal vector points

straight up. Now, for any plane, there are two vectors that are normal to it, since if a vector » is normal to a
plane, —n will be normal as well. So how do we determine whether to use 7 or —n?

A long tlme ago, physicists just made an arbltrary decision known today as the right-hand rule. Given vectors
a and b , just curl your fingers from a to b and the thumb pomts in the dlrectlon of the normal used.

The vector product of two vectors a and b, written as a X b, is the vector ¢ = lalibl sin O n, where 0 is
the angle between 2 and Z (00 <m), and nis a unit vector along the line perpendicular to both
aand b.

A
ax3
N\
a
b
Fig. 2.12

Then direction of ¢ is such that a, b and ¢ form a right-handed system.

-

We see that the direction of bxa is opposite to that of ax b as shown in Fig. 2.13.

- o - -
bxa=—axb

So the vector product is not commutative. In practice, this means that the order in which we do the
calculation does matter.
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al
X
ol

1>

Properties of Cross Product

- - - -
. axb=-bxa
) - - ) ) ’
2 axa=0_
B el A - =
3-3 ax(b+c)y=axb+axc

A A

4 ixi=jxj=kxk=0andix j=k jxk=ikxi=]

A A

- 5 oS

‘5. Two nbn-zero vectors -a and Z are collineaf ifandonlyif @ x b = 0.

6 Ha=ai+a,j+akandb=bi+b,j+bk then

P |
caxb=|a a, a =(ab,—a 2)z+(c13b )]+( b, - ab )k
b b, b ' -
7. The unit vector perpendicular to the plane of a and b is (a lj) , and a vector of magnitude 4
: Ia xbl '

l(a X b)

perpendlcular to the plane of @ and b is + 228X 2)
' la x bl
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Physical Interpretation of Cross Product as a Moment of Force

Moment of force (often just moment) is the tendency of a force to twist or rotate an object. This is an
important, basic concept in engineering and physics. A moment is valued mathematically as the product of the
force and the moment arm. Moment arm is the perpendicular distance from the point of rotation to the line of
action of the force. The moment may be thought of as a measure of the tendency of the force to cause rotation
about an imaginary axis through a point.

Image A ' Image B
5 - Image C
force F : ) force F o
force F
- .
Fsin @
point 0 ‘ point O point O N
. / / » Fcos 6
Fig. 2.14

The moment of a force can be calculated about any point and not just the points in which the line of action
of the force is perpendicular.

Image A shows the components, the force F and the moment arm x when they are perpendicular to one
another. When the force is not perpendicular to the point of interest, such as point O in Images B and C, the

- -
magnitude of moment M of a vector' F about point O is

- -

- -
M,=r,. xF,where 1, is the vector from point O to the position where quantity F is applied.

5
Image C represents the vector components of the force in Image B. In order to determine moment M of

— - -
vector F about point O, when vector F is not perpendicular to point Q, one must resolve the force F into
its horizontal and vertical components. The sum of the moments of the two components of F about point O is

- -

M, = F sinf(x) + F cos6(0)

5
The moment arm to the vertical component of F is a distance x. The moment arm to the horizontal

Ed .
component of F does not exist. There is no rotational force about point O due to the horizontal component

5
of F . Thus, the moment arm distance is zero.

— -
Thus M can be referred to as “moment M with respect to the axis that goes through point O”, or simply

> . :
“moment M about point 0”. If O is the origin, or informally, if the axis involved is clear from context, one
often omits O and says simply moment, rather than moment about O. Therefore, the moment about point O is

- -

- -
indeed the cross product, M, = r,,. X F , since the cross product = Fsin6(x).



Different Products of Vectors and Their Geometrical Applications 2.21

Geometric Interpretation of Cross Product

L

A 4

Fig. 2.15

-

ax b=lallbisingn
—laxbl=1allblsing

1 - -5 X .
=2|~lallblsin®

2
=2 (Area of triangle AOC)

= Area of parallelogram

Area of the triangle OAB is % laxbhbl.

-

a x Z is said to be the vector area of the parallelogram with adjacent sides OA and OB.

- > 1 - -
2. I q, b are diagonals of a parallelogram, its area = > laxbl.

Fig. 2.16

In the above diagram O_C)‘ = Z and XE = I_;

= Area parallelogram = 4 x % I P—C) X P_B) I

1l

i

X
SR

[
I SRS

- -

=l|a><b
2
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3 —_— —

If AC and BD are the diagonals of a quadrilateral, then its vector area is %AC X BD.

D

Fig. 2.17

Vector area of the quadrilateral ABCD = vector area of AABC + vector area of AACD .

_ ] —

AB ><AC+%AC XA

N =

-—_

= —lAC xﬁ+ lXEx A_é
2 2

= %AC X (AD — AB)
1—) _

= —AC x BD
2

N T T S

4. The area of a triangle whose vertices are A(a), B(b), C(c) is %I axXxb+bxc+cxal

—

Area of triangle = % Iﬁx AC|

=%1(3—Z)x(2~2)|

R T S S

= —;—lbxc—bxa—axa‘+axal

R e T T )

= %laxb+b><c+cxal

_ b _ c
sinA sinB sinC’

Example 2281 If A, B and C are the vertices of a triangle ABC, prove sine rulé

- - - - - -

Sol. let BC =a,CA=b, AB=c,sothat a+b =—-¢

aXa+axXxb=—aXc

O+axb=2xa

laxbl=lcxal

ab sin(180° — C) = ca sin (180° — B)
ab sin C = ca sin B
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Dividing both sides by abc, we get

sinC sinB

c b
b c .
= 1
sinB sinC ®
c a :
Similarl = ii
Y sinC sin A ®
From: (i) and (ii), we have -C
B »>
2 .b = /180°— B z c
sinA sinB sinC Fig. 2.18
| Usmg cross product of vectors, prove that sin (A + B) =sin A cos B + cos A sin B.
Sol. Let OP and OQ be unit vectors making angles A and B with X-axis such that
ZPOQ=A+B Y
5P=fcosA+}'sinA p
0_) =icos B- jsinB A
¢t it 0z X
Now OPxO0Q
= (1) (1) sin (A + B) (- k) Q
. ~ Fig. 2.19 ]
=-sin(A+ B) k @)
i ]k
Also OPx0Q = |[cosA sinA 0
cosB —sinB 0
= (—cos A sin B - sin A cos B) k
6P X0Q = - (sin A cos B + cos A sin B) k (i)

From (i) and (ii), we get

sin (A + B) = sin A cos B + cos A sin B
Exdmple 2.30 " Find a unit vector perpendicular to the plane determined by the points (1, —1 2),(2,0,-1)
‘ - * and (0,2,1).
Sol. Given points are A(1, -1, 2), B(2,0,-1) and C(0, 2, 1)

= AB=a=i+j-3k BC=b=-2i+2]+ 2k

ik
waxb=|1 1 3 =8i+4j+4k
-2 2 2
2i+j+k

Hence unit vector = + —JE_
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5, - N ;Z ;Z
i If a and p aretwo vectors, then prove that (¢ x p)* = .
ba bb
Sol. 2 2, _ . N2
(axb)* =(absinf-n)
= a?h? sin’ 8
= a*bh® - a*b* cos? 6

Aol
i j ok
n - A A )
Sol. laxil’=\a, a, a,| (since a=a,i+a,j+ak)
1 0 0

g Te_ 2, 2
=la,j~a,kl’=a; +a,
. 2T 2 2 B 2 2
Similarly, la x jI'=a; +a; and la xkI"=a; +4q,

. : -
Hence the required result can be given as 2(a’ +a} +al)=2lal =8

PR & S D S S 9 9 S 9 3 D 9 o - 5
xle..3 - rXa=bxa;rxb=axb;a#0;b#0;a#Ab, and a isnot perpendicular to p, then
find 7 intermsof @ and b.

= - I

Sol. rxa—b><a—0and rxb+bxa=0
Adding, we get rx(a+b)=0

- -
But as we are given a # A b, therefore

?=/,L(Z+Z)

Ex nple 2. 34 . A, B,CandD are any four pomts in the space, then prove that
" I4B x CD+BCxAD+CAxBD | = 4(area of AABC).

I T

Sol. LetP.V.ofA,B,CandDbe a, b, ¢ and O , respectively.

= AB x CD=(b — a)x(~c), BCx AD = (c — b)x(—a)and CA x BD = (a — )X (=)
1—473)><5+B_C)><A—D)+E&7><B—D>—c><b+a><c+a><2+bx21> axb+2><b
= 2(cxb+bxa+axc)

= 2(¢ x (b—a)~ax(b-a))
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= 2((c—a)x (b-a))
— 2(AC x AB)

_) — - — —— —

= | ABXCD+ BCxAD+ CAXBD!|=4

%(TC x A—B))‘ = 4AABC
oI Z s Z and Z are the position vectors of the vertices A, B and C , respectively, of AABC,
prove that the perpendicular distance of the vertex A from the base BC of the triangle ABC

is Iaxb+bxc+cx2| A(a)
Ic bI
Sol. IBCxBAl=laxb+bxc+cxal
=>IB_C‘)IIEIsinB=12xeZxZ+Zx2I —
D) L C(c)
B(®) .
S5 oo s o o Fig. 2.20

=>Ic bl(ABsmB)—laxb+b><c+cxaI

e T e T

|axb+bxo+cxal
lb—col
' ; i Find the area of the triangle whose vertices are A(1, -1, 2), B(2,1,—1) and C(3, —1,'2).

Therefore, the length of perpendicular from A on BC=AL=ABsinB =

Sol. Here _074+=§_3'+21A¢and0—3)=2;+}—]2andOC=,3zA'—;'+272

—_ — — A

= AB=0B - 0A—z+2] 3kandAC OC OA 21

—

Hence, the required area = 1 I E x AC|

PGk
Now, ABxAC=| 2 -3=-23+2k)
20 0

= Area of triangle = %x2l3}+2121=\/ﬁ

anmplez.v 7..‘ Find the area of a parallelogram whose two adjacent sides are represented by vectors
 3i-kandi+2].

Sol. The area of parallelogram is given by = | E X E I
Here we are given adjacent sides. Therefore,

; A
AB xAD=[3 0 -1|=27i-+6k
12 0

~
x>

Hence the required area is =! 2i —3’ +6k1= Ja1
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-Example 2.38 . Find the area of a parallelogram whose diagonals are a=3i+ } ~2k and Z =i- 3}' + 4k,

Sol. A=l|axb|
2

ik
Butaxb=3 1 -2|=-2i-14-10k
1 -3 4

Hence A = %IZXZI:—;-\/4+196+IOO =53

~ Let ;,Zand c bethreevectorssuchthat;);t{), lal=icl=1,1b1 =4and 1b x ¢ | =4/15.

' Exaniple 2.39
h-2¢=Aa , then find the value of 4.

Sol. Let the angle between Z and ¢ be
Ibxcl=A15
= IZIIleina=x/E

. 15

= sSmo=—-
4
1

=Cos =
—b-2c=Aa
—1b-2cP=A%1aP

= bP+4lcP -4 bc=Alal
— 16+4—4{1b1I¢ lcosa) = A2
=>16+4—4x4x1x%=).2

SV =16=21=x4

Exlple2.40 - Find the moment about (1,-1,— 1) of the force 3+ 4} -5k acting at (1,0,— 2).

N R R N P(1,-1,-1)
Sol. F=3+4j-5k
PA =PV.of A—PV.of P
=@ -2p-(G-j-h

=—j+k _ . e
/ 401,0.-2) F=3l+4—sk

Fig. 2.21
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- -

Required vector moment = PAXF

= (—j+k)yx (3 +4] -5k

A
=10 -1 1

3 4 -5
= [+3j+3%

A rigid body is spinning about a fixed point (3,— 2, ~1) with an angular velocity of 4 rad/s,
the axis of rotation being in the direction of (1, 2, — 2). Find the velocity of the particle at
_ point(4,1,1). ’

Sol.

W

( @ 1,1)

(3,-2,-1)4

Fig. 2.22
- ?+2}'—2I§ 4 » A7
P BT k. P Y5
Jita+4 | 3 /
»=0P - OA
@i+ j+R)-Ri-2]-h)
Y

- -

- 4/\ A A A A A
v=co><r=—3—(i+2j—2k)><(i+3j+2k)

It a x b =Z><z_l>and(_1) xZ=Z xg, then show that a — d is parallel to b- Zprovided
Zit_l) andZiZ
Sol. We have ZXZ:ZX

@®

S
andaxc=5bhX
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a - d will be parallel to b — ¢
if@-d)x B -c)=0

ieﬂZxZ—Zxa—zx;+dxﬁ=6
ie.if @xb+dxc)—(axc+dxb)y=0
ieif axb-cxd)—(@xc—bxd)=0

ie,if 0—0=0 [from (i)]
ie., 8—6 which is true
Hence the result

Examplez -H f: Show by a numerlcal example and geometrically also that a X b = ax ¢ does not

Sol.  let o =3i+2)+5k b =6i+5j+8k ¢ =3i+3j+3k

—(16-25)] —(24—30) j +(15-12) k

=—9?+63‘+3I§

. i 7ok
axc=3 2 5
33 3
—(6-15)i—(9-15)] +©—6)k =—9i + 6] +3k
W axb=axc. butb#ec.
Geometrically
D D C’ C
2 b
A 3 B
a
L Fig. 2.23

Let AB—a AD= b AD -—c
Vector area of parallelogram ABCD = a X b
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Vector area of parallelogram ABC'D’ = axe

Now vector area of parallelogram ABCD = vector area of parallelogram ABC’D’
(" both parallelograms have same base and same height)

- - -

- - -
LaXb=axchutb ¢

Example244 It Z, Z, ?:' and 2 are the position vectors of the vertices of a cyclic quadrilateral ABCD,

- - — - - - - - - - - -
Iaxb+bxd+dxal+lbxa+cxd+d>_<bl_

prove that ——— ————— 0.
®-a)d-a) B -c)(d—¢)
Sol.
Consider
IaxZ+Z><2+2><ZI_I(Z—c_i’)x(Z—Z)l
(b-a)d-a) (b - a)-(d—a)
_la-dlib—alsinA
15— alld - alcos A
=tan A M
AISOlbx_c,+f)xi+‘_{><bl=l(b_,,_cj_x(_f-_)d)!
(b-1¢)(d-0) (b -¢)-(d - c)
_Ib=clic—dlsinC
1b—cl-1d - ¢lcosC
=tan C (iii)

As cyclic quadrilateral
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A =180°-
= tan A =tan (180° — C)

=tanA+tanC=0
- - - e - - - - - - - -
:>-|a><b+bxd+anI+lb><c+cxd+d><b|

=0
(b-a)(d-a) (b-c)(d-c)

et XA The position vectors of the vertices of a quadrilateral with A as origin are B(b), D)
and C(l Z +m Z ); Prove that the area of the quadrilateral is %(l +m)li Z X 2 l.

Sol. Area of quadrilateral is %!_A—C:x B_ﬁl = %l(lg +m(_1>) X (2 -b)l
1 - - - -
=E|lb><d—md><b|
1 e -
=—(l+m)|b xdl

Example” 46 _Let a and'b be unit vectors such that | a+bk /3. Then find the value of
" (2a+5b)-(3a+b+axb).

Sol.  (2a+5b)-(3a+b+axh)= 6aa+1723+53_3
& Z-(Z x_l;) = Z'(ZXZ) =0, as Z andZare perpendicular tonZ)
~11+17ab
Now|Z+ZI=\/§
= la+bP=

—lal+bP+2ab=3

: =>(2a+5b) (3a+b+axb)_11+%7——3—29—

A A

A A . - - - u+v
uand v are two non-collinear unit vectors such that

Example 2.47 § +u X »| =1. Prove that
foa u—v
luxvl =
. + A A
Sol. Given that 1ry +uxvl =1
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A A 2

A A

v
+uxy =1

2+2c0s0 . Noa A A a
o £T2C08Y L Gino =1 Crwe(uxv) =v-(uxv) =0)

0
= cos’ 7= cos* 8

=>9=n7r¢%,nez

=>9=2—”
3
Ao .2 . 1m |lu-—v
= lu X vl =sin—=sin—=
3 3 2

Examplez 48 " In triangle ABC, points D, E and F are taken on the sides BC, CA and AB, respectively,

nP-n+1
such that — BD _CE _AF ——=n.ProvethatA = """
DC EA FB (n+1)
Sol. Take A as the origin and let the position vectors of points B and C be 1_; and Z respectively.
y _ ne+b ¢ nb
Therefore, the position vectors of D, E and F are, respectively, , and - Therefore,
oL L. n+l n+l n+1
ED=AD -AE=""DC*b g Fp_nb=¢
n+l n+l
Now the vector area of AABC = %(b X ¢)
1 — N 1 — - - -
and the vector area of ADEF = —(EF X ED) = ———[(nb — c)x{(n~1Dc +b}]
2 2(n+1)
- [(R-m) bX ctbx c
2(n+1)° I ) ]
1 (2 +1)(Z —*)] nz—n+1A
= 2(n+1)2 n —n Xc)l= (n+l)2 ABC
1. Concept Application Exercise 2.2 |
1. If a=2i+3j-5k b=mi+nj+12kand a x b = 0, then find (m, n).
2. Iflal=21b1=5 and la x b! =8, then find the value of a-b.
3 If Z X Z = sz # 0, where a,b and ¢ are coplanar vectors, then for some scalar k prove that
a+ Z = kz. v
4 Ifa=20+3]-k, b=—i+2 j—4kand c= i+ j+K, then find the value of (2 Xb)-(a X ¢).
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5. Ifthevectors ¢, a = xi +yj+zkand b= j aresuchthat a,c and » form aright-handed system,
then find c.

-

- - > - - - - - - . -
6. Giventhat a-b = a-c, ax b= a X c and a is not a zero vector. Show that h=c.
- - - - - - . i . . i
7. Show that (a ~ b)x(a + b)=2a X b and give a geometrical interpretation of it.

- - . - 2 - - - -
8. If x and y areunitvectorsand | z| = ﬁ such that z + z X x =y, then find the angle 8 between
xand z.
9. Prove that (a-i)(axi)+(a- j)ax j)+(a-k)axk)=0.
10. Let c_z), b and ¢ be three non-zero vectors such that a + b + ¢ =0 and

Ab XZ+ be+ ¢xa =0, then find the value of A.

11. A particle has an angnlar speed of 3 rad/s and the axis of rotation passes through the points (1, 1, 2) and
(1, 2, —2). Find the velocity of the particle at point P(3, 6, 4).

- - - i - - - - - it T
12. Let a, b and ¢ be unit vectors such that g-p = 0 = ¢- c. If the angle between b and ¢ is g, then find

a.

13. If (axb)’+(a-b)=144and |a!=4, then find the value of | b |.

14. Givenlal=1bl=1and la+ bl = 3. If ¢ be avector such that ¢ —a —2b = 3(a x b), then find the

value of ZZ

15. Find the moment of F about point (2,1, 3), when force F = 3 +2)- 4k is acting on point (1,-1,2).

SCALAR TRIPLE PRODUCT

The scalar triple product (also called the mixed or box product) is defined as the dot product of one of the
vectors with the cross product of the other two.

-

Thus scalar triple product of three vectors a, b and c is defined as (a X b) c

- o -

We denote it by [a b c]

The scalar triple product can be evaluated numerically using any one of the following equivalent

characterizations:
(a x Z)Z: Z-(Z x Z): Z-(Z x Z):Z.(Z XZ)

(The parentheses may be omitted without causing ambiguity, since the dot product cannot be evaluated
first. If it were, it would leave the cross product of a scalar and a vector, which is not defined.)

- o e - - -

ie.[a bel=[b cal=[c abl=—[b acl=—[c b al

- A ~ ~ d ~ ~ A - A A A
Ife=ai+a,j+ak,b=bi+bj+bkand c=ci+c,j+ck,then
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ik
[abc]=(axb)-c=a, a, az-(c|§+c2}'+c3lz’,).
b b b

§~(c,§+c2}+c3l;) }’-(c|§+ cz}'+c3IA<) I:t-(c,}+ c2}'+c31:c)

= a, a, - a,
b, b, . b,
G G G
=G 4y Gy
b b b
a a, 4a,
= {b bz b,
1 G G
i j k

Also [ZZZ:I:Z-(I_;XZ)=(al;+a2}'+a312)-

S
&
S

a a, a,
= b b
G & G

Geometrical Interpretation

A Bxc
/
/
1
7
2/ /
/
1 Ay
1 /
a | g
C
11—
2] c
0 —
b

Fig. 2.25

Here (ZXZ) Zrepresents (and is equal to) the volume of the parallelepiped whose adjacent sides are

- - —
represented by the vectors a, b and c.
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Z.(ZXZ)=Z~(bcsin6tA1)

=bc sin 6 (Z-;;)
=bcsinf-a-1-coso
=(acos o) (bcsin 8)

= height X (area of base)

= volume of parallelepiped

Also the volume of the tetrahedron ABCD is equal to — (AB X AC) AD
Properties of Scalar Triple Product
1. (Z X Z) . Z = Z. (Z % Z), i.e., position of the dot and the cross can be interchanged without altering the
product. _
2 [k ZZZ] = k[ZZ?] (where £ is scalar)
3 [a+bcdl=lacd]+[bcd]

4 Z, Z andz in that order form a right-handed system if [Z Z Z] >0

-
a

Fig. 2.26

Z,Z andz in that order form a left-handed system if [ZZZ] <0.

Lo - = -
5. The necessary and sufficient condition for three non-zero, non-collinear vectors a,b and c to be

coplanar is that [Z Z Z] ={.

6 [aabl=0 (- ais Ltoaxb, a-(be)=0)
- ; (Z xZ)
9 At a b and c are three non-coplanar vectors, then find the value of I; (-» —>)
B cXa
b (c Xa)+c (b xa)

c- (a xb) a-(bxc)

Sol. Since, [Z Z z] #0
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a-(bxc) b-(cxa) c-(bxa) labe] [beal [cbal

b-(cxa) c-(axb) a-(bxe) [beal [cab] [abel
[abc] [abe) [abc)
T label [abe] [ab el

=1+1-1=1 |

If the vectors 2/1'\ - 33_’, Il\ + } - lAc and 3? - ]'}, form three concurrent edges of a parallelopiped,
then find the volume of the parallelopiped.

Sol. Here, 04 = 27 ~3 = a (say),
OB=i+j—k=b (say),

and 52‘:3?712=Z (say)

) 2 =30
Hence, volumeis [abc]l = a-(bxc)={1 1 -1l=4
3 0 -t

R e - 5 o
Provethat[a+b b+c c +al=2[a b c].
Sol. [a+bb+c Z+a=42+3y«3+2p43+2»
=(Z+Z)@x2+3x2+zx5

~labcl+[bcal=2[abc]

e i e T e 23
Provethat [l mn][a b c]=

R
[l oy 8
L8 o
Tl ooy S
CRE R T
ol ol o)

Sol.

1£t7=h?+5}+g§,5}=zm?+n5}+ng£andZ==mf+m}+nj

/: /\. A D /} /\‘ A Ed /: /\- A
a=ait+a, jra;k,b=bi+b, j+bk and c=c,i-+c, j+c,k. Therefore,

=la, +hLa, +la,=2lq

Ql

1.
Similarly, 1-b = Zib,. efc.

L L Lila a

Now [—in—;z][zzz]zml m, my b b, b
oo, MG G G
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Zla,  XIb,  Zlc
IZma, Zmb, Zmpc,
Ima, Znb, Znp .

- - - - -
l.a 1.b l.c
e e e R e |
m.a mb m.c
=ls 5 - > - -
n.a nb n.c

Find the value of a so that the volume of the parallelopiped formed by vectors

AL A AA A Aa .
i+aj+k,j+akand ai +k becomes minimum.

1 a 1
Sol. V:O 1 Y -1-a+a
. a 0 1
av
—=3a>~1
= da

max. min.
oo < f i >
+ve '1 —ve _i +ve
- Tg Jj
Fig. 2.27
. . 1
Vis minimum ata = ﬁ

- - -
If u, v and w are three non-coplanar vectors, then prove that

- 2 - - - - 5 o
wmw+v—-w)u-v)X(y —w)=u-vXw

- o - - - -

- S - - o - - S 5 > 5
Sol. Urv-w) U=V)XV=W) = (u+v—-w)- UXV—UXW—V XV+VXW
N e T T S Y
=(U+v-w)-UXV—uXw+vXw)
- o5 - - 5 o - - >
=0-0+ u- (v xXW)+0—v- (uXw)+0—w-(u xv)+0-0

e - o - > > - o5 o
=fuvwl L [vwul-[wu vi=u (vxw)

- - - - S0 o
If @ and p aretwo vectors such that [a x b | =2, then find the value of [a b a Xb].

Sol.  [abaxb] = (axb)-(axb)
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Find the altitude of a parallelopiped whose three coterminous edges are vectors
>

A A A D A A A N A A A -
A=i+j+k,B=2i+4j-k and C = + j+ 3k with 4 and §asthesidesofthebase

of the parallelopiped.
volume of parallelopiped
Sol. h=
area of base

I 1 1
2 4 -1

[ABC] 11 1 3 4 2-/38

VAXBE i j k) 1o5i43je2b 19
11
2 4 -1

- > - - - > > -
If a,b and ¢ are mutually perpendicular vectors andg = (axb)+B(bxe)

- -
+y (2 Xa) and [Zb ¢] =1, then find the value of a+ B+ 7.

Sol. Taking dot product with Z, Z and z, respectively, we get
lal=pB-labcl=f

O=v-labecl =Y
and0=o- [ZZZ]=O¢

.
o+ fry=|gP

- > - e e e e
If a, b and ¢ .are non-coplanar vectors, then prove that [{a-d) (b xc)+ (b-d)(c Xa)

- 2> oS5 S - -
+ (¢-d) (a X b)! isindependent of d, where d is a unit vector.

Sol. Given [2 b Z] #0as 2, Z ¢ are non-coplanar. Also there does not exist any linear relation between
them because if any such relation exists, then they would be coplanar.
Let A=x(3x2)+ y(ZXZ)+z(Z xZ),
where x = ZZZ; ,y= 32, = 321')
We have to find the value of modulus of Z ie., | Z [, which is independent of 3 .

Multiplying both sides scalarly by Z, b and Z and we know that scalar triple product is zero when
two vectors are equal.

- - == -
Aa=x[abc]+0
Putting for x, we get

- o oo -

(a-d)[abc] = A-a
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Sol.

Sol.
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Similarly, we have

e e )

(b-d)labcl=Ab
(c-d[abcl=Ac
Adding the above relations, we get

- 5 -

(a+b+0)dl [ab ¢l A(a+b+c)

or (a+b+c)[dlabcl- Al=0

Since ZB andz are non-coplanar, a+b+c =0 because otherwise any one is expressible as a
linear combination of other two.

Hence [Z B z] 2 = Z

IZI =I[Zzz]|as 2 is a unit vector.

It is independent of 2 .

Prove that vectors

u =(al+al); +(am+am) } +(an+an) i

l

v =(bl+bl)} +(bm+bm) j +@®n+bn) k
W= (cl+cl) i +(cm+cm) 3 +(n+en) k
are coplanar.
al+al am+am an+an,
fuvw]=|bl+bl, bm+bm bn+bn

cd+cl, cm+em  cn+opn

a a 0|1 I O
=2[uvwl=lb b O lm m 0 =0
c.¢ Oin n O
Therefore, the given vectors are coplanar.
. Let G, G,and G, be the centroids of the trianglular faces OBC, OCA and OAB, respectively,

of atetrahedron OABC. If V, denotes the volume of the tetrahedron OABC and V, that of the
parallelopiped with OG,, 0G,and OG, as three concurrent edges, then prove that 4V, =9V ,.

Taking O as the origin, let the position vectors of A, B and C be a , b and Z respectively. Then the

e T - -

. b+ . ‘
position vectors G, G, and G, are 3 c cta and & ; b , respectively. Therefore,

T3

e

1 _— — —
v,= zlabclandV, =[0G, 0G, OG,)
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Now, V, =[0G, 0G, 0G,]
1] » =25 55 -
:>V2=E[b+cc+aa+b]

e ]

2
:)sz 2—7[abc]

2
=V,= 5 X6V, =9V, =4V,

VECTOR TRIPLE PRODUCT

The vector triple product of three vectors ;, Z and Z is the vector
ax(bxe)=(a)b—(abye
Also (axb)xc=(a-c)b~(b-c)a
In general, Z X (Z X Z) # (2 X Z) XZ')

- - - - — - B - )
If ax(bxc)=(axb)xc,thenthe vectors a and ¢ are collinear.

ALZ)X—C—)
A a
.9
90° g
> o (/-
—ax(Bh)
ﬁ
b
A
Fig. 2.28

-

of Z and E’

= Vector ; must lie in the plane of bandc.
= p=ax(bxc)=xb+ye

Multiplying (i) scalariy by a , we have ;Z =X (Z- Z) + y(Z- Z)
But ; L Z = 7) . Z = 0. Therefore,

x(@-b)=-y(c-a), i, == =—2L =1

-

- -
ca ab

. x=\(c-a),y=—A(a-b)

Substituting x and y from (iii) in (i), @ x (5 x ¢) = A [(c- @) b —(a- b) ¢]

A

The simplest way to determine A is by taking specific vectors a=1i b

- — - ; - - - - - .
p=ax(bxc)isavector perpendicularto a and b X ¢, but b X ¢ is a vector perpendicular to the plane

®
(i)

(iii)
(iv)

NN
:l’czj
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We have from (iv), i x (ix j) = L[(i- ) i-(i-1) 1, i k= A[07 =17 i~ f=— A }
s A=1
 Substituting Xin (iv), a x (b x ¢) = (a-¢)b—(a-b)
Lagrange’s Identity
(a Xb)-(2x2)= 2.[ZX(Z><;})]
= a-[(b-d) c—(b-)d]

(@-¢) (b-d)—(a-d) (b-¢)

Il
ol Ay
2l &l

[
ST
SR

This is called Lagrange’s identity.

Note:

(@ xBYx(c xd)=[(a xb)-d]e~[(@xB)-c1d =[a b dlo—[a b 214
Thus vector (Z % Z) X (Z X 2) lies in the plane of cand c_i; otherwise
(@ xb)x(exd) = ~(c xd)x (@ xB) = -{(c xd)-Bla +[(e x D alE

which shows that the vector lies in the plane of a and b Thus the vector lies along the common

section of the plane of ¢ and d and the plane of a and b

A - A A - A A - A -
Provethat i X (a Xi)+ jx(a X j)+k x(axk) =2 a.

Sol. zx(axz)—(z L)a (a z)z—a (Z ?);
Similarly, }x (ax j)= a—(a-7) } and & x (@ x k) = a—(a-%) k. Therefore,
ix(a x?)+jx(a><}')+l§><(ax/€) =3a—((a-1) §+(Z.}) Jraxkyk)=2a

- > - = T S -
Let a,b and ¢ be any three vectors, then provethat[a Xb bXc ¢ Xa]=[abc |-

Sol.  [axb bxc cxa)=(axb) (bxc)x(cxa)
= (axb)-[[beale—[beclal

- - >

=labcF
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Foranyfourvectors,provethat(-gxz).(zxz)ﬂzxZ). (Z x2)+(¢_;xi;), (Zx(_l)) =0.
Sol.  (bxc)-(axd) = (b-a)(c-d)—(b-d) (c-a)

(c xa)-(bxd)=(c-b)(a-d)—(c-d)(a-B)

(@xb)-(cxd)=(a-c)(b-d)—(a-d)(b-)

= (bxc)-(axd)+(exa)- (bxd)+(axb)-(cxd)=0

Let Q,IA; and ¢ bethe non-coplanar unit vectors. The angle between b and ¢ is @, between

¢ and a is B and between a and b is Y- If A(acosa),B(a cosfB) and C (gcosy),

then show that in triangle ABC, !@Xx(bxc)l _1bx(cxa)l =M—I
sinA sinB sinC
la x(b xc)l ~ o bxe o~ exa axb
H — ,where n, = I:xf s n, = €X2 and ns =
I’} sing.cos B.cosyn; | lbxcl leXal laxb!
Sol. From the sine rule, we get

AB  AC _ BC (AB)BC)(CA)
sinC  sinB  sinA 2AABC

BC=1BC| = ccosy—beosBl=1(a-b) c—(c-a) bl = [ (ax (bx )|
Similarly,

AC=1ACI=1bx(cxa)l andAB= | AB|=1¢x(a xb)|

Also,

—_— —

AABC = %IBCXBAI

1
El(ccosy bcosﬂ)x(acosa bcosﬁ)l
1
5|(cxa)cosacosy+(b><c)cosycosﬁ+(axb)cosﬂcosal
= 2AABC = | Zi, sin qrcos ffcos y |
_ laxbxol_thx@xa)l _1ex(axb) _ [Tax®xo
sin A sin B sinC | X sin acosﬁcosy;ﬁ |

-; - -
f a,b and ¢ are three non-coplanar vectors, then prove that

. ad b-d R

d=22 (Bx0) + 555 + L _(axb)
- - o ( Xa) ——)—>—>
[abcl labc] [abcl

—)—)
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. - > - -+ 9 5 o5 - o
Sel. Since a, b and c are non-coplanar, vectors axb, bxc and cxa are also non-coplanar. Let

d=1(bxc)+m(cxa)+n(axb) )
Now multiplying both sides of (i) scalarly by a , we have

a-d = la-(bx¢)+ma-(cxa)+na-(axb) = 1 [ah o] lacal =0=[aab]

= l=(a-d)/lab c]

Similarly, multiplying (i) scalarly by band ¢ successively, we get

m=(5.dy/[aB el andn= (. D/ab el

Putting these values of /, m and n in (i), we get the required relation.

If bis not perpendicular to Z, then find the vector 7 satisfying the equation
- 9 5 - - >
rxb=axbandr-c =0.
Sol. Given;)xZ:ZxZ:(;—Z)XZ:O
Hence ( 7 Z) and b are parallel.
= r-a=tb @
Also 7 Z =0

- -

.. Taking dot product of (i) by Z ,weget r.¢c— 22 =t (Z-?)

] @

From (i) and (ii), solution of 7 is 7 = a— [E] b

Sllay

a-
=0-g.c=¢(b-c) Ort=— [2—

b-c

N .
If Z and Z are two given vectors and % is any scalar, then find the vector r satisfying

rxa+kr=5
Sol. rxa+kr=b o
= (rxa)xa+krxa=hxa
= (r-@a-(aa) 7 +k G-k =bxa
= (raya+kb-bxa=(al +k%) 7
o _(ra)a+kb-bxa

laP + k2
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Also in Eq. (i), taking dot product with Z , we have

e e e )
(rxa)-a+kr-a=b-a

@l

ba
k

- o
= ra=

2 L kb+(axb)

2

=1and[rab] l,a b#O,(a b)—lalIpP =1, then find 7 in terms

“, . d . . . - o e -
Sol. Writing r as linear combination of g, b and a X b, we have

— - - - -
r=xa+yb+z(axb)
For scalars x, y and z

- >

0= ra=xlal +yZ-Z (taking dot product with @)

el

1=7b=xab+ yIBPe (taking dot product with b)

_ lal 5,
Solving, we get y = _,7—_)‘:,‘:—:| al
i taPlb PP —(a-b)

-

G‘J,
..L
Sl

and x = -
(a b) ~lal IbI

Also | = [;ZZ] =zl Z % Z [ (taking dot product with ZXZ)

1

== 1 axbP
thus 7 = ((a- b)a—lalzb)+ X_l,’
|a><b|2
_ax(axby+-2xPb
Iabe

- o o
- . . x X .
If vector ¥ satisfying x Xa + (x-b) ¢ =d isgivenby y =47 +a x 22 2¢) _(,d f) , then find
the value of A. (a-c)lal

- -

Sol.  Yxa+(x-b)c=d
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. {;x2+(;-3) Z}x2=2xz
=>(;x2)xz+(;-3)(_c)x2)=2x_c)
= (x ) a-(a-O)x=(dxe)

= ax{(xc)a-(a-0)xl= ax(@x o)

= (@) (@xn=ax@xe) (raxa=0)

- - S

= = aX{(dxc)

= XXa=——5—"
ac

- - -
ax(dxc)
=

a-c

- - - -
= aX{(xxa)=ax

- Z —))
R e T R N 2.4 Xc
= (a-a) x—(a-x)a:axi__)

ac

- 2 -
- 5 - 2o 2 5 gX X ¢
= (a-a)x=(a-x)a+a><—(—)

- -

a-c

> = - - - o
2 (ax)a - ax(dxc) Z;
= X= N +axXx oo where A= vy
lal” (a-c)lal al?

= - >
a, b and ¢ are three non-coplanar vectors and r is any arbitrary vector. Prove that
-

[b¢rla+[carlb+labric=[adelr.

 Example 270 }

- - g - - S5 5 - o5 - [?Bz]
Sol. Let r=xa+x,b+xc= r{(bxc)=xa(bxc) =x= 55>
[abc] »
[rcal

Also, 7 (cxa) = xzz -(zx:z) =x,= [_,—_,_T] and _r) (ZXZ) =x32. (ZXZ)
abc

- =~ - -
[rab] > [rbecl~> [rcal~ [rab]- R s
X.= 55 r= - - b+ herla

— — c R e T ] - —)=
3 [abc]: (abc] (2] (abc] =[bcrla+[car]lb+tlabr]lc =[abc]lr

}iE;gamplg»ZJL If g,b and ¢ are non-coplanar unit vectors such that @ X (b X ¢) = NG ,b and ¢ are

non-parallel, then prove that the angle between Z and Z is 3z /4.

-

N
b+c

5 i

= (a-¢) Z—(Z-Z)Z:—ZJF%Z 0)

Sol.  ax(bxc)=
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- - ° -
Since b and ¢ are non-collinear, comparing coefficients of ¢ on both sides of (i), we get

" 1 - -
—ab=—F = a.b:—L

7 7
1
= (1) (1) cos 9=—$,

where 6 is the angle between 2 and b

1
;. cos 9=~ —5 = cos 8 cos 135°

= 0=135°=3n/4

Provethat i+ K- BXBxaNla  [k-(@x@xp)p_[KaBlaxp)
lax B lax B laxBP

— - 2 .
Sol. &, B and &x B are three non-coplanar vectors. Any vector R can be represented as a linear

combination of these vectors.
= R=ka+k B+k (a@xp) @
Take dot product of (i) with (¢t x )

= R(@xP) =k@xB)-(@xp) =k laxBl

Lo ﬁf&fﬁ): [Z?gczi]
lax Bl laxpP
Take dot product of (i) with @ X (¢ x )
= R (@x(@xp)=k(@x(axph)-p
=k, [(@ Bya-(o- ) f1- B=kl(a-B)* ~IaPI BF]
=k, lax BP

_ R @x(@xP)

lax B

[R-(Bx (Bx a)]

-
loex Bl

=k

Similarly, &k, = -

2

HR.[Bx(Bxanla_[R-@x@xP B (R @xB)l@xp)

- - > = =
lax Bl lax B 1 (axp)

= R=

5, RBxBxaa (R @x@xpip _ [R-(ax Bl (@ % P)

-
lax B2 laxBP laxBr

=
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g1 If a,b and c are three non-coplanar non-zero vectors, then prove that (a-a) p x¢
o e e e T ) -5 = o - =~ 5
t(ab)cxa t(ac) axb=[bcala.
- o - = = o o - -
Sol. As a, b and c are non-coplanar, p x g, ¢ x aand a x b are also non-coplanar.

So, any vector can be expressed as a linear combination of these vectors.
-

- ~ - - - g
Let g=Abxc TUhcxag+vaxb

e

“a.a=Albcalab=pulcablac=v [abc]

(a-a)bxc (a-b)yexa . (a-c)axb
(b ¢ al (cab] [abc]

N
La=

RECIPROCAL SYSTEM OF VECTORS

Two systems of vectors are called reciprocal systems of vectors if by tafking the dot product we get unity.

- = -
Thus if g, b and ¢ are three non-coplanar vectors, and if

g - - - - Z

> bxe p,_ cxa ,_ax

a 0 =———andc —?,then b’ - are said to be the reciprocal systems of vectors
[abc] [abc] [abc]

N
for vectors a, b and c.

Properties

- o - - -y
: - - - - - - . : > - g bx ¢ abc
1 Ifa,band cand a’, b’ and ¢’ are reciprocal system of vectors, then a-a’ = _(H_, ) = [_,_)_)] =
: (abc) labc]

vSimilarly, Z[;’ = z; =1

Due to the above property, the two systems of vectors are called reciprocal systems.

i. ab=ac=ba=bc=ca=cb=0
i, [abc][ab' '] 1
Proof:
N e e T l N
We have [a'b' )= | 2X¢__CXa a axb | _ ————[bxccxaaxb) = ——[ab el =—=—
[abcllabellabel| [abel [abc]3 labc]

={a@bcabe] =1

iv. The orthogonal triad of vectors i, j and k is self-reciprocal.

A A

Let i j "and k be the system of vectors reciprocal fo the system i, j and k Then,



Different Products of Vectors and Their Geometrical Applications 2.47

A 'xk A A a A A
we have i’ = -1 =i. Similarly, j’ = jand k' =k.
[i jk] -
V. Z,Z and Zare nori-coplanar iff ;’, ;’ and Z’ are non-coplanar.

- - RGN 1 ' —) "
As [abcl-[a’b’c')= 1 and [abc)# 0 are non-coplanar & —=55# 0 © [a'b ') are

non-coplanar. labc]

A A

1 Find a set of vectors reciprocal to the set _§+;‘+]I:¢,Ii\_j +k,f+}'+_]é\,

/\- a) - /} A. A
—jtk,c=i+j+k

A A -

Sol. Let2=—§+j+k,b=

>

~

PGk PGk | i Gk
Then bxo=[1 -1 1| = —2i+2k, cxa=| 1 1 1|=-2j+2k, axb=|-1 1 1
1 11 111 1 -1 1
=2i+27 '
‘ -1 1 1
[abel=|1 -1 1 =4
' 11 1

If a’, b’, ¢’ is the reciprocal system of vectors, then
- - o oo 1 AA - 505 NN 1 A
a =(bxc)llabc] = 5(—1 +k), b’ = (cxa)/labc] = 5(—J+k) ,

e T L T 1 ~ &
’ = (axb)llabc] = -2-(i+j)

ol

i - o - -»> - - . . .
78 Let a,band ¢ be a set of non-coplanar vectors and a’,b’and ¢’ be its reciprocal set.

-  b'xe , c'xa - a'xb
Provethat a=——— , p =555 and ¢ = 555
[al bl C’] [al blcl] ) [al bl cl]
L o (exa)x(axb
Sol. We have, p’ x ¢’ = (—%
[abcT
{(cxa)-bla—{(c xa)-a}b [cabla-[caalb labcla-0  a
- [abcl "~ [abeP [abcl  [abel
Bxi @ laba 1

Also, [a?l;)’;’]=;’.(b_"xg')= S5 ST = Soe = SIS
[abc] [abc]l labcl labc]
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— - -
a - a'xdy
5T
¢’] [a’b" ']

Y I

B 5 - 5 a+btc
a'xb’+b xc'+c’xa’ = "S55
[abc]
o5 (Bxo)x(cxa)  {(bxc)-ale—{(bxc)-c}a [bcale [abele o
Sel. a’xb’ = e = rp—— =—>—>—>2—'—>—>—>2_-—)—>—>
[abc) labc]? labcl® labcl [abc]
Similarly, bxe = — f — and o'xa =
[ax bX c] [abc]
Adding, axb+bxC+oxa :aib%
[abc]

- = -
If a,b and ¢ be three non-coplanar vectors and a’, b’ and ¢’ constitute the reciprocal
system of vectors, then prove that
- - - o = 5, - 3 -
ir=(r-aYa+rd)b+(r-c’e
L I T e A - - 3
il. r=(r-a)a’+(r-b)b'+(r-c)c
Sol. 1. Since a vector can be expressed as a linear combination of three non-coplanar vectors, therefore
— - - -
let r =xa+yb+zc )
where x, y and z are scalars.
Multiplying both sides of (i) scalarly by a’, we get

N - —)] - —)’ - =

ra =xaa+yba+zcad=x1l=x
- *’I - -

(.'. a-a :1, b_a’:o =c a')

Similarly multiplying both sides of (i) scalarly by b and ¢ , successively, we get
y= 7b andz= r-¢’
Putting in (i), we get . = (?. ;')24_ (7. E’)Z+ (?. E")?

o . -3, =, - - — — .
ii. Since a’, b” and ¢’ are three non-coplanar vectors, we can take , — xg’+ yb'+zc (i1)

Multiplying both sides of (ii) scalarly by Z, we get 7;1) = x(;’-2)+y(?~2)+z(g’-2) =x
('.' ;’Z =1 s E’Z =0 = 676_1))
Similarly, multiplying both sides of (i) scalarly by Z and c successively, we get

- > - -
y=rbandz=r-c

Putting in (ii), we get 7 = (7-a) '+ (- b)b'+ (1 ¢)c .
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10.

11.

12.
13.

14.

Concept Application Exercise 2.3

- o o - -
If a, b, ¢ and d are four non-coplanar unit vectors such that d makes equal angles with

all the three vectors 2, Z, Z then prove that [2 Z Z]=[Z Z Z]=[222].

e e T
l-a 1I'b 1

RN e )

Prove that if [l m n] are three non-coplanar vectors, then [/ m n] (axb) =jma mb m
S5 5 5 o5 o

na nb n

If the volume of a parallelopiped whose adjacent edges are a 27 +3] +4k, b =7 +aj +2k,
c =i +2J +ak is 15, then find the value of ¢ if (> 0).

If Z=i+j+kand b:i_2j+k, then find vector csuch that 2_Z= 2 and sz = Z
If ;-2=0, ;Z =0 and ;Z =0 for some non-zero vector ;, then prove that [Z Z Z] =0.

— — -
If a, b and ¢ are three non-coplanar vectors, show that

e e T B B S

aa ab a-c

e I S S —- - o - B e T N T )
l[axb bxc cxd] =[abc] b-a bbb b-c
e e N T T

ca ¢-b cc

- -5 =

e - o
If a b and c are three vectors such that a Xb=c,bXc=a,cXa=b, then prove that

lal=1bl=lcl-

e e e g - = ZX(ZXZ) -
If a=p+q,pxb = 0 and ¢-b =0, then prove that ——5—=g.
b-b

Prove that (Z-(Zx?)?+(2-(3x}'))}+(Z-(Exfc))f< = 2«

For any four vectors a, b, ¢ and d, prove that d -(2 x(z x(z xZi)))) =(Z-2) [(_1): 2].

- - . - - - 1-
If aand b be two non-collinear unit vectors such that a X(a xb)= Eb’ then find the angle

-

5
between a and b.
- - - - - . L - R - o - -
Show that (g xb)xc=ax(bxc) if and only if a and ¢ are collinear or (axc)xb=0.
- ~ -
Let a, b and ¢ be non-zero vectors such that no two are collinear and (le—;)xz

= IZH?IZ. If 8 is the acute angle between vectorsz andz then find the value of sin 6.

3
e T T -

If p q, ’ denote vectors bxc,cX a a >< b, respectively, show that a is parallel to q r,b

is parallel to r X p, c is parallel to p X q .
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Exercises-
Subjective Type RIS : o R Solutzonsonpage284

(a-x" (a-y)? (a-z)*
L Ifib-x7" b-y?* b-2)?= 0 and vectors A, Band C , where A=a’ i + aj +k, etc., are
(c —x)* (¢c — y)2 (¢ —a)’

non-coplanar, then prove that vectors X, Y andZ, where X =2 + x}' + & » etc. may be coplanar.
2. If OABCis atetrahedron where O is the origin and A, B and C are the other three vertices with position

- -

5
vectors a, b and c, respectively, then prove that the centre of the sphere circumscribing the

tetrahedron is given by position vector @’(bxc)+ b2(_fj a) +c(ax b).
Aabe]

3. Let k be the length of any edge of a regular tetrahedron (a tetrahedron whose edges are equal in
length is called a regular tetrahedron). Show that the angle between any edge and a face not containing
the edge is cos™ (1/+/3).

4. In AABC, a point P is taken on AB such that AP/BP = 1/3 and a point Q is taken on BC such that
CQO/BQ=3/1. If Ris the point of intersection of the lines AQ and CP, using vector method, find the
area of AABC if the area of ABRC is 1 unit.

5. Let O be an interior point of AABC such that OA + 208 + 30C = 0. Then find the ratio of the area
of AABC to the area of AAOC.

6. The lengths of two opposite edges of a tetrahedron are « and b; the shortest distance between these
edges is d, and the angle between them is 6. Prove using vectors that the volume of the tetrahedron
. abdsin@
13—

6 >

7. Find the volume of a parallelopiped having three coterminus vectors of equal magnitude | g and

equal inclination @ with each other.

8. Let ;and 3 be any two orthogonal vectors of equal magnitude 4 each. Let Z, Zandz be any three
vectors of lengths 7,/15 and 2433, mutually perpendicular to each other. Then find the distance of
the vector (a-p) p+(@4) g + (@ (p X)) (p x9) + (b-p) p+ (B33 + (5 (3 x 2) (¢ )

+ (2- ;) ;+ (2(_1)) ; + (Z-(; X c_]))) (; X 2) from the origin.

9. Given that vectors 1_4) , § and 8’ form a triangle such that Z = § + E‘ .Find a, b, ¢ and d such that
the area of the triangle is 5/6 where
;4) —ai + b}' +ck
B=di+ 3}' +4k
C=3i+j-2%



10.

11.

Objective Type
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A line [ is passing through the point b and is parallel to vector ¢. Determine the distance of point
(a-b)c z or I(b—i)xcl'

2
fel lcl

A(a) from the line / in the form |5 — g+

If ;:, e_;, 23 and El, Ez E} are two sets of vectors such that e-E,=1if i= jand ;:E: = Oandif i # b
B e N S Y
then prove that [e e, ¢;][E, E, E;]=1.

Each question has four choices a, b, ¢ and d, out of which only one answer is correct. Find the correct answer.

1.

Two vectors in space are equal only if they have equal component in

a. agiven direcﬁon b. two given directions

c. three given directions : ‘ d in any arbitrary direction

Let Z, Z and Z be the three Qectors having magnitudes 1, 5 and 3, respectively, such that the angle
between a and Z is@and a x (Z X Z) =¢ . Thentan 8 is equal to

a 0 b 2/3 ¢ 3/5 d 3/4

Z, Zand ¢ are three vectors of equal magnitude. The angle between each pair of vectors is 773 such
that I2+Z+2I=x/€. Then lal is equal to
a 2 h -1 e 1 d Je/3

- > -
If a,b and ¢ are three mutually perpendicular vectors, then the vector which is equally inclined to
these vectors is

- - -
- - - a b C
A& g+b+c h —+—F+—
- Z - lal 1bl lcli
a c
+ + d - - - = - -
- 2 - lala-lbib+lclc
lal? 1P Il

A

N ~ AA - . . . - R e
Let Z=i+j;Z:2i_k.Thenvector r satisfying the equations _r)><2=bXZand rxb=axb

is

a ?—}+1Ac h 3?—;‘+l€ c. 3?+}'—I§ d ?—3’—1;

Ifz and Z are two vectors, such that Z- Z <0and |Z'b|=|2>< b1, then the angle between vectors
ZandZis

a 7w ‘ h 7n/4 c. /4 d 3n/4

If a,band ¢ are three unit vectors, such that a+ b+ ¢ is also a unit vector and 0, Gz'and 6, are

angles between the vectors a, b; b, ¢ and c, a, respectively, then among 0, 6,and 6,
a. all are acute angles b. all are right angles
c. at least one is obtuse angle d none of these
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10.

11.

12.

13.

14.

15.

16.
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- = -

If a, b, ¢ are unit vectors such that ZZ =0= 2_0) and the angle between b and ¢ is /3, then the
value of lax b—axcl is

a 172 h 1 c 2 d none of these

P (;) and Q (Z}) are the position vectors of two fixed points and R (r) is the position vector of a
variable point. If R moves such that (_r) - ;) X (? - 2) = 6 , then the locus of R is

a. aplane containing the origin O and parallel to two non-collinear vectors OP and @

b. the surface of a sphere described on PQ as its diameter ’

¢. a line passing through points P and Q
d. aset of lines parallel to line PQ

Two adjacent sides of a parallelogram ABCD are 2i+ 43’ —5k and P+ 2}' +3k. Then the value of
|AC x BD| is
a 2045 b 225 ¢ 2445 d 265

If 4, b and ¢ are thrée unit vectors inclined to each other at an angle 8, then the maximum value of 6
is

b3 /4 2 /4
a — b — c. — a —
3 2 3
Let the pairs a, b and P ; d each determine a plane. Then the planes are parallel if
a @xc)x(bxd)=0 b (@xc) (bxd)=0
e. (@axb)x(cxd)=0 d (axb) (cxd)=0
if 7-2:?3:?-2:0, whereZ,Zandz are non-coplanar, then
a 7.L(Zx2) b ?.L(be) c. 7L(ZXZ) d 7:6
If g satisfies2x(§+2}+ic) =?—1Ac,thenZ;isequalto
a Ai+QA—1j+Ak AeR b Ai+A-20)]+Ak AeR
. Ai+@A+Dj+Ak AeR d Ai-(1+21)j+Ak,AeR

Vectors 3a — SZ and 24+ b are mutually perpendicular. If a+ 43 and b _ 2 arealso mutually

- -
perpendicular, then the cosine of the angle between a ard b is

19 19 19

19
— . = a —F=
NS e N Va3

The unit vector orthogonal to vector ) } +2k and making equal angles with the x- and y-axes is

h

A A

a J_r%(2§+2}_12) b o+t-(G+)—k c i%(zf_zj_lz) d None of these
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The value of x for which the angle between a=2x" i +4x 3 +k and p=7] - 2;' + xk is obtuse

and the angle between 3 and the z-axis is acute and less than 7/6, is
a a<x<l/2 h 12<x<15 ¢ x>12o0rx<0 d none of these

If vectors 2 and Z are two adjacent sides of a parallelogram, then the vector representing the altitude
of the parallelogram which is perpendicular to ais

5 Bxa a-b 5 bao ax(bxa)
b+bj<a h. %ﬁ c. b—iaa P
lal b lal? Ibl

A parallelogram is constructed on 32 + Z and 2 - 41—;, where | 2 | =6 and |Z| = 8, and 2 and Z are

anti-parallel. Then the length of the longer diagonal is
a. 40 b. 64 c. 32 d. 48

- - - - i
Let a-b =0, where g and b are unit vectors and the unit vector ¢ is inclined at an angle 8 to both

Zde.IfZ=mZ+nZ+p(ZXZ), (m, n,p € R), then

3_7t
4

h Z<g<® c. 0<0<
4 4

a —-<g< d 0<6<

~1 8
&~
&~

Z and Z are unit vectors and lZI =4. The angle between 2 and Z iscos ' (1/4) and Z - 22 = AZ.
The value of Ais '

a 3,-4 h 1/4,3/4 c. 3,4 d -1/4,3/4

Let the position vectors of the points P and Q be 47+ } +Ak and 2] — } + /'tl;, respectively. Vector

i - 3 +6k is perpendicular to the plane containing the origin and the points P and Q. Then A equals
a -1/72 h 172 c 1 d none of these

A vector of magnitude 2 coplanar with the vectors d=i + ] + 2kandb=1i + 27+ k, and
perpendicular to the vector ¢ =7 + j + k , 18
a —j+k b.i -k c.i—] d.i-j

P be a point interior to the acute triangle ABC. If PA + PB + PC is a null vector then w.r.t. triangle

ABC, point P is its '
a. centroid b. orthocentre ¢. incentre d. circumcentre

G is the centroid of triangle ABC and A and B, are the midpoints of sides AB and AC, respectively.
If A be the area of quadrilateral GA /AB, and A be the area of triangle ABC, then A/A, is equal to

3

a - b 3 C.

1
5 5 d. none of these

- - - -

- - - 5 -
Points a, b, cand d are coplanar and (sin @) g + (2 sin 28) b+ (3sin 3¥)c —d = 0. Then the least
value of sin* & + sin 23 + sin? 3y is

a 1/14 b 14 c. 6 d 1/J6
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1f Z and Z are any two vectors of magnitudes 1 and 2, respectively, and
- - - o - - -
(1-3a-b)* +12a+b+3(axb)l? =47, then the angle between g and Z is

2

a 7n/3 h m—cos' (1/4) d cos™' (1/4)

- -
If gand b are any two vectors of magnitudes 2 and 3, respectively, such that

12 (@ x b)|+13 (a- b) = k, then the maximum value of k i
a JI3 b 2413 ¢ 6J13 d 10413

- - - s - -
a, Zand ¢ are unit vectors such thatlig + Z +3 ¢ 1=4. Angle between a and b is Gl,between Z

and Z is 6, and between 2 and Z varies [7£/6, 27/3]. Then the maximum value of cos 8, + 3cos 6, is
a 3 b 4 c. 242 d 6

If the vector product of a constant vector OA with a variable vector OB in a fixed plane OAB be a
constant vector, then the locus of B is

a. a straight line perpendicular to OA

b acircle with centre O and radius equal to | OAT

¢. astraight line parallel to 0A

d none of these

Let ;, v and w be such that lul= 1,1 vi=2andiwl=3.1f the projection of v along u is equal to

— - - - . - -~ -
that of w along u and vectors v and w are perpendicular to each other, then |4 — v + w| equals

a 2 b 7 c. 14 da 14

If the two adjacent sides of two rectangles are represented by vectors ; = 5a - 3b ;g =—a—-2b

- -

- 5 s o - L - 1 - -
and r=—4a - b; s =—a + b, respectivély, then the angle between the vectors x = 5 (p+r+s)

= 1 » -
and y:g(r+s)is

19 19
_ S e b Y
a —Cos (5\[5) cos (5\/@)

c. 7mcos™ (3%) d. cannot be evaluated

It &l (B x 1), then (X B)- (@ X 7) equals to

a gl By b | BR (y- ) c. |y|2((}_ﬁ) d.AIOlHﬁH)/I
The position vectors of points A, B,and Care i+ j+k, i+5 j—k and 2i+3 j+5k, respectively. The
greatest angle of triangle ABC is

a 120° h 90 c. cos (3/4) d. none of these
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&
- - - . . i - . . .
Given three vectors a, b and c , two of which are non-collinear. Further if (a + b)is collinear with

[N - . N — - - . e T T T S
c,(b+ c-)lscollinearwnha,IaI=IbI=|cI=\/§.Flndthevalueofa~b+b-c+c~a.

b -3

a 3
c. 0 d. cannot be evaluated

If Zand Z are unit vectors such that (Z + 3) . (22 + 33) X (32 -2 [—;) = 6 , then angle between Z and
E is
a 0 : h 2 C. d indeterminate

If in a right-angled triangle ABC, the hypotenuse AB = p, then AB - TC +BC-BA + CA-CB is

equal to )
a 2p? b —‘l;— c. p? d none of these
Resolved part of vector a and along vector b is Z. and that perpendicular to b is 22 , then Z, X Zz
is equal to
(axb)-b (a-b)a (a-b) (b xa) (@-b) (b xa)
e b. ) C. 2 d. - o
bl lal bl Ibxal

A A=

a= 2i —}'+ IAc,Zz i+ 2j—k,c= i+ }'— 212.Avect0rcoplanar with b and ¢ whose projection on

- 2
a is magnitude \/; is

a 27 +3j-3% b 27— 45k ¢ 2i+3j+3k a 27+ +5k

If *P’ is any arbitrary point on the circumcircle of the equilateral triangle of side length / units, then
IP—A>I2+IE?)I2+|P—C)Izisalwaysequalto :

a 2P b 2v3P c. I d 37

If ¥ and § are non-zero constant vectors and the scalar b is chosen such that | 7 + b5 | is minimum,

then the the value of 155 I° + 17 + b5 I* is equal to

a 2I7P b 17FR2 c 3IFP d IFP
a and b are two unit vectors that are mutually perpendicular. A unit vector that is equally inclined to
Z, b and sz is
L(Z+Z+Zx3) ' LAV
a. NG b E(aXb+a+b)

I » » = - 1 - = - =
C. —=(a+b+axb) d —(a+tb+axb)
3 3



2.56

43.

44,

45,

46.

47,

48.

49,

50.

Vectors & 3D Geometry

: . _ - _ @
Given that @,b, p,g are four vectors such that @ +b = up, b-g =0 and (b)* =1, where yis a scalar.

Then I(a-G)p —(p-g)al is equal to

a 2lp-gl h (1/2)1p-ql c. Ipxgl d Ip-gl

The position vectors of the vertices A, B and C of a triangle are three unit vectors a,b and c,
respectively. A vector d is such that d- a= c_i)l; —d-candd=2 (b + ¢).Then triangle ABC is

a. acute angled h obtuse angled c. right angled d. none of these
If a is a real constant and A, B and C are variable angles and ./a” ~4tan A + a tan B

+ Ja? + 4 tanc = 6a, then the least value of tan® A + tan® B + tan® C is
a 6 h 10 c. 12 d 3
The vertex A of trlangle ABC is on the line r =i+ ] + Ak and the vertices B and C have respective

position vectors i and J Let Abe the area of the triangle and A € [3/2, 33/ 2]. Then the range of
values of A corresponding to A is
a [8,41u[4,8] b [4,4] c [2,2) d [4 2]ul2,4]

A

+

&)

+ ~
A non-zero vector a is such that its projections along vectors \/_ and k are equal, then

unit vector along ; is
Vii-i Bk g sk
V3 3 NERNE] V2

Position vector k 1s rotated about origin by angle 135° in such a way that the plane made by it bisects
the angle between i and J Then 1ts new pos1t10n is

i i J k i k
ELE bh t-*+=-— . == d f th
a. _\/,2_ \/E SN c NN none of these

In a quadrilateral ABCD, R is the bisector of ﬂi) and E , angle between :47?) and E is 27/3,
151AC1=3 I AB | = 5| ADI.Then the angle between BA and CD is
a.  Cos 742 h cos 7\/5 c. Cos ﬁ cos™ T4

In the following figure, AB, DE and GF are parallel to each other and AD, BG and EF are parallel to
each other. If CD : CE=CG : CB=2:1, then the value of area (AAEG) : area (AABD) is equal to

a 712 b d 92
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Vector « in the plane of b=2i+ ; and Z =i } +k is such that it is equally inclined to Z and 2

where d = 3’+ 2k . The value of & is
?+}'+/§ ?—}'+k 2?+}' 2?+}'
V3 3 N V5
Let ABCD be a tetrahedron such that the edges AB, AC and AD are mutually perpendicular. Let the
area of triangles ABC, ACD and ADB be 3, 4 and 5 $q. units, respectively. Then the area of triangle

BCDis
J5 5

a 5.2 h 5 ¢ dE

Let ? ® =[] i+ @ -0t }'+ [t+1] 12, where [.] denotes the greatest integer function. Then the

A

h. d

- (5 -
vectors f (ZJ and f (£),0<r<1,are

a. parallel to each other ' b. perpendicular to each other
+¢

2
¢. inclined at an angle cos™' ———— d inclined at cos™
71 —~1%) 91+

If Z is paralle] to Z X Z , then (Z X Z) . (Z X Z) is equal to

a lal(b-c) b IZIZ(Z-Z) c. IZIZ(Z-Z) d none of these

Three vectors ; + 3‘, ;'+ lzand k+ i taken two at a time form three planes. The three unit vectors
drawn perpendicular to these three planes form a parallelepiped of volume

a 13 b 4 ¢ (3V3)/4 d 43
If 2=ZXZ+Z><Z+ZXZ is a non-zero vector and 1(2-:)(ZXZ;)+(2-;) (ng)+(2~;)

(cx a)i=0, then

- - - -
a lal=1bl=lcl b lal+Ibl+lcl=1d]
- > -,
€. a,band c are coplanar d. none of these

If lal=2and bl =3and a-b =0, then (a x (a x(a x(a x BY))) is equal to

a 48b b -485 c. 48a d -48a
If the two diagonals_) of one of its faces are 6 + 6k and 4}' +2k and of the edges not containing the

given diagonals is ¢ = 4}' — 8k then the volume of a parallelepiped is
a & b 8 ¢ 100 d 120

The volume of a tetrahedron formed by the coterminus edges Z, band ¢ is 3. Then the volume of the
parallelepiped formed by the coterminus edges a+ Z b+ zand P +a is

a 6 b 18 c 36 d 9

If 2, zand Z are three mutually orthogonal unit vectors, then the triple product
[a+b+ca+bb+c] cquals

a 0 b lor-1 _ c 1 d 3
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Vector Z is perpendicular to vectors 2 =(2,-3,1)and Z = (1, -2, 3) and satisfies the condition
Z . (? + 2}' - 7IA<) = 10. Then vector cis equal to

a (7,51 b (-7,-5,-1) c. (1,1,-1) d. none of these
Given g=xi+y 42k, b=i—j+k ¢=i+2J;aLlb, a-c =4.Then

a [abep=lal b (@b d=lal ¢ [abc)=0 d [abcl=lal
Letz=a,§+a2}+a3lAc, z=bl§+b23'+b3lzand Z=c,§+c2}'+c31§ be three non-zero vectors such

that ¢ is a unit vector perpendicular to both a and Z . If the angle between Z and Z is 7/6, then the

2

a b ¢of
value of |2 by o is
a, by ¢
a 0 h 1
l 2 2 2 b2 b2 b2 d 2 2 2 2 b2 bl b2
C. 4(atl+az+a3)(]+2+3) 4(al+az+aa)(l+2+3)

-

- 5 - - - - - - - - - - -
Let r, a, b and ¢ be four non-zero vectors such that »-a =0, | r xbI=|rilblandlr X cl=| rilel.
Then [a b ¢] is equal to

a lalibllcl b —lallbllcl c. 0 d none of these

Ifz,Zandzare such that [ZZZ‘]:L Z:lez, angle between ZandZis 27r/3,|2l

- - 1 — -
= \/5, bl = «/gand | ¢ | = —, then the angle between a and b is

NE

a. z b z c. — d z
6 4 3 2
If 42+ 5b +9¢ =0, then (2 x b) X [(b X ¢) X (¢ x a)] is equal to
a. a vector perpendicular to the plane of Z, b and ¢
b a scalar quantity
c¢ O
d none of these _
Value of [Z % Z Z X Z c—i)] is always equal to
a (a-d)abc] b (2 -O)abd] c. (a-b)abd] d none of these

Let cAz and 3 be mutually perpendicular unit vectors. Then for any arbitrary 7,
a r=(raya+(rhb+(H@xbaxb)

b 7 =(ra) - (rb)b- (r(ax b)ax b

c. r=(raa-(rbb+(r(axb)axb)

d none of these
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- -
Let a and b be unit vectors that are perpendicular to each other. Then

[Z + (2 X Z) E + (Z X Z) Z X Z] will always be equal to
a 1 b. 0 ) c. -1 d none of these
@ and b are two vectors such that |G| = Llbl=4andd-b=2.1f & = (2a x 5) -3b , then find the
angle between b and ¢ .
T 3n S

a T h Z e 2 a 2
3 6 4 6

Z and Z are unit vectors. Then for any arbitrary vector Z, (((2 X Z )+ (2 X Z ) x (Z X Z ) -(Z - Z )
is always equal to

a IZI b, %IZI C. l|ZI d none of these

IfZ.Z=,8 and 2><Z=z, then b is
N (ﬂZ:ZxZ) \ (ﬁZtZXZ)
lal? lal®
(BS —ax o) 4 Bataxo
lal lal
If a((_;t X ﬁ) + b(B X 77) + C(;/ X (—X)) = 0 and at least one of a, b and c¢ is non-zero, then vectors
gz, Band 5/) are
a. parallel b. coplanar
¢. mutually perpendicular d none of these

— - - - - - - - .
If (a xb)x(bxc)=b,where a, b and ¢ are non-zero vectors, then
- o - - = ~>
a.  a,b and c can be coplanar b a,b and ¢ must be coplanar

- - -
¢. a,b and c cannot be coplanar d none of these

L T - - 1 - . i
Ifra=rb=r.c= > for some non-zero vector r, then the area of the triangle whose vertices are

A (Z), B(l_;) and C(z) is (Z, Z,Z are non-coplanar)

-0 >

a I[ZZZ]I h |7I c. lfabclrl d none of these

A vector of magnitude 10 along the normal to the curve 3x2 + 8xy +2y*—3 =0 at its point P(1, 0) can
be

a. 6/ +8 b. -8 +3j c. 6/ —8] d. 8 +6]
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If a and b are two unit vectors inclined at an angle ©/3, then {Z X (Z +ax Z)} b is equal to

a -3 b l ¢ 3 d 1
4 4 4 2
If @ and b are orthogonal unit vectors, then for a vector r non-coplanar with a and Z, vector ¥ X a
is equal to
a. [rablb—(r-b)b xa) b [rabl(a+h)
c. [?23]2 + (?2)2 xl_)) d none of these

- 5 o . — - = - - - 2

If g, b, c are any three non-coplanar vectors, then the equation [bX ¢ cxXaaxb]x
— - = - - e e e e

+la+bb+cct+alx+1+[b—c c—aa—bh]=0hasroots

a. real and distinct h. real c. equal d imaginary

fx+cxy=dand y+cXx= b ,where ¢ isanon-zero vector, then which of the following is not

correct.
bx¢+ L

= " h x=

Exb+b+ (a3
I+c-¢

c-

d none of these

. i - - - — — - X i
The condition for equations r X @ = band r X ¢ = d to be consistent is

a bc=ad b ab=cd ¢. be+rad=0 d ab+cd=0
If ¢ and b are non-zero non-collinear vectors, then [ZZ?]?+[ZZ}]}'+[ZZIA¢]IA¢ is equal to
a a+b b axb c. a—b d bxa

fa=2i+j+k b=i+2)j+2k c=i+j+2kand 1+ a)i+Bl+a)j+yl+a)(1+Bk =
Zx(z X Z), then ¢, B and y are

a —2,-4-2 h 2,4, 2 o —2,4 2 d 2,4-2
3 3 3

Let G (x)=(sinx) + (cosx) } and b (x)=(cos 2x)i + (sin 2x) } be two variable vectors (x € R), then
@ (x)and b (x) are
a. collinear for unique value of x b. perpendicular for infinite values of x

¢. zero vectors for unique value of x d. none of these
For any two vectors Z and b, (Z X ?) . (l_; X ?) + (Z X }') . (Z X }') + (Z X lAc) - (3 X IAc) is always equal
to

- -

a. ZZ b 2ab C. Zero d none of these

- - - -
Let a,b and c be three non-coplanar vectors and r be any arbitrary vector. Then

(@ X B)X(r X ¢)+(b X )X (r X @)+ (¢ x a)x (r x b) is always equal to
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a [abclr b 2[abe]r c. 3[abclr d none of these
5 bxe - exa > axbh

- - -
If P==5559=—=5 and 7= =55 >where @, band c are three non-coplanar vectors, then

fabc] [abc] [abc]
the value of the expression (Z +E + 3)-(2 +; + 7) is
a 3 b 2 c 1 d 0

A(Z) , B(Z) and C (g) are the vertices of triangle ABC and R(?) is any point in the plane of triangle

ABC, then ?(2 X Z + Z X _c> + Z X Z) is always equal to

a  zero h [ZZZ] c. —[222] ©d none of these

It Z, Z and Z are non-coplanar vectors and ax ¢ is perpendicular to Zx(z X 2), then the value of
[Z b (Z X _g)] X ¢ is equal to

a [abc]e b [abc]b e d [abcla

If V be the volume of a tetrahedron and V’ be the volume of another tetrahedran formed by the

centroids of faces of the previous tetrahedron and V = KV”; then K is equal to
a 9 b 12 c. 27 d 8

[@xb)x(5x <) (bx)x(Cxa) (¢xa)x(axby is equal to (where 4, hand o are non-

zero non-coplanar vectors)
-5 S

a [abcP b [abeT . labcl d [abc]
If 7=xl(2>< Z)+x2(3><2)+x3(2x2) and 4{ZBZ]=1, then x, + X, + x, is equal to
a %?-(2+Z+Z) b %?~(Z+Z+Z) ¢ 2r(a+b+c) d 4r-(@a+b+o)

- — - - - i B X - - - -
If a 1 b,then vector v in terms of ¢ and b satisfying the equations v-a =0 and v-b =1 and
-

[vab] =1is

- -

b axb b
h —_>‘+ﬁ C —
2 61 lax bl b

b‘i_

X

Ql

a. +

bP |

+
(O

d none of these

- -
axb
— -
axb |

S

X

Ql

X

Ifa=i+ }', b= i - } +2k and ¢ = 2i + A] - 12, then the altitude of the parallelepiped formed by
the vectors 2, Zand ¢ having base formed by Z and Z is (where Z’ is reciprocal vectorZ, etc.)

a 1 b 32/2 ¢ 1/\6 d 12

A

- A A A = A A - 5 -
If a=i+j,b=j+k,c=k+i,then in the reciprocal system of vectors a,b,c reciprocal a of
-

vector « is
S 12 A A A A ]2 Ton ]2
I+ j+ I -1 —-j+ 1+ j—
a. trJTR h ! Jtk [ L . d J

2 5 ) 2 2
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Each question has four choices a, b, c and d, out of which one or more are correct.

1.

If unit vectors Z and l_; are inclined at an angle 20 such that IZ — 3 |<1and 0< 8 <, then Blies in
the interval
a. [0, 7/6) b (57/6, 7] c. [n/6, n/2) d (w2,576]

Z and Zarenon-collinear ifo (; X E’) + (Z-Z)Z =(4—-2x—siny) Z +(x2—l)zand (Z-Z)2=Z.
Then '

- a x=1 bh x=-1

c. (4n+1) el a y=(2n+l)—7£, nel
Umt Vectors a and b are perpend1cular and unit vector ¢ is inclined at an angle 6to both a and
B.If c=aa +[3b +y(a X b),then

1+cos26
2

2 and b aretwo given vectors. With these vectors as adjacent sides, a parallelogram is constructed.

a a=p b p=1-202 c. P=-cos20 d p=

The vector which is the altitude of the parallelogram and which is perpendicular to a is

bYy- = - > - 5 -
a @Y7 3 b ——{(1al b —(a-b)a)
latl® lal?
. gx@’xﬁ) d ZX(EXZ)
lal _ bV

If ax (l; X Z) is perpendicular to (2 X lj) X ; we may have

a (a-)bE=(ab)bc) b 4.5=0
c. ac=0 | d. bc=0"
5o o _ L Bxé o éxa - axb
Let @, band c be vectors forming right-hand triad. Let p = —=5=5-9= 555 and r=——55
[ab c] [a b c] {a b c]

If x € R*, then

-

a x[ZZZH[L”I_” has least value 2
X

e e )

b xlabc) +M has least value (3/22°)
2

- o

C. [I)qr]>0

d. none of these
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a,a,a, eR~{O}anda +a,cos 2x +a, sin*x = OforallxeR then

a. vectors a a’ +a, j +a,k and b =47 +2J + k are perpendicular to each other
11 ] k perp

b vectors a—a i ta, j+a ¢ and b =i+ j +2k are parallel to each other

¢. if vector ¢ = a, i +a, J +a, k is oflength\/gumts then one of the ordered tripplet (@, a,, a,)
=(1,-1,-2)

d if2a, +3a,+6a,=26,thenla,} +a, | +a klis2/6

If 2 and b are two vectors and angle between them is 6, then
a 1axBP+@dy=1afBF

h lgxbl=(a-b),if 0=m/4

c. a X b (2 Z) ;,(nls normal unit vector), if 8= /4

d (axb)-(a+b)=0

- - - - - ~
Let a and b be two non-zero perpendicular vectors. A vector r satisfying the equation » x b = a
can be

poaxb ho2p- 94Xt ¢ 131320 g pipoaxb
b’ IbF IbF b

If vectors b = (tan o, ~ 1,2 /sin¢t/2) and c¢= [tan o, tana,— J are orthogonal and vector

sino/2

o =(1, 3, sin 2¢)) makes an obtuse angle with the z-axis, then the value of ¢is

a oa=Un+1)mr+tan™'2 b a=(@n+1)nr—-tan™' 2
c. a=(A4n+2)x+ tan™' 2 d oa=@n+2)r—tan’ 2

Let 7 be a unit vector satisfying Fxa= Z, where |a| = 3 and Il_;l = /2. Then

a 7:§(2+2x2) h 7=%(2+2x2)
- 2 - - o - 1 - - -
c r=§(a—a><b) d r=§(—a+axb)

If a and b are unequal unit vectors such that (a -~ b) X [(b + a) X (2a + b)] = a + b then angle 6
between a and b is

a 0 b 12 c. w4 d r

If ¢ and Zare two unit vectors perpendicular to each other and ;:) =1 Z + /122 + A, (Z X Z), then
which of the following is (are) true?

- >

a A=ac b A=1bxcl

. A=l@xbyxcl d A+A+A=@+b+axb)c
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15.

16.

17.

18.

19.

20.
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- - . a b .
If vectors a and b are non-collinear, then — + — 1is
lal bl
a. aunit vector b. in the plane of a and b
¢. equally inclined to a and b d. perpendicularto a x b

- - - - — -
If a and b are non zero vectors such that la + bl=|a — 2b], then

is\/a

- - 1
¢. leastvalue of a-b + —
bl +2

isﬁ—l

d least value of ZZ + _)1
Ibi+2

- 5 — — — — - — - - -
Let a, band c be non-zero vectors and V,=ax(bxc)and V, = (ax b)xc. Vectors

\_/I and \7; are equal. Then

- - — -
a. g and b are orthogonal b. @ and c are collinear
- - - - -
c. b and c are orthogonal d b= l(a x ¢) when Ais a scalar
. - . . . - — — —) — - - -
Vectors A and B satisfying the vector equation A+ B=aq, x =b and A-a=1, where a and

-

b are given vectors, are

. —>_ . - - - 2

a A=(a><b7) a b B:(bxa)+2a(a 1)
a’ a

. Z=(a><b7)+a d Ez(bxa):a(a‘—l)
a’ ] a

A vector d is equally inclined to three vectors a = i 3 + 12 Z =20 + } and ¢ = 3}' ~2k. Let

- - - i - - o - .
x, yand z be three vectors in the plane of a, b; b, ¢; ¢, a, respectively. Then

a xd=-1 . h yd-=1
¢ z:d=0 d rd= =0, where r—/lx+/.ty+5”

A

Vectors perpendicular to i- } —k and in the plane of i+ j +kand— i+ } + k are

A A

a i+k h 2?+}‘+IQ c 3§+2}+IQ d—4?—2}'—21A<
If side AB of an equilateral triangle ABC lying in the x—y plane is 3 , then side 53) can be

a. —%(?—\B}) h %(?—\E}') c. —%(hﬁ}) d %(hﬁ})
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22.

23.

24,

25.
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The angles of a triangle, two of whose sides are represented by vectors \/_ 3(a x b) and b — (a b)a

where b is a non-zero vector and a is a unit vector in the direction of a , are

a tan"' (\3) b tan (1/+/3) c. cot'(0) d tan (1)

- - - . . -
a,b and c are unimodular and coplanar. A unit vector d is perpendicular to them. If

- o - o 1A 1A 1A — - -
(axb)yx(cxd) =gi - Ej + gk, and the angle between a and b is 30°, then ¢ is

a (i-2)+2k)/3 b (~i+2j-20)/3 e @i+2j-F)3 4 (2i-27+k/3
If2+23+32=6,thenZxZ+Z><Z+Zx2=
a 2(axb) b 6(bx c) ¢ 3(¢xa) d 0

a and b are two non-collinear unit vectors, and = g — (a-b)b and v=axb. Then |7l is

- - - -
a. luI b Iul+lu-b| c. lul+lu-al d none of these

e ) - o
}Ifaxb c, bxc= ,whereciOthen

l=lc h lal=15]

Ql

a |

)

c. 1bi=1 d lal=Ibl=lcl=1

Let a b and ¢ be three non- coplanar vectorsand d bea non-zero vector, which is perpendicular to

(a+b+c) Now d—(axb) sin x + (b><c) cosy+2(c><a) Then

a £29_y | h L.,
[abc] la b c]
¢. minimum value of X2 +y2is 7%/4 d. minimum value of x2 +y? is 57%/4

If a b and c are three unit vectors such that ax (b X c) = —b then (b and c bemg non-parallel)

a. angle between a and b is 3. b angle between @ and ¢ is /3
‘€. angle between a and b is 7w/2 d. angle between a and ¢ is n/2

. . - Z ; - 2u - -
If in triangle ABC, AB = —- — =~ and AC =—-, where |y |#|y] then

_ lul vl [ae!

a 1+cos2A+cos2B+cos2C=0 b sinA=cosC
¢. projection of AC on BC is equal to BC d projection of AB on BC is equal to AB
.[c_z)xz ZXJ Zx;‘]isequalto
a [abdlicefl-labclde f) b [abellfcdl-[abfllecd]

- -

c. [cdallbe f1-[adbllae ] d [acellbd f]
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- e - - -
30. The scalars [ and m such that la + mb = c,where a, b and c are given vectors, are equal to

cxB)(axb (¢ xa)-(b X a)
[:EM h =" 5> 5

(sz)-(zxZ) (ZXZ)-(ZX;)
m=————75—"" d m=-—————->=
(b x a) (b x a)

31. If (a x b)x (¢ x d)-(a x d) =0, then which of the following may be true?

- - - -

a. a, b, cand d are necessarily coplanar b. a liesin the plane of ¢ and 2

¢. b liesinthe plane of aand d d ¢ liesinthe plane of aand d

32. A, B, C and D are four points such that Ezm(Z?—6}+2/2), B_C):(?—Z}) and

5 = n(—6§ + 153’ - 3]2), If CD intersects AB at some point E, then
a m=21/2 b nz=1/3
c. m=n d m<n

- o —
33. If vectorsa,band ¢ are non-coplanar and [/, m and n are distinct scalars, then

[la +mb + nz)(lb +mc+nrna)ilc+ mz + nZ)]:Oimplies
a [+m+n=0
h roots of the equation Ix? + mx + n = 0 are real
c. [2+m?+n?=0
d BP+m?*+n’=3lmn
34. Let &):a?+b}'+clz, B:b;+c}'+alA<and ;=C?+a}'+blA< be three coplanar vectors with
a#b,and v=i+ 3’+ k. Then v is perpendicular to »

-

a o b. B c. v d none of these
35. If vectors A=20+ 33’ + 4IA<, B=i +9’ +5k and ¢ form a left-handed system; then ¢ is

a 11i-6j—k b —11i+6j+k ¢ 11i—-6j+k d —11i+6j—k

Reaso ning Type ' Solutions on page 2.126

Each question has four choices a, b, ¢ and d, out of which only one is correct. Each equation contains
Statement 1 and Statement 2.

. a. Both the statements are true and Statement 2 is the correct explanation for Statement 1.
b. Both the statements are true but Statement 2 is not the correct explanation for Statement 1.
c. Statement ] is true and Statement 2 is false.
d.  Statement 1 is false and Statement 2 is true.
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1. Statement 1: Vector ¢ =—5i+7 3‘+ 2k is along the bisector of angle between a=i+ 2;' +2k and
; =-8i+ } ~4k.
Statement 2: ¢ is equally inclined toz and b.
2. . Statement 1: A component of vector b= 47 + 2}' +3Fk inthe direction perpendicular to the direction
of vector 2=?+}+1Ac is ;—;
Statement 2: A component of vector in the direction of a= i+ }+l€ is 27 + 2}' +2k.
3. Statement 1: Distance of point D(1, 0, —1) from the plane of points A(1, -2, 0), B@3, 1, 2) and
8
V229

Statement 2: Volume of tetrahedron formed by the points A, B, Cand D is

C-1,1,-1)is

V229

e e e - >

4. Let rbea non-zero vector satisfying ra= r-b=r-c=0 for given non-zero vectors a,b and c.
Statement 1: [a—b b—c c—a]=0
Statement 2: [a b ¢]=0

5. Statement 1: If g i +a, } +a, 12, b, i +b, } +b312and ¢ i+ [ } + calg_ are three mutually
perpendicular unit vectors, then a, i+ b, } + ¢ 12, a, i+ b, 3 +c, kand a, P+ b, } + c3/2 may be
mutually perpendicular unit vectors.
Statement 2: Value of determinant and its transpose are the same.

6. Statement1:If A=27 +3j+6k B=7+j—2k and C=1 +2j+%, thenl A x (Ax (A x B)).C|
=243.
Statement 2: | A x (A x (4 x B))-Cl= | API[ABC]]

5
7. Statement 1: Z, Z and 2 are three mutually perpendicular unit vectors and 4 is a vector such that

e

a,b, ¢ and 3 are non-coplanar. If [ZZ)ZZ] = [223] = [ZZZ] =1, then 2: Z+ Z+ Z
Statement 2: [d b ¢]=[dab]=[d ca] = 4 is equally inclined to . band <.
8. Consider three vectors 2, Z and Z
Statement 1: a x b = (( x a)-b)7 + ((j x a)-B) j + ((k x 2)-B)k
Statement 2: ¢ = (i-c)7 + (J-¢) ] + (k- )k

Linked Comprehension o ’ s Solutions on page 2.128°

Based on each paragraph, three multiple choice questions have to be answered. Each question has four
choices a, b, c and d, out of which only one is correct.

For Problems 1-3
- - - . - - — - - - - - - - d d
Let u,vand wbe three unit vectors such that u+v + w= a, u X(v Xxw)=b, (uxv)xw=c,

a-u=3/2, a-v=7/4andl a1 =2.
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- .
1. Vector u is

- - - > 4> 8= - o 1- 4- - 2-
—= b a+-b+— ¢ 2a-b+- d —a-b+—-
a a 3b+c a 3 3c a 3c 3a 3c
2. Vector;is
a. 2a-3c b. 3b —4c c. 4c d. a+b+2c
3. Vector;t:is
2 5 o 1-» = - 1- 2- - 4 - -
a —Q2c¢c-b bh —(a-b- ¢c. —a——b-2c¢ d —(c-b
3( ¢c—b) 3(a c) 3 3 3( )

For Problems 4-6

Vectors x,y and z,each of magnitude /2, make an angle of 60° with each other. x X (y X z)=a,

;x(z x;):Zand;x;=z.
4. Vector;is

1 » - = - - 1 - - - - -5

a.E[(a~b)><c+(a+b)] b. 5[(a+b)xc+(a—b)]

1 - - - - - 1 - - - - -

¢ [+ b)xc +(a+b)] d la+b)xc=(a+b)

-

5. Vector y is
1 » - e I - - - 5 o
a. 5[(a+c)><b—b—a] b. 5[(a—c)><c+b+a]
1 - - - - - | I T
c. 5[(a+b)><c+b+a] d 5[(a—c)><a+b—a]

i -
6. Vector zis .

1 -» - [N 1 - - Y
a. E[(a—c)xc—b+a] h 5[(a+b)><c+b—a]
1 - - — - - .
c. 5[c><(a—b)+b+a] d none of these

For Problems 7-9

If;c)xy=a,yxz:b,x-b:y,;-;zland;-ZZI
7. Vector} is -
a ————[ax(axb)] b —L  [axb-ax(axb)
laxhbl? la xbl?
¢ —L [axb+bx(axb) d  none of these

lax bl
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- .
8. Vector y is

axb b 2+a><b C. Z+B+aXb d none of these
Y
9, Vectorzis
Y — - - - Y — - o - —

a ———[a+bx(axb) b ——[a+b-ax(axb)]
fax bt laxbl

c. la xb +b x(axb)] d. none of these
laxb!? .

For Problems 10-12

leen two orthogonal vectors Aand B each of length unity. Let P be the vector satisfying the equation
PxB= - P. Then

10. (ﬁx 1_9))><1_3) is equal to

a P b P c. 2B d A
1i. ?Dis equal to
é+AxB b é+B><A . AXB A d Ax B
2 2 2 2 2 2

12.  Which of the following statements is false?
a.  vectors ?’, A and ?’ X E are linearly dependent.
h vectors 73, 73 and ?’ X Z? are linearly independent.
c. P is orthogonal to 5 and has length 1/42.

d none of the above.

For Problems 13-15

‘Leta—2z+3j 6k b= 21—3]+6kandc——21+3j+6k Let al betheprolectlonofaonband a7 be

the projection of a on ¢.Then

13. a2 is equal to

943 943

a. —(21—31 6k) b i-37-6k)

" A A 3
C. 9:%49:‘5(—21'+3j+6k) d 94
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14. ;lz is equal to

a -—-41 b —41/7 c. 41 d 287
15. Which of the following is true?

a aand ;2 are collinear b g, and ¢ are collinear
c. 2, ;, and b are coplanar d 2, c—zyl and c;; are coplanar
For Problems 16-18

Consider a triangular pyramid ABCD the position vectors of whose angular points are A(3, 0, 1), B(-1, 4, 1),
C(5, 2, 3)and D(0, -5, 4). Let G be the point of intersection of the medians of triangle BCD.

16. The length of vector E is

a 17 b J51/3 ¢ 3/J6 d 59/4

17. Area of triangle ABC in sq. units is

a 4 b 8/6 c. 46 d none of these
18. The length of the perpendicular from vertex D on the opposite face is
a 14/46 b 2//6 c. 3/46 d. none of these

For Problems 19-21

Vertices of a parallelogram taken in order are A(2, -1, 4); B(1,0-1); C(1, 2, 3) and D.
19. The distance between the parallel lines AB and CD is

a 6 b 3675 e 22 d 3
20. Distance of the point P(8, 2, —12) from the plane of the parallelogram is
46 L 326 . l6v6
9 9 )
21. The orthogonal projections of the parallelogram on the three coordinate planes xy, yz and zx,

respectively, are
a 14,42 b 2,4,14 . c. 4,214 d 2,14,4

d none

For Problems 22-24
Let 7 be a position vector of a variable point in Cartesian OXY plane such that ;) (10}'—8?— ;) = 40 and

P, =max{| 20 3} I}, p, =min{l r+2i- 3}' I*}. A tangent line is drawn to the curve y = 8/x2 at point A with
abscissa 2. The drawn line cuts the x-axis at a point B.

22. p,isequal to
a 9 h 2/2-1 ¢ 6243 d 9- 42
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23. p, +p,isequal to
a 2 b 10 c. 18 d 5

- 24. EO—B) is equal to
a 1 h 2 c 3 d 4

Matrix-Match Type

> Solutions on page 2,134

Each question contains statements given in two columns which have to be matched.
Statements (a, b, ¢, d) in Column I have to be matched with statements (p, q, 1, s) in Column II. If the correct
matchesarea — p, s; b— q, r; ¢ — p,qand d — s, then the correctly bubbled 4 x 4 matrix should be as
follows:

CICICIOL
©EEE|-=
OO~
OO

1.
Column I ’ Column I

a. Thepossiblevalue of aif r= (i + )+ AG+2)—k)and 7= p 4
(? + 23’) + ,u(—/z: + 3 + allé) are not consistent, where A and p
are scalars, is

h The angle between vectors @ = A7~ 33’ y and g 2
b=2Ai+ A j—k is acute, whereas vector b makes an obtuse angle -
with the axes of coordinates. Then A may be

c. The pdssib]e vélue of a such that 2/1: - } + IAc, ? + 23‘ +(1+ a)lAc N
and 3i + a j + 5k are coplanar is .

d IfA=2i+Aj+3k B=2i+Aj+k,C=3i+7and A+ AB s 3
is perpendicular to C, then 124 is
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Column Column I
a If 2, Zandz are three mutually perpendicular vectors where p 12
lal=1b1=2,1¢I=1,then[axb bxc cxalis
b If Zand Z are two unit vectors inclined at 71/3, then q ‘ 0
16[a b+axb blis
c. If bandc are orthogonal unit vectors and Z X Z = Z, r. 16
‘then [:z)+_b)+4_c§ 2+Z Z—I—Z] is
d If [; ; Z] = [; ; Z] = [Z Z Z] =0, each vector being a non-zero s. 1
vector, then [;c) ; Z] is
Column I Column It
a Iflal= 1bl1=1 Z |, angle between each pair of vectors p 3
is %and IZ+Z+ZI:x/E,thenZIZlisequalto
b If ais perpendicular to E + Z, Z is perpendicular to g 2
¢+ 2, P is perpendicular to a+ Z, lal=2,151=3
and IZI=6, then | a +b+ Zl—Zis equal to
¢ a=2i+3j-k b=—i1+2j-4k c=i+j+kand r 4
- A A o 1 - - - -
d=3i+2j+k,then ;(a X b)-(c x d)is equal to
d Iflal=1bl=Icl=2and a-b=bc=c-a=2, s 5
then [Z b Z]cos 45°is equal to
Given two vectors @ = ~i+ ; + 212and;: —i- 2}' ~ k.
Column I Column I
a. Area of triangle formed by aand Z p 3

b.  Area of parallelogram having sides 2 and b

c. Areaof parallelogram having diagonals 22 and 45

d Volume of parallelepiped formed by Z, Z and
c=i+j+h
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5. Given two vectors a =—1A'+2;'+212and Z=—2§+}'+ 2.

Column I Column 1T
a. A vector coplanar with ; and Z p 37 + 33‘ + 4k .
b A vector which is perpendicﬁlar toboth @ and b q 2i- 23+312
¢. A vector which is equally inclined to_z and Z ' Lo+ 3
d A vector which forms a triangle with Z and Z s. - } +5k
6.
Column I Column I
a IfI2+ZI=l2+ZZI, then angle between Z and B is p N
b Ifla+bi=la-2b I, then angle between a and b is ¢ obtuse
c. If IZ + Zl = IZ - ZI, then angle between Z and Zis r. O°
d Angle between Z x b and a vector perpendicular to s. acute
the vector Z X (Z X Z) is (

7. Volume of parallelepiped formed by vectors 2 X Z, Z X Zandz X 2 is 36 sq. units.

Column I Column I
a.  Volume of parallelepiped formed by vectors p O sq. units
Z, Band Z') is
b Volume of tetrahedron formed by vectors ‘ ¢ 12 sq. anits
Z, Zand 2 is
¢. Volume of parallelepiped formed by vectors r. 6 sq. units

- S o - - >
a+b,b+cand ¢+ a is

d. Volume of parallelepiped formed by vectors s. 1 sq. units

- - —

- - - .,
a—b,b~cand ¢ —a 18
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Integer Answer Type 7 : o D SolutzonsonpageZ 138

1.

10.

11.

12.

If @ and b are any two unit vectors, then fmd the greatest posmve integer in the range of

31d+b1 o 2 G

Let i be a vector on rectangular coordinate system with sloping angle 60°. Suppose that i — 1 | is
geometric mean of 141 and |u — 21 , where { is the unit vector along x-axis. Then find the value of

2+ Dlil.
Find the absolute value of parameter ¢ for which the area of the triangle whose vertices areA( 1,1,2),
B(1,2,3)and C(z, 1, 1) is minimum.

Ifd=ai+aj+ak;b=bi+b,j+bk,c=ci+c,j+ck and [3G+b3b +E3¢+a] =

ai aj ak
e e o A
Abi b-j bk thenfmdthevalueofz
i & ¢k

Let Zi=az°+2}'—3l€, 5=f+2af—2l€ and E:2f—a}'+l€. Find the value of 6¢, such that
{(@xb)x(bxE)x(Exa)=0.

If X,y are two non-zero and non-collinear vectors satisfying

[a-2)0 +(b-3)a+cl % +[@-F +(b-3B+clF +[@-2)7 +(b-3)y+cl (Ex ) =0, where o,
B, v are three distinct real numbers, then find the value of (a2 + b2 + cz— 4).

- - -5 5

Let u and v are unit vectors such that ux v + u=w and wXu =v . Find the value of [uv w].

Find the value of 4 if the volume of a tetrahedron whose vertices are with position vectors
1 —6]+10k,~{ =3} +7k,5 — j+ Ak and 7; —4} + 7k is 11 cubic unit.
Giventhat ii={ 2] +3k; v=2{+ j+4k: w=7{+3] +3k and

(#-R-15)i + (V-R—- 30)] + (vT/-R - 20)l€ =0. Then find the greatest integer less than or equal to |R] .

’

Let a three-dimensional vector V satisfies the condition, 2V +V x (i +2 ]) 26 +k.If31VI= \/_
then find the value of m.

- o o -

If a, b, ¢ are unit vectors such that a b O=a- c and the angle between b and ¢ 1s§ then find
thevalueolexZ—Zx:l.

Let OA=a,OB=10a+2b and OC = b, where O, A and C are non-collinear points. Let p denote the

area of quadrilateral OACB, and let g denote the area of parallelogram with OA and OC as adjacent
sides. If p = k g, then find k.
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Find the work done by the force F= 3i — ] — 2k acting on a particle such that the particle is displaced
from pointA (- 3,4, 1) to point B (- 1, 1,-2).

- Solutions on page 2.144

Subjective Type

1.

10.

11.

From a point O inside a triangle ABC, perpendiculars OD, OF and OF are drawn to the sides BC,CA
and AB, respectively. Prove that the perpendiculars from A, B and C to the sides EF , FD and DE are
concurrent. (IT-JEE, 1978)

AL A, ..., A are the vertices of a regular plane polygon with 7 sides and O as its centre. Show that
n=l

Y, (OA x OA..)) = (1-n) (04 x OA)). | (IIT-JEE,1998)

i=|

Ifcbea ngen non-zero scalar, and A and B be glven non-zero vectors such that AL B find the

vector X which satisfies the equations A X =cand A X X B (II'T-JEE, 1983)
If A, B, C, D are any four points in space, prove that | AB x CD + BC x AD + CA x BD | =4 (area of
triangle ABC). (IIT-JEE, 1986)
a b ¢
If vectors Z, zand 2 are coplanar, show that Z Z ZZ a Z = 5 (IIT-JEE, 1989)
b-a bb bc
Let _Z: 27 + Z, § = 7 +7+ Z and 8’ = 4? - 37+7Z . Determine a vector I_Q) satisfying 1_2) X E
= CxB and R-A =0. (IT-JEE, 1990)
Determine the value of ¢ so that for all real x, vectors cx; - 6}' - BIAc and x? + 2}' + 2cxl§ make an
obtuse angle with each other. » (IIT-JEE, 1991)

-

N N - - - - - o
If vectors p, cand d, are not coplanar, then prove that vector (axb) x (cxd) + (axc)

-

x (d x b) + (ax c_i)) x (b % <) is parallel to a. , (ITT-JEE, 1994)

The position vectors of the vertices A, B and C of a tetrahedron ABCD are j + }+1§ 7 and 3?

respectively. The altitude from vertex D to the opposite face ABC meets the median line through A
of triangle ABC at a point E. If the length of the side AD is 4 and the volume of the tetrahedron is

242 /3 » find the position vectors of the point E for all its possible positions. (IIT-JEE, 1996)

- = -
Let a,band ¢ be non-coplanar unit vectors, equally inclined to one another at an angle 0. If
— — - - -

axXb+bxc=pa+ qz + rz, find scalars p, g and r in terms of 6. (IT-JEE 1997)

- >

If A, Band C are vectors such that | B=|C1. Prove that

- —

[(A+B)x(A+C)] X(B+C)-(B+C)=0. (IIT-JEE, 1997)
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- -
For any two vectors u and v , prove that

- o - o - -
2
a (y.v)Y+luxvli=lul |vI* and

b (T +u )L+ == v) +lu+v+ux )P (IIT-JEE, 1998)
Let Z and ; be unit vectors. If ;v) is a vector such that ;)v + (7v X Z) = ; , then prove that | (1_; x' ;) . 7v|
< 1/2 and that the equality holds if and only if uis perpendicular to V. (IIT-JEE, 1999)
Find three-dimensional vectors ;1, ;2 and;; satisfying T::\Z =4, \Z\Z ==2, \7:17; =6, 1:;;; = 2,‘
Vv, =5, vy =29, (UT-JEE, 2001)

Let V be the volume of the parallelepiped formed by the vectors 2=a,§+a2}'+a312,

Z: b, ? +b, } +b, % and Z: c ; +c, } +e ]A( Ifa,b andc,wherer=1,2,3, are non-negative real

3
numbers and Z(ar +b + Cr) =3L, show that V <3, (IIT-JEE, 2002)

r=l
- o — .
u, vand w are three non-coplanar unit vectors and o, B and y are the angles between

- - o - - — . - o - . .
uand v, v and w, and w and u , respectively, and x, yand z are unit vectors along the bisectors of

- o o5 o 1
the angles o, fand ¥, respectively. Prove that [x X y yXz zXx]= E[u v w] sec’ 2 c? /3 sec 2

(IIT-JEE, 2003)

- -

If a, Z, ¢ and 4 are distinct vectors such that ; X Z = Z X Z and Z X Z = Z X t_i), prove that
(a—a’)~(3—?)¢0i.e. ab+d-c#d-b+a-c. (IIT-JEE, 2004)
P, and P, are planes passing through origin. L, and L, are two lines on P, and P,, respectively, such
that thelr intersection is the origin. Show that there extst points A, B and C whose permutationA’, B

and C’, respectively, can be chosen such that (i) Aison L, Bon P, but not on L, and C not on P,
(ii) A”is on L, B”on P, but not on L, and C’not on P,. ‘ {T-JEE, 2004)

If the incident ray on a surface is along the unit vector v the reflected ray is along the unit vector

w and the normal is along the unit vector a outwards, express W in terms of a and v.

(IIT-JEE, 2005)

Fig. 2.30
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Objective Type

Fill in the blanks
1. Let Z,l_f}andz‘ be vectors of length, 3, 4 and’5, respectively. Let A be perpendicular to
. §+E‘,§toz‘+;{ and Eto;{+§. Then the length of vector Z+}_§+Z‘ 1s
(IT-JEE, 1981)
2. The unit vector perpendicular to the plane determined by P (1, —1,2), Q (2,0, — 1)and R (0, 2, 1)
is . (IIT-JEE, 1983)
3. The area of the triangle whose vertices are A (1, — 1, 2),B(2,1,-1),C3,-1,2)is .
(IIT-JEE, 1983)
S ABXC B AxC
4. If A, Band C are the three non-coplanar vectors, then S5t 5 — =
CXAB C AxXB
(IT-JEE,1985)
5. If A =(1,1, 1) and C =(,1, - 1) are given vectors, then vector B satisfying the equations A X B
= C and A.B =3is (IIT-JEE, 1985)
6. Let Z = 4? + 33‘ and Z be two vectors perpendicular to each other in the xy-plane. All vectors in the
same plane having projections 1 and 2 along Zandz , respectively, are given by, .
(IIT-JEE, 1987)
7. The components of a vector a along and perpendicular to a non-zero vector b are
and, , respectively. (OT-JEE, 1988)
8. A unit vector coplanar with i+ 7 +2k and 7 + 2}3 +% and perpendicular to i+ 7 +k
is . (IIT-JEE, 1992)
9. A non zero vector a is parallel to the line of 1ntersect10n of the plane determmed by vectors
iand i + ] and the plane determined by vectors i ]andz +k. The angle between 2 and vector
i —2j +2kis (IT-JEE, 1996)
10. Ifband ¢ are mutually perpendlcular unit vectors and a 1s any vector, then
b x c
@hHE+@ D+ alxd g x3) - (IT-JEE, 1996)
b x ¢ |
11. Let Z, b and ¢ be three vectors having magnitudes 1, 1 and 2, respectively. If axX(axc)+b=0,
then the acute angle between g and ¢ is (OT-JEE, 1997)
12. A, B, Cand D are four points in a plane with position vectors ;, Z, Z and 2, respectively, such that

(a~d)-(B~¢)= (B-d)-(¢ - @)= 0. Then point D is the

of triangle ABC.
(OT-JEE, 1984)
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13. Let EX = Z s 51; = 102 + 23 and O_C) = _l; where O, A and C are non-collinear points. Let p denote
the area of the quadrilateral OABC, and let g denote the area of the parallelogram with OA and OC as
adjacent sides. If p = kg, then k= . (OT-JEE, 1997)

14 Ifd=j+ 3k, b=- 7+ 3k and = 243k forma triangle, then the internal angle of the triangle
between d and b is . (OT-JEE, 2011)

True or false
1. Let Z, §and Z‘ be unit vectors such that X?}: 28‘ =‘O and the angle between ;; andZ‘ is -
/3. Then A=+2(BxC). (UT-JEE, 1981)
2. If )—(),_4, =0, )_)(73 =0and )}Z‘ =0 for some non-zero vector )_() , then [XZ’:E] =0.
(0T-JEE, 1983)
3. For any three vectors a,b and c, (@a-5) (b~ )% (c— a)=2a-bxc. (IIT-JEE, 1989)
Multiple choice questions with one correct answer
1. The scalar Z (fg + E‘) X (Z + E + z') equals
a 0 h. [ZB(_:‘]+[BEZ] c. [ZE’E‘] d none of these
(IIT-JEE, 1981)
2. For non-zero vectors a, band c,|(ax b)- cl=1all bil ¢! holds if and only if
a ab=0bc=0 h b.c=0ca=0
e. ca=0ab=0 d ab=b<c=ca=0 (II-JEE,1982)
3. The volume of the parallelopiped whose sides are given by OA=2i-2 s OB =i+j—kand oC
=3i—kis :
a. 4/13 h 4 c. 277 d 2
(IT-JEE, 1983)
4, Let a, Zand_c) be three non-coplanar vectors and ;, 2 and;) the vectors defined by the relations
5> bxe » cxa .~ axb I
D = 55559 = S55andr = —55 Then the value of the expression (a+b)p
[a b c] la b c] [abc]
+@B+o)qgt(C+a)ris
a 0 h 1 c 2 d 3
(IT-JEE, 1988)
5. Leta=i- 3 b= —IGandz=l€— i .If d is 2 unit vector such that 22 =0= [ZZc_i)] ,then Zequals

Vectors & 3D Geometry

A A

?+3’—21Ac §+}'—IA< ?+j+k
t —= b +—F ¢ t—F— d £}
3 3 NG k
(IIT-JEE, 1995)
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) - . -~ - - B+ ;
I£ a,b _a)nd ¢ are non-coplanar unit vectors such that a x (b x ¢) = \/E , then the angle between
aand b is

a 3r/4 b =©/4 ‘ c. w2 d x
(IIT-JEE, 1995)
Letz,;andv—)vbe vectors such that;+;+7v=0. If I;I: 3, I;)I = 4 and Iv_;l= 5, then
J?+3-$+Ji§m ,
a. 47 b 25 c. 0 d 25
(OT-JEE, 1995)
If Z,Zand ¢ are three non-coplanar vectors, then (Z+I—;+Z)-[(Z+3) x(2+ Z)] equals
a 0 b [abc] c 2[abel d —[2dc]
(IT-JEE, 1995)

- - -

P, gand r are three mutually perpendicular vectors of the same magnitude. If vector x satisfies the
equation ;x ((x —;) X ;)-t-gx ((;—;’) x2)+ ? X ((;— ;) X —;_-’) = 6, then x is given by

1 - - - 1 » - = 1 » -» - 1 - o -
a —(p+q-2r) b Z(p+q+r) ¢ J(p+q+r) d 3@p+g-r)
(IT-JEE, 1997)

Let a = 2i+j—2kand b =i+j.If ¢ is a vector such that Z;:Izl, IZ—ZI = 22 and the angle
between a x b and ¢ is 30°, then | (Z X Z) x clis equal to _
a 23 b 372 c 2 d 3

(IT-JEE, 1999)
Let g =2i+ Jj+k, b =i+ 2j —k and a unit vector ¢ be coplanar. If ¢is perpendicular to a , then ¢
is

a. ‘\;—E(—j+k) h 71—3: (=i—j—k) c. % @-2p d % (i—-j—k)
If the vectors Z, Z and ¢ form the sides BC, CA and AB, respectively, of triangle ABC, then

& gb+bctca=0 b gxb=bxc=cxa

¢ gb=bc=ca d axb+bxc+cxa=0

(IIT-JEE, 2000)
Let vectors Z, Z, ¢ and d be such that (Z X Z) X (Z X Z) = 6 Let P, and P, be planes determined by

the pairs of vectors 2, Z and Z, 2, respectively. Then the angle between P and P, is

a o0 h 7/4 c. nf3 d 72
‘ (HT'JEE9 m)

If 2, b and ¢ are unit coplanar vectors, then the scalar triple product [2 a-b 23 - Z 22 - Z] is

a 0 h i ¢ -3 d 3
(IT-JEE, 2000)
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A A A . A A 2 A A A A 2
If a, band c are unit vectors, then la —bI° +1b—cI” +1c —al” does not exceed

a 4 bh 9 c. 8 d 6
(IIT-JEE, 2001)

5 - - - - -
If a and b are two unit vectors such that a +2b and 5 g — 4 b are perpendicular to each other, then

the angle between Z andg is .

a 45° h 6&0° c. cos™' (1/3) d cos™' (2/7)
(IIT-JEE, 2002)

LetV=2i+j—kandW=i+3k.IfUisa unit vector, then the maximum value of the scalar triplé

product [U V W1 is '

a -1 b J10+v6 ¢ 59 d Jeo

(IIT-JEE, 2002)
The value of a so that the volume of parallelopiped formed by i+ a}'+ IAc, }'+ akandai+k is
minimum is
a -3 b 3 c. 1/\3 d f3
-~ A A A2 D | - - A " hatd (]IT-JEE,2003)
If a=(i+ j+k),a-b=1landaxb=j—k,then bis
a [-j+k b 25—k ¢ j d 2j
(IIT-JEE, 2004)

The unit vector which is orthogonal to the vector 5}'+2}‘+ 6k and is coplanar with vectors
2i+j+k and i— j+k is

2i-6j+k y 223 . 3k 4i+3) -3k
Ja1 Vi3 - io V34
(IIT-JEE, 2004)
. - - - =
If a,band ¢ are three non-zero, non-coplanar vectors and E:Z - b_;a Z, br=b+ b_;a a,
lal lal
- - Z - - -5 Z — - - - .=
- - c-a- -C — - c-a- Cc - - . - . -
¢ =c- a+-—=—>b, ¢c,=c———a--— l,c3=c—c_)aa+b_%cb,
lalP  1cP laP  1p P S N Y
A |
¢, = ¢ ———a=——b,, then the set of orthogonal vectors is
lcl ot
- = o - 2= . e - - =
a (a,b,c,) b (a,b.c,) ¢ (a,b,c) d (a,b,,c,)

(II'T-JEE, 2005)
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22. Let a:§+2}'+12,z=§—}+fcandz=§+}'—l;. A vector in the plane of Zandz whose

23.

24.

25.

projection on Zis 1/4/3 . is

a 4} 74k b 3iejosk e 20sjo2k 4 abe o4k
(IIT-JEE, 2006)

Let two non-collinear unit vectors a and b form an acute angle. A point P moves so that at any time

¢, the position vector OP (where O is the origin) is given by acot t + bsin 7. When Pis farthest from
origin O, let M be the length of ﬁ and u be the unit vector along 53) . Then

a 4= CAH-Z: and M = (1+ a-b)”?
la+bl
b =272 adm=q+aby”
la-bl
0=t a4 20.by
la+ bl
A /\__2 A A,
d u=|"A AlandM=(1+2a-b)"2 (IT-JEE, 2008)
a-b

- 5 5 N . - - - - - = 1
If a,b, ¢ and d are unit vectors such that (a x b)-(c xd) =1and a-c =§,then

>
and ¢ are non-coplanar

ol o

5
and d are non-coplanar

I Sl 8!

c. bandd are non-parallel

l

-

d aandd areparalleland band ¢ are parallel (IIT-JEE, 2009)

Two adjacent sides of a parallelogram ABCD are given by E=2§+10}'+11]€ and

" AD=-1+ 27+ 2k . The side AD is rotated by an acute angle o in the plane of the parallelogram so

that AD becomes AD’. If AD" makes a right angle with the side AB, then the cosine of the angle is
given by

9 9 9 9

(IIT-JEE, 2010)
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26. LetP, Q, R and S be the points on the plane with position veciors -2 - } 42, 3+ 3} and —3} + 2}'

respectively. The quadrilateral PORS must be a

a. parallelogram, which is neither a thombus nor a rectangle

b. 'square ‘

¢. rectangle, but not a square

d rhombus, but not a square (IIT-JEE, 2010)

A

27. Let a=?+}+l§,z=?—}+lzand c=§—j—lAc be three vectors. A vector v in the plane of @ and

N -

b, whose projection on ¢ is ! is given by
k C h—,
NE] 8

a.l—3j+3k b -3 -3j+k ¢ 3-j+3k a {+3)-3k
(IIT-JEE, 2011)

Multiple choice questions with one or more than one correct answer
e d /} /\. A - /: /\. A - /.\ A' A
L. Leta =aqai+a,jtak b=bi+b, j+bkandc=ci+c,j+c,k be three non-zero vectors

- . . . - - i .
such that ¢ is a unit vector perpendicular to both vectors ¢ and b .If the angle between a and b is
2

4 4, a4
76, then {b b, by isequalto
q ¢ ¢
a 0
h 1
1
¢ 5 (& +a2 + azz)(blz +b§ + b32)
3
d Z(af +a +a3) (B + b7 +b2)(c? +c;+c}) (IIT-JEE, 1986)

2. The number of vectors of unit length perpendicular to vectors Z =(1,1,0)and Z =(0,1,1)is
a, one b two c. three d infinite

(IIT-JEE, 1987)

3. Leta=2i—-j+ k,b=i+2j—12and c:?+}'—21€ be three vectors. A vector in the plane of b and

. . - . .
¢, whose projection on a is of magnitude 4/2/3, is

a 2i+3)-3k b 2i+37+3k ¢ —2i-j+5k d 2i+j+5k
(IT-JEE, 1993)
4. For three vectors y, vand w which of the following expressions is not equal to any of the remaining
three?
B u-(vxw b (vxw-u

& V(U X w) d uxv)w (I'T-JEE, 1998)
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5. Which of the following expressiohs are meaningful?

a u(vxw b (2-v) w

¢ (uv)w d ux(vw (IIT-JEE, 1998)
6. Let g and b be two non-collinear unit vectors. If 5 = @ —(a-b) B and v=axb,then |yl is

a lul b lxl+lu-al ¢ lul+lubl d |Li+2-(a+D)
(IIT-JEE, 1999)
7. Vector%(zf_z;q-]?) is
a. aunit vector

b makes an angle 7/3 with vector (i—47+3k)

¢. parallel to vector (-— i+ } - % IAcJ
d. perpendicular to vector 3? + 2}' - 212 (IIT-JEE, 1994)

8. Let A bea vector parallel to the line of intersection of planes P ,and P,. Plane P is paralle] to vectors
23’ +3k and 4}‘ ~3% and P, is parallel to } —k and 3i + 3}'._Then the angle between vector Z
and a given vector 27+ }'— 2k is
a w2 b w4 c. w6 d 374

(OT-JEE, 2006)

9. The vector(s) which is/are coplanar with vectors 7 + i+ 2k and 7 + 27+ lg and perpendicular to

vector i + j +k is/are

a. }—IQ b —i+] c. i—] d —}'+I€
(HT-JEE, 2011)
Integer Answer Type
1. If & and b are vectors in space given by a = ! :/52] and b = ZZHT:% , then find the value of
(2d +b)-[(@xb) x (@ - 2b)]. (IIT-JEE, 2010)

2. Letd=—i—kb=—i+ jand e=7+ 27+ 3k be three given vectors. If 7 is a vector such that

-

and 7@ =0, then find the value of 7 - b.. (IIT-JEE, 2011)

oL
Qi

- >
rxb=cx
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ANSWERS AND SOLUTIONS

Subjective Type

1. D=D, D, (see determinants)

Since K, gmd C are non-coplanar, D, #0,

2

x x 1
D,=0or|y* y 1j=0
2 oz 1

- o

or X,Y and Z are coplanar.

Fig. 2.31

N
If the centre P is with position vector r,then

a-r=PA,b-r=PB,c—r=PC,

where | PA 1= | PB1=1PC|=10P|=171

Consider la — 71 =171

= @-ry@—r)y=rr

g~ 2a-r +r=r=d=2a-r

Similarly, b2 = 25- 7, = 2¢ 7 ,

Since (Z XZ), (Z') X 2) and (le_;) are non coplanar, then7=x(z X Z)+ y(Z X Z)+ z(z X 23)
ar a

— a7 =x2-(3xz) +y-0+z-0=x[222] =x= =

-

[abcl 2Aabcl

2
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2 2
Slmllarly,y = Ty andz= =55
2[ab c] 2[abc]

a2 (b x ) +b*(e X @)+ c*(ax b)

Hence r = o
2labc]

Fig. 2.32

Let O be the origin of reference and A B, C vertlces w1th posmon vectors a b and c respectively.
A vector normal to plane ABC is a xb + b X c + c xa and OA a.

The angle between a line and a plane is equal to the complement of the angle between the line and the
normal to the plane. Thus, if 8 denotes the angle between the face and edge, then

a2 |a5¢]

sin 0= e T =53 5 5 5 S5 S
Ib><c+c><a+a><b||ai [bxc+cexataxbllal
ad ab ac 1 cos60° cos60°
Now [a b cP=|b-a bb b-c|=k"|cos60° 1 c0s60°|, (where k is the length of the side
2227 22 cos60° cos60° 1 of the tetrahectron)

Also, (Zx :+ Zx Z+ Zx Z) is twice the area of triangle ABC, which is equilateral with each side k so that

3
this is %kz.

Hence sin 0= ——~=—=
f
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Fig. 2.33

Taking A as origin, let b and ¢ be the position vectors of B and C, respectively.

- o -

+e and that of Pis%.

The position vector of O is 3b

A b+c | .
If AR _ =, then position vector of R = A 3bte @
QR 1 4
ubiz
If R =£ , then position vector of R = 4 (i)
RP 1 pu+1

Comparing (i) and (ii), we have

3 dl 1

kad ana —=
4 4u+1) 4 u+l

Solving, A= % and p=12

- 9
-, . 3b+c
Therefore, position vector R is .

13
AABC and ABRC have the same base. Therefore, areas are proportional to AQ and RQ. ~
3b+c
AABC _ 4 13
ABRC 1332 (342
4 13
Area of A ABC is 13/9 units.

1 l-—) z - - O
AreaOfAABC_EaX +b><C+c>(a|
Area of AAOC 1> -

—la xcl
2
Now a + 23 + 32 = 6
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-

Cross multiply with b , axb+3cxb=0
ﬁ2xZ=M3x5

Cross multiply with a ,22 x b + 3axc =0

- - 3 - -
=>axb=5(c><a)
- o 3 - - - o
axb=—2—(cxa)=3(bxc)
Let (¢ xa) =p
axp=2P.pxe=E
2 2
. Gx3+3x2+2xa
. Ratio= =
le X al
3p . p .~
=L
> p
ipl
31pl
=2 _3
[pl

In tetrahedron OABC, take O as the initial point and let the position vectors of A, B and C be '
Z, % and Z respectively; then volume of the tetrahedron is equal to %Z . (Z X Z).

Also _B—C) = 2—? so that volume of tetrahedron
V= éZ (K x (Z+ﬁ))=%2. (k X EE’):%?J. (BC x a)

1- A A
= ° k .1BCllal sin 8n , where n is the unit vector along PN, the line perpendicular to both OA and BC.
Also IBCi=b.

1 . >~ 1
Here V= 3 absinBk.n= 3 absin 8 (projection of OB on PN)
1 1 1
3 absin 0 = (perpendicular distance between OA and BC) = P absinf.d = P abdsin 0

- - - - . . . . .
Let a, b and ¢ be three vectors of magnitude | a | and equal inclination 8 with each other.

The volume of parallelepiped = 2~(3 X Z) = [Z b Z]

R e e
aa ab ac

-
2?2 72y 7P
and [abc) =\p-a- bbb bc
e s T T S
ac bc cc
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1 cos@ cosé
=lalflcos6 1 cosb

cos@ cosf 1
= |Z|6 (2cos® 0—3cos’ 0 +1)
= 1gl (1-cos8)*(1+2cosB)
= [232]=I2I3 J1+2c0s0(1-cos 6)

8. ;,ZI) and ;x; are perpendicular to each other. We have,
(ap)p+(aq) g+ (a(pxq)(pxg=alpl,
(b-pp+ g g+ (b (px)(pxq)=blpl,
(c:pyp+(cq)g+ (c-(pxg)(pxg)=clpl
Hence, the required distance is I(Z+Z+Z)H;Iz.

._)
9 A
>
p
> -
pPxq
Fig. 2.34
— AP 1B +1CE xI PP
= 14x 42=224
9.

Here 1_4) , B and Z’ are the vectors representing the sides of triangle ABC, where Z =ai+ b}' + cllé,
B=di+3j+4kand C =37 +j -2k
Giventhat A = B + C. Therefore

ai +bj+ck=(d+3)1+47 +2k

= a=d+3,b=4,c=2
i)k
Now BxC=|d 3 4
31 =2
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=—107 +Q2d+12) ] +(d-9)k

- Area of AABC = % IBx C|

- % V1100 + (2d +12)* + (d ~ 9)*]
=546 (Given)

= |(5d° +30d + 325) =10/6

=5d*+30d-275=0 = d*+6d4-55=0

=(d+11)(d-5)=0

=d=50r-11

Whend=5,a=8,b=4andc=2,and whend=-11,a=-8,b=4and c = 2.

_)
Ala)
R
B(b) -
~ —
C
Fig. 2.35

—

AM =1 ABsin 8!, where 0 is the angle between AB and ¢

IAB x ¢ |
andsin 6 = Avxe

|ABIlcl

— 1ABxcl _1(b-a)xc|

=AM =1 ABI-=

- -
tABllcl lcl

Also W=w4

lcl el
And AM = AB + BM
- —>+(a—b)cz

=AM |= P-4 >,
lc!
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;I'El g:‘_)z ;:'Ea
11. Weknow that [, ¢, &|(E, E, E)]=|e, E e, E, e E,
100
=010
00 1
=1

Objective Type

1. clIf ;=;=> ax= cAz-y. This equality must hold for any arbitrary a
2. d ax(@xb)y=c¢=lallaxbl=lcl (val(@axb)

1'(1 X 5)sin 8=3 = sin 6= % =>tan9% %
3. cla+b+cl=6

) ) -5 e T e e e )
= lal"+IblF+lcl" +2(a-b+b-c+c-a)=6

~3lal+3lal =6

— -
=lalf = lal=1
— -
- a b
4 bleta=—+—+—
lal 161 lcl

N
c

—

Since ZZ andz are mutually perpendicular vectors, if o makes angles 8, ¢ v with Z,Zand c,

respectively, then

- o

— — —
= lol-lalcos 8 =lal

1
= COSBZT
lel

1 1
Similarly cos ¢ = ——,c0s W = —~
lal lal

0=¢=vy
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S. erxa=bxa=(r-b)xa=0
rXxb=axb=(r—-a)xb=0

If 7=sz'+y3'+zl€, then

ik ik
x=-2 y z+l=0and|x-1 y—-1 z|=0
1 1 0 : 2 0 -1

=2z+1=0,x—-y=2andy-1=0,x-1+2z=0
=>x=3,y=1,z=-1
6. d.labl=laxbl

= IZIIZI fcos B1= IZIIZI Isin @1 (where @ is the angle between a and l_;)
= lcos Bl =1sin 81

= 9=£ 0r3—7r (as0<6< 7
4 4
But ZZ < 0, therefore = 3—:—
7. cla+b+cP=1

-, —>2 —>2 - o - 5 - -
= lal +1bF +lc! +2lallblcos6 +21bll clcosh,+2lcllalcosd, =1

= cos 6, +cos 0, +cos 0=-1
= One of 91, 92 and 63 should be an obtuse angle.

8. b.|2x3—2><?|2=th(Z—Z)F=!Z|2|Z—Z|Z—(Z-(Z—Z))%IZ—?P
- -5 > o T
=|{bl*+icl —2|bllclcos-§=1
9. c.R(?)movesonPQ.
R()
P(p) O(q)

10. b.IACxBD| =2 |AB x ADi

ig ok
=22 4 -5
12 3

=12[i (124 10) = j (6+5) + £ (4— 4)]!
=12[22i -11]]1
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= 221127 - j1I

=22><x/§

1. c. (G+b+8*20
34+ 24-b+b-¢+¢-3)20

3+6¢c0s620

cos 62— l
2

:6=2§
3

-

d - - - -
12. ¢ axb is a vector perpendicular to the plane containing a and b. Similarly, ¢ xd is a vector

perpendicular to the plane containing ¢ and d.

Thus, the two planes will be parallel if their normals, ie., ax b and ox Zi), are parallel.
= (axb)x(cxd)=0

13. d.Let_r);t()).Then 7;:7-3:?-2:0
= Z, Zand ; are coplanar, whichis a contradiction.
Therefore, _r> =6

14. cax(+2j+l)=i—k=CxE+2j+k)
= @-px@E+2j+k) =0
Lasfeade2ieh
s a=Ai +@r+1) ] +Ak,2eR

15. a (3a-5b)(Q2a+b) =0
— 6lal 5161 =7Tab
Also, (a+4B)-(b—a)=0
—_lal+4ibP =3a-b
=>S|Z|2—§|ZP=_%|212+§|le

= 25lal’ = 4315 P

30D = 4P+ 4R = 2Lipp
25

312D lcos8 = LIBP
25



16.

17.

18.
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=3 /4—3I3120039 = ﬂl;lz
25 25

19
543

a. Let [, m and n be the direction cosines of the required vector.
Then, [ = m (given). Therefore

=cos 0=

Requiredvector? = l?+m}'+nlAc = l?+l}+nl€
Now,P+m*+n’=1=2P+n2=1

Since, ; is perpendicular to —zA'+ 2;’+ 2/2,
F—T42)+2k) 20> — 1420+ 21 =0=[+21=0

From (i) and (ii), we get: n= + % == %

2iFk) =% - (2i+27-k)

~>
I+

. - 1
Hence, required vector r = 5 (x2i

W | =

d. The angle between a and b is obtuse. Therefore,

Z~Z<0
= 14x> - 8x+x<0
=T7x2x-1)<0

=0<x<1/2

Tl'_lg angle between b and the z-axis is acute and less than /6. Therefore,

>cosm/6 (- B< 6= cos B >cos n/6)

- -

[kt

x 3

:> —
Jxr+53 0 2

=4x?>3x2+ 159
=x*>159

= x> /159 orx<—+/159
Clearly, (i) and (ii) cannot hold together.
c

)

(i)

@

(i1)
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Letﬁ):tz
573) =b-ta

- -
== ba
- o
lal
(Z —;)—)
e e d -ad)a
..DB =b -
~
lal

19. d.(3a+b) (a-4b)

=31al’ ~11a-b 415

=3x36 ~11x6x8cosm—4x64>0 .
Therefore, the angle between Z and Z is acute.

The longer diagonal is given by

& =@Ba+b)+(a—4b) = 4a-3b

Now, laP =14a—3bF =16laP +915 P — 24a-b
=16x36+9x64 -24x6x8cosT

=16x 144

= 14a-3b] =

20. b. ¢ =ma+nb+ paxb)

Taking dot product with a and Z we have
m=n=cos @

S lcl=lcos@a+cosOb+ p(axhl=1
Squaring both sides, we get

cos? 8+ cos? G+ p*=1

Nz

1
Now ——=<cos@<—=  (forreal value of )
FEes g

=>cos =+

. ESCOSBSE
4 4

21. a.bh-2c=Aa
b=2c+a
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=16=4 1¢P+A2lal +4Aa ¢
=16=4+ 12+4l%
=2A+1-12=0
=>A=3-4
22. a. A vector perpendicular to the plane of O, P and Q is OP x 0—Q>

ik
Now, OPx0Q =4 1 Al =2A1-24] -6k
2 -1 4

Therefore, i - } +6k is parallel to 240 - 2lf -~ 6k

1 -1 6
. Hence — = — = —
Y TRy Rr:

2
23.  a. A vector coplanar with @ and b and perpendicular to ¢ is l((& X b) x E) .

But A((@ x5) x &) = ;t[(a b — (b -5)&]
= ,1[45—45]
= 42.[}—12]

Now 41412 = 2 (Given) > A==+

=

Hence the required vector is J — k or -7+ k
24, a.a-p+b-p+¢c-p=0

- . d+b+¢
P=
= Pis centroid
25. b.

4(0)

Fig. 2.37
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LetP.V.of A, Band Cbe 6 b and ? respectively. Therefore,

o B4t
3
PO

2 2

I — —  1lb+e |c
A,\s,c;:EIAGXABl':E 3 x(—]

2

1 » -
=—lbxcl

12

| — —  1lp+e [B)] 1. -

AL =—1AGXAA| = = x| =| = —=Ibxcl

MG = 5 G | 2 [2] 12

1] » - 11 - -

:>AGA,ABI=gIbXC|:§-E|bXCl=—AABC
=>A=3

AI

e -

26. a.Points a, b, cand d are coplanar. Therefore,

sina+2sin2 f+3sin3y=1

Now Isin a+ 2 sin 23+ 3sin 3yl <\[1+4 +9. \/gin2 o +sin’ 2B+ sin” 3y

2 . 9 . 1
= sin’ a +sin® 28 +sin® 3721—4

27, . 149(a-b)'—6(a-b)+41alP+1bP+91axbP +4a-b =47
=1+4+4+36-4cos 8 =47

=cos 0 =- l
2

= Angle between aand b is 2%

28. c.k=12(@xb)l+13(a-b)l
=12sin 8+ 18cos 6

—=> maximum value of kis /12° +18° =613
29, bla+b+3cP=16
=1aP+1bP+91¢ P +2cos 6, +6cos ,+6 cos 6,= 16, 6, (7/6,27/3]

= 2cos 6, +6¢cos 6,=5—6cos 6,

= (cos 6, +3cos 8) =4



30.

31.

32.
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- 5 -
claxri=lcl

— — —
B(b) B(r) B(r)
0 =
A(a)
Fig. 2.38

Triangles on the same base and between the same parallel will have the same area.

- - - -

c¢.Given v-u =w-u

and v Lw = p-w=0

Now, lu—v+wh

= uP IV +Iwl =203 — 2wy + 20w
=1+4+9

s0 I;—;ﬁ-;v)l:x/ﬁ

b. We have

p-q=0

= (5a-3b)-(—a—2b) =0

@
S ooy
[
&
'
<
ol
S
I
o

Now§=5(2+7+?) =% (5a-3b-4a—b-a+b) =—b
and y= LG+ =t sm=—a
’ > 5 - - - -
e d - . _b
Angle between x and y, i.e., cos@ = _)f { = _)a —
Ixlyl  lallbl

®

(1)

(ii)
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3. aalBxy)=alfadaly
Now, (@x f)-(@x ) =1a P (B-y)—(@B) (@.7) = 1P (B-7)
34. b.Since, A =i+ j+k
O‘B) = ?+5}'—12
o¢ = 2i+3j +5k
@=BC=1BC1=10C —0B|=1i -2 +6k| = 41
b=CA=|CAI=10A-OC!l =1~} -2} —4k) = 21

andc=AB=1ABi=10B-0AI=10i +4) -2k | = \J20

Since a > b > ¢, A is the greatest angle. Therefore,

Pac—g  21+20~41
COSA= T: 2\/2—1\/2—0 =0
SO LA=9°

35. b.a+b=Ac
and b+¢ = pa
(AZ—Z)+Z = uz (putting Z=/l_c’—;1’)

= (A+1)c = (u+Da

= 1alP+I1bP+IcP+2(a-b+bh-c+c-a) =0
= 2-Z+Z-Z+Z~Z =-3

36. d.0=(a+b) (2a+3b)xBa—2b)
= (@+b)-(—4axb-9axB)
=—13(a+b)-(axb)

which is true for all values of Z and Z
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37. ¢. We have
AB-AC + BC - BA + CA - CB = (AB) (AC) cos 6+ (BC) (BA) sin 0+ 0
=AB (AC cos 8+ BCsin )

_AB ((AC)Z s <BC>2J
AB AB

=AC?+BC?=AB* = p?

8. ca=(@-hb=9D0
b
$22=2—Z1=z—(al_‘b)b
b’
Thus,21x22=wx Z—(a;b)b =(a-b)_)(b><a)
b P IbP IbP -

- - - - - - - l 2 -
39. b.Let the required vector be 7. Then r=xb+x,cand r-a = \/; (lal)=2

Now,7~Z =xa-btxa ¢ =2=x02-2-D)+x,Q-1-2)=x +x,=-2
2j-

s r=x (428 +xG+ 28 = f(x+x)+ Q2% +x) -k 2x, +x)

= —2i+)(x~2)—k(-4-x), wherex, € R

-

40. a.LetPV.of P, A,Band Cbe ;, a, b and Z, respectively, and O (0) be the circumcentre of equilateral
triangle ABC. Then

u—y

l

=L
3

Now | PAR =la—pl=laP+IpF-2p-a

Ipl=1bl=lal=

Similarly, | PBP =162 +1pP=2p-b
and [PCP = IcP+1pP-2p-c

2 E e e S I S -
= SIPAP = 6-%—2p-(a+b+c) =2 as(a+b+c/3=0)

41. d.Forminimumvalue |7 +b51=0.

Let ¥ and 5 are anti parallel so b5 = — 7
SOlBS P+ 17 +b5 P = | —FP+IF 7P =1FP
-
42. c.Letthe required vector r be such that

- - - - o
r=xat+x,b+xaxb
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- - - - - o — - 5 o - — . -
. Wemusthave r-a = r-b = r-(axb) (as r,a,b and a x b are unit vectors and r is equally

i . - - - o
inclinedto a,banda x b )

-

- - - - S5 -
Now r-a =x, r b =x,, r-(axb) =x,

-

= r

-

A(@+b+(axh)

Also, r-7 =1
S (@a+b+axb)-(a+b+(axb) =1

= 22(0aP +1bP +laxbl) =1

=M= 1
:>/1=r—1—
3
:;7:1—%(Z+Z+Zx%
43. d.

a+5=uﬁ

= G-(@+b)=pug-p
= qa+§b=ppq
- p=12

pP-q
= (G-ab=L21G-3) p - (G p)a)

p-q

= 1(G-@F— (G p)al =V (p-Gb1 =1(p-g)1-1b1

= 1(g-a)p-(g-p)al=1p.q

= A@b+a-¢)=A0+b-¢)=A(+b-0) > 1+b-c=ab+a-c

Sl-abtbc—ac=0=1-ahb+(h-a)yc=0=a-(a-b)+(b-a)c=0

= (@a—-c)-(a-b)=0= a—¢is perpendicular to (21 - }A)) => The triangle is right angled.
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45. c. The given relation can be rewritten as the vector expression
(Ja* —4i+aj+a>+4k) (tan Ai + tan Bj+tan Ck) =6a

= \/a2—4+a2+a2+4\/tan2A+tanzB+tan2C~(cose)=6a ('.'Z~Z=|Z||E'COS€)

x/ga\/tanz A+tan2B+tan2C~(cose)=6a

tan’A +tan” B+tan’C=12sec? 8 212 (-- sec> 6>1)

The least value of tan? A + tan® B + tan? Cis 12.

A A N raY Fay N A 1 o
46. d.A= %I(j+lk)><(i+lk)l=%l—k+/li+ljl =§,/2/'L‘+1

9 1 ) 33
<A +h<—
=453 <5
= 4<A°<16
= 2<l1AKkK4
- 2 3 x—f+} ~
47. c. Let the projection be x, then g = x(z+])+ ( ) +x k
MR
- 2x}' ~ A \/_'t k
nas—=+xk = d=—74 +——=
N NERAN
48. b.Let?bethenewposition. Then;=2,12+y(§+}')
Also;)-lg——L 'l——i
V2 V2
, 1
Also,)&+2,u3=l:>2y'=;=>u=i%
PR i
=+ — (i —_——_—
2R
49. ¢
D) 3
C(c)
\\\-\
\\ \
\ ™~
A(B) B(b)

Fig. 2.39
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50.

51,

Vectors & 3D Geometry

Let |ACI = 150
Thenfrom 15 |1 AC | =3 | AB1 =5 | AD|

| AB| = 51 L
Let @ be the angle between BA and CD.

B—)E) . _—>. —)_—)
=cosf = _1)4 — = _{7(_()1 _,C)
tBAlICD] |blid—cl

-

Now—b-(d—¢)=b-¢c —-b-d
= IZIIZIcos r_ IZIIc—i)Icos 2—7[
3 3

1 1
=) > +(54) (3A) 3

_ 50 +15A7
- 2
=1042

Denominator of ()= 15 11d — ¢ |
Now |2—ZI2 =|d|2+|C|2—2;-ZI)

=947+ 22 -2(A(BA(1/2)

=1022-32

=72 .
Denominator of (i) = (54) (V7 2) =57 22
*. COS 0 = _1%— i
h N4 7

- ——

a.Let A be the origin. AB = a, AD = b

—

so, AE =Z+

Sl

Z,E=Z+3

N w

1

(Z+33)x(l—;+%z—;)

So the required ratio =

—laxbli
2

N

b.LetZ=2,2+uZ

ais equally inclined tob and d where d = }'+ 2k.

®
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L AQitPpG-jrin@iv) _AQI+ D+ pG -GG +2k)
5o B V5

2AG+D+uR-1)=2D)+u=1+2)

=4A=0,ie,A=0

A A

g—j+k

52. a.Areaof ABCD= -;-|B—6xB_D’|= %ub?—c})x(b?—di?)n'

A
. ad =

1bd j+bck +dci)

N | =

—» X

B(b,0,0)

-
=5 VB + 2d* + db*

Now 6 =bc; 8=cd; 10=bd
b + *d? + d*b* = 200
Substituting the value in (i)

A=%«/ﬁ=5«/§
=(5 151+ (5 51V~ |5 A
o aF(3) =[G LD [ ]r
=;+(§_1);-+2/z

Ay 1/\ A
=i+—j+2k
1/
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When0<t<1,?(z)=07+{t—0}7+z=t7+z
- 5 - t

= . =2+=
f(4) Fl) =2+

2+— 2+ -
Socos@:_‘ 15 =
i+—j+2%
4

e
e

91412
54, a. (ng)-(;)x;):(ng)- Z, where; :2><Z
= a-(bxu)=a-[bx(axc)

a-[(b-Oa—(a b)el

a-(b-A)a (+ a-b=0)
=1af (b-c)
55. d (? + }') X (3’ + IAc) = - }+IA< so that unit vector perpendicular to the plane of i + } and }+IA<
1 A A A ’
s G =G+h).
\/g ] 1 1
Similarly, the other two unit vectors are —= (i + }'— k) and —= (—i+ Jjtk).
y B 3

1 -1 1
3
Therequired volume=—= 11 1 -l=4.f3
V3 -1 1 1

- - - - = -

56. c.2-2=d~b=2-c=[abc]
Then I(d - ¢) (@ x b)+(d -a) (b x ¢)+(d -b) (¢ x a)|=0
=>[ZZ?]|ZXZ-FZX2+ZXZ|=O
:[ZZ?]zO ¢ Eis Non-zero)
= 2, Z,Z are coplanar.

57. a.(ax(ax(ax@xb))=(ax(ax(a ba-(a b5y
= (a % (a X(~4b)))
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_ —4(a x (a xB))
= —~4((a-b)a—(a-a)b)
= ~4(-45)= 165 =48b
58, d.leta=6i+6kD=4]+2kc=4)_sk
then @ x b =— 247 —12 ) + 24%
—12(=27 - j+2k)
Area of the base of the parallelepiped = % la % bl

1
=—(12x3
> ( )
v =18
Height of the parallelepiped = length of projection of ¢ on a X b
_1c-axbl
laxb|
_112(-4-16)!
- 36

20

3

- Volume of the parallelepiped = 18 x ? =120

59. ¢3=1[abc]
6
= [Z Z Z] =18
Volume of the required parallelepiped

=[Z+ZZ+Z?+Z]
=2[abc]=36
60. b.Here[abc] = *1
[@+b+ca+bb+cl=(@+b+c)x(a+b) (b+0)
= ex(a+bh)-(b+0c)
=(Z><Z+zx§)-(l_;+2)
=cxab=[abcl=+1

61. aLletc=A(sxp)

Hence ),(Zx Z) . (?+ 23‘—712) =10
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2 3
=Al1 2 3 =10
1 2 -7
=A=-1
= ¢ == (axbh)
62. d 21p =x-y+2=0

Z-Z =4=x+2y=4

Solvingwe getx=0; y=2

=a=2j+2%k

0 2 2
=[abcl=[1 -1 1]=8=qp

1 2 0
63. c (axb-c)=lalIbPicPsin’@cos?¢ (0 is the angle between aand b, ¢ =0)
_1 2 2 2 2 2 2
—Z(al +a, +a, )b +b, +b;)

-5 - - o - o - - - -
64. c.r-a=0lrxbl=lrllbtandlrxcl=1rllcl

65. b.c=A(axb)

Also lcP=A2lax bl

1 1
= l=—(azbzsin20)=—x2 x 3sin? @
39 9
= sin® O=
=0=2
4
66. c. da+ 5b + 9; =0 = Vectors 2, b and ¢ are coplanar.

-

- - - . - - - - =
= b X cand ¢ X a are collinear = (b X ¢) X (¢ X a)=0.
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a. [sz sz Zz"]

=(@axb)-((axc)xd)

= @xb)-(ad)c-(cd)a)

= (a-d)[abc]

alet r = x,cAz.+leAa+x3(21><lAa)

:>?-21= xl+x221-l;+x321-(21><g)=x1
Also, b = X, cA1~lA7—f-)(2~}-x3l;-(21+l;)=x2
and 7-(a X by=x,a-(@ x b)+ x,b-(a x b)+ x,(a x b)-(a x b) = x,
= F=(raa+(rbb+ (r@xb)axb)
a-[2+(2x3)3+(2x3)2xg]

= (a+@xb)- (b +(axb)x(@xb)

= (a+(axb)-(bx(axb)
=(a+@xb)-(a-(ab)b)

=aa=1(as a-b=0, a-(axb)=0)

= +3b=2axb
cab=2

= 1dl-1blcos0=2

= cos = = =2
lat-tbl 4
_ 1
= cos f=—
2
esz_
3

= 1c+3bP=12axbl

= 1P +91bP* +25-3b =41a P16 Psin®6

=12 +144+ 6b-¢ =48

= 16P+96+6(b-¢)=0 , @

¢=2axb-3b
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= b¢=0-3x16

Sl

€ =—48

Putting value of b-¢ in Eq. (i)

I +96-6x48=0

= IcP =48x4 .

= I¢F=192

Again, putting the vélue of I¢l in Eq. (i),
192+96+ 615 1-1¢1 cos =0

=  6x4x 83 cosa=-288

= cosO=- 288 =— 3 =>cosa=—£
6x4x83 243 2
_Sm
"6

T d.(@xb)+(@x )X x o)
= (ZxZ)x(ZxZ)+(ZxZ)x(sz)
= ((@xb)0)b~(axb)b)e+{@axc)c)b~((axc)b)e
=[abecl(b +0)
= ((@axb)+@x ) xBxe)b-c)
=[abcl(b+ )b - ¢)

=[abecl(bl —1cP)=0

- - -
72. a axb=c
- - - - -
= aX(axb)=axc
- o = -5 - -
= (a-b)a-lal’b=axc
ﬂ—) - -
> a-axc > o
= b= —~ ¢ ab=p)
lal

73.  b. Taking dot product of a(a X B) + b(fi X ;) + c()_/) X a) =0 with )_;, (_22 and B, respectively, we have
dlaBr1=0
BBy =0
6[3 B )7] =0
> Atleastone of g, band c #0



74.

75.

76.

77

Different Products of Vectors and Their Geometrical Applications 2:109

~ [eBy]=0

Hence &,B and j_; are coplanar.
c. (@xb)yx(bxc)=b

= [ZZZ]Z b

= [a b c] =1

" a b and c cannot be coplanar.

¢. Any vector r can be represented in terms of three non-coplanar vectors a b and c as
r=x(a><b)+y(b><c)+z(c x‘a) )

Taking dot product with «, b and Z, respectively, we have,

- > - - - -

r-c r-a r-b
X="555 y= - == and = — o
[abc] [abc] [abc]
From (i)

S50 5 1 - - - - - -
[abc]r=§(a><b+bxc+cxa)

.. Areaof AABC

=%IZxZ+ZxZ+ZxZI

=labec]rl

a. Differentiate the curve
6x+8 (xy, +y)+4yy =0
m,at(1,0)is 6 +8(y,(0))=0

3
Y (0)=_Z
4
mN= E
3i+4]
Unit vector =+ (lTJ)

Again normal vector of magnitude 10 =+ (6 + 87)

a. {2X(Z+Z><Z)}-Z
—{axb+ax(axZ)}Z
—>-‘—1>—>

={abb]+{(a-b)a—(a-a)b)-b

=0+ (a-b) - (a-a)(b-b)

= c052£—1—~E
3 4
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78. a ;x2=/12+u3+y2x;
", [?ZZ]: /”LZ-Z + ,ul_;);z) + y[ZEZ]
0=Alal +0+0
A=0
Also [rabl=Aa-b+ ub-b+ylabbl=p
Also (r x @) x b=7(a x b)x b .
= (r-b)a—(a-b)r =¥{(a-b)b — (b-b)a)
= (7-5)2:—7/2, y=—(_r)~l_7))
79. c. The given equation reduces to [2 b 2]2 X+ 2[2 b Z]x +1=0=D=0

80. b.x+cxy=a

Taking cross with ¢
EXJ+X(ExX)=C¢xb
= (@-H+ G DE-(¢-O)f=¢xb

Alsox+céxy=a

= (%+¢-(Exy)=¢-a

= +Q0=c-d

o o0
=Eo
o o

ol

8

= G~X+(C-a)—(C-C)¥=Cxb

= X1+ (C-E)=bxZ+ad+(¢-a)é
bxXC+ad+(¢ai

7 l1+c-¢

Similarly on taking cross product of Eq. (i), we find

T X=

81. c

8



82.

83.

84.

85.
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= (be)r—(b-rc=bxd

Adding (i) and (ii) we get,

(@d+bc)r—@dra-(brye=0

Now r-d =0and b7 =0 as d and 7 aswellas b and r are mutually perpendicular.

-

Hence, (Z-c + 2-2)? =

ol

b. Let 2 XZ = xi+ y}'+ z/Q.Therefore,
[abil=(a x b)-i=x
labjl=(axb)j=y
[ZZZ]:(ZXI—;)JQ:z
Hence, [a bili+[abjlj=[abklk=xi+yj+ zk=axb
a.ax(bxe)=(ac)b-(abyc=5(G+27+2k) —6(+ | +2k)
=S0+a)i +B(l+0) ] +y(Q+)(1+Bk =—i+4j—2k
=1+a=-1,B=—4and y(-1)(-3)= -2
=y=—=

v =-3 |
b.If G (x)and b (x)are L, then @-b =0
=sinxcos 2x+cosxsin2x=0

sin (3x)=0=sin0

niw
3x=nr =x= ?

Therefore, the two vectors are L for infinite values of ‘x’.

- = = A
S A oo b ali
b. (axi)-(bxi)=

>

a- - - = A DA
=@ =@DeD
b- i :

~
~ >

Similarly, (a x ) (b % j)=(a-b)—(a-j)b-J)

and (@ X k)-(b x k)=a-b — (a-k)(b-k)

Let Z:al? +a2}+a31Ac, Z:b,i +b, j +b,k. Therefore,
(a-)=a, a-j=a, ak=a, bi=b, b-j=b, (b-k)=b,
= (@xi)(bxD+@x )-bx))+@xk)®xk

=3ab —(ab, +ab,+ab,)

b-ab=2ab

Ql

3

(i)



2.112

86.
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b. (@ xBYX(F X )=(@xb)-)F — (@xb)-1)-c=labelr —[abr]e
Similarly, (b x ¢)x(r x a)=[bea}r —[ber]a
and, (¢ x a)x(r x b)=[caBl7 —[carlb

= (@xb)X(r X )+ X )X (F X 3)+(e X B)% (7 X B)

_=3abclr—(bcrla+learlb +[abrd)

87.

88.

89.

=3abclr —[abelr=2Aabelr

a. We have,

- s (bxe) a(bxd) [abel

a.p=a. S o - = -3 =1
[abec]l labc]l [abc]

2.2:2- cXa _[aca]_0

[abc] [abe]
Similarly, a7 =0, b- p=0,b.

-2 55 o

-;+32+wr+hp+-3+3?+2;+?Z+??
=1+1+1=3

b A vector perpendicular to the plane of A(Z) , B(Z) andC (Z) is

@—Zpﬂ?—a=2x3+3x2+zx;

Now for any point R(?) in the plane of A, B and Cis

- - - -

g - - =,
(r—a)(a@axb+bxc+cxa =0
g - - L= e d - - d g
Xct+eXa)—u-(exb+bXc+cexa)=0
- - - - PR - bd
cteXay=litah>xc+0
e S T P
Xe+eXay={uabel

. - - -
c. Giventhat g, b and - 2re non-coplanar.

-
= [abc] #0

FEEY - - - -
Again g x(bxc)-(axc)=0

- 5 o e ) - o
= [(a-c)yb-(a-b)c]-{axc)=0

e e )
= (a-c)bac] =0

=>(2.Z)=0



90.

91.

92,

93.

9.
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= a and ¢ are perpendicular. (i)
ax(bxc)=(a-¢)b—(a-bye = [ax(Bx)xc= 0
¢. Consider a tetrahedron with vertices 0(0, 0, 0), A(a, 0, 0), B(0, b, 0) and C(0, 0, ¢). -

1
Its volume V= g[a bc]

Now centroids of the faces OAB, OAC, OBC and ABC are G,(a/3, b/3,0), G,(a/3, 0, c/3), G,(0, b/3, c/3)
and G (a/3, b/3, c/3), respectively.

— —

GG =c/3, GG,=b/3, GG, =al3. -
cl_ly
3| 27

c [(axB)yx(bxe) (bxe)x(cxa) (¢xa)x(axb)]

Volume of tetrahedron by centroids V' = |i
=K=27

wlal
[SSERS N

N —

=[labclb [abclc labelal=label [beal=labcl
dr=x(axb)+xbxc)+x(cxa)
=>;)-Z= xZ[ZBZ], —r?-z=x_‘[222]

-

- -
and r-c =x[cabl=xl[abc]
- - -5 -
=x,+x,+x,=4r.(a+ b+c)
- - - - -
a.letv=xa+yb+zaxb

Given: @-b =0, v-a=0, v-b=1,[v a bl=1

- o - - —->2 - — - - -
= va=xaa=xlal" (rab=0,aaxb=0)
=x=0

Again, ;))-Z=y!i;|2 = 1=yb?
fy=L (i)
Again, v-(a X b) = z(a X b)’

- - 1
=1=z(axb)} = 7= ————

lax i P

. -
axb

- 1 - 1
Hence, v = ——b + ~;———
b laxbl’

d. Volume of the parallelepiped formed by ;’, b andc’ is4.

- - - 1
Therefore, the volume of the parallelepiped formed by a, band c is i
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[N i 1——)/
be=-[abc]a =Za
- - \/E 1
1bxcl=X2a

4 22

: 1 1

Len thofaltitude:—x2\/_=——
e 4 N
95, d.;,szc z+£—k

- o

[abc]

Multiple Correct Answers Type

1. a.,b.Wehave,la~bP =lal +15F —2(a-b)
=la-bF=laP+1bF-21allblcos20
—1a-BP=2-2c0520 (- lal=IB1=1)
= 1la—bP =4sin?0
= la —b!="2lsin 6

Now,lZ—Zl<1

= 21sinfl<1
) 1

= isin @l< =
2

= ¢ [0, 7/6) or Be (576, 7]
2 anc ax(bxo)+(@b)b = (4 -2x-siny) b+ (1o
= (a-0)b—(a-b)c +(a-b)b =(4—2x—siny)b + (& ~1) ¢

L T T S
Now, (c¢-c)a = c. Therefore,

- 5 5 o

(c-oXac)=(c-c)= a-c=1

= 1+a-Z=4—2x—siny, x —1=—(Z~3)
=1=4-2x—-siny+x2—1
=siny=x"-2x+2=(x—1)2+1
Butsiny<l=x=1,siny=1

:>y=(4n+1)§, nel
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a., b., c., d. Since Z, 3 and ? are unit vectors inclined at an angle 6.

lal=151=1andcos 6= a-c=b-c

Now, ¢ =ata + b +y(a x b) : , @
= a-¢c = a(a-a)+Pla-b)+yla-(a x b))

=cos@=alal (- a-b=0, a(axb)=0)
=cos =0«
Similarly, by taking dot product on both sides of (i) by b, we get B=cos 0

.'.O(:ﬂ .
Again, Z=a2+ﬁ3+y(2 xZ)
N IZI2=IaZ+,BZ+y(Z><B)12

= lal+ BIBP+ 72 1axbP +20f(a-b)+2ayla-(a x b)) +2By(b-{a x b))
=1=2+B+ylaxbl
=1=202+72{laP1bF sin®7/2)

- 2

=>1=2a2+y2=>a2=1Ty

Buta=pf=cos 6.
1=20+9Y"= y*=1-2cos*6=—cos 20

_Bz_l—y2_1+00520
TR T2 T 2
a., b.,c. We have,

.. D C
L - =2 ab
AM = projectionof b on a =——
lal
— _’_—> - 77)
. aM =| 28 s
lal?
Now, in AADM L] 3
ow, in aY; > B
AD = AM +MD = DM = AM — AD Fig. 2.42
= i =44 3
fal
ey 1 - = - =,
Also, DM =——I[(a-b)a-1al® b]

-

lal?
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= MD=——11aP b -(a-byal
lal?
p b 1 - o - - = - —
Now,ax(_leb)= —I[(a-b)a —(a-a)b]l= DM
tal fal?

5. a,c ax(bxc)=(a-c)b—(a-byc and (axb)xc = —(c-b)a +(a-)b
We have been given (a x (b x ¢)) - (@ X b) X ¢) = 0. Therefore,
(@B - (@-B)e) ((@c)b — (c-bya)=0
s (O 1B E = (2-O)b-0)a-5) ~ (@-B)(@-0)(B-¢) +(a-b)(b-c)c-a) =0
= (@-¢P 1B = (a-c)ab)b¢)
= (a-0)(a-c)b-b)—(a-b)b-c)) =0

e N

a-c =0or (a-¢) 1blP=(a-b)b-c)

- o - 1
6. a.,c.Wehave[pgr]=S55 Therefore,
[a b c]
[pqri>0
a x>0.x[ab a1+ 2920 52 (using AM.2GM)
X
h  Similarly,use AM.2GM.
7. a.,b,c,d.q +a,cos 2x+a,sin"x=0VxeR
= (a,+a,) +sin*x(a,-2a,) =0
= a,+a,=0 and a,-24,=0

4 % _%_ 20
-1 1 2 #0)

= a,=-Aa,=4,a,=2A
8. a.,b.,c.,d. ZXZ= IZIIZIsinO;l

- - - - .
= lax bl =lallblsin8

lalbl

b=1lallblcos B

[N

- -
la-bl
-

lallbl
From (i) and (ii),

=cos 0 =



10.
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sin® 6+ cos? 0=1
- - =, =P
=laxbl*+(a-b)’=lallbl

If 6= n/4, then sin O=cos 6 = 1/\/5. Therefore,

25 Dy talbl oy Talb)
V2 2
laxbl=ab
ixBeangismon - 14120
- 5 A J_
axb=(abn

R - - - ~
a., b, c.,d.Since a, b and a X b are non-coplanar,
N - - - -
r=xa+yb+z(axb)
- - o

"~ rxb=a = xaxb+{(ab)b-(bba)=a

= —(+z1bP)a+xaxb=0 (since a-b=0)

Sx=0andz=——
I
axb
- - a X .
Thus, r = yb — ——, where y is the parameter.
IbI?

b., d. Since 2 =(1, 3, sin 2¢) makes an obtuse angle with the z-axis, its z-com por:znt is negative.

=-1<sin20.<0 0]

But ZZ =0 (- orthogonal)

tan’a—tan ¢t~ 6=0

o (tan x-3) (tanx+2)=0

=tanax=3,-2

Now, tan o= 3. Therefore,
2tan ¢ 6

l+tan’ o ~ 149 ~

Now, if tan ¢=-2,

3
sin 20 = 5 (not possible as sin 2 < 0)

2tanx -4
1+tan’q ~ 1+4

=sin 20 = _—4
Sin 2ot = 5
= tan20 >0

= 2q is the third quadrant. Also, /sin @/2 is meaningful. If 0 < sin /2 .. 1. *ren
=(@4n+1)n—tan" 2 and = (4n+2) m—tan"' 2.
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11.

12.

13.

14.
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b.,d.Zx(?xZ):sz

- o - - -

37—(a-r)a =axb
Alsol7><2| = |Z|
= sin* 0= —
:(l—cosze)=§

.=¢0s> 0

b.d. (@ - b)x[(b +a)x (2a + b)l=b + a

= {@-8)-Qa+bB+a)-{(a-b)(bra)}2a+b)=b+a

= (2-ab-1b+a)=b+a

=>eitherZ+Z=6or1—Z-Z=l

=>either3=—?lor Z-Z=0

= either@=mor 6=m/2

a,d.Given c =4, a + A,b + A,(a x b) ®

and a-b=0,1al= 1,161 =1

From (i), a-c=A, c-b=A,

and 2-(Z><Z)= la x bP A
=(1.1sin90°7 A, =4,

Hencell+lz+la=(z+z+2x Z)Z

- -~

b., c., d. Obviously, % + —i— is a vector in the plane of a and b and hence perpendicular to
fal 1b!

axb. Itis also equally inclined to a and Z as it is along the angle bisector.



15.

16.

17.
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:Z-Z=|b|~
2
- - 1
Also 4-b + =
tb1? +2
bE+2 1
= + S —1
2 151 +2

>V2 -1 (using AM.>G.M.)

bad. ¥ =V, |
ax(bxc)=(axb)xc

= (@-0)b —(a-b)e=(a-0)b - (b-0)a

= (@-b)c=(b-c)a

B - — . =, . - - - - =
= either ¢ and a are collinear or b is perpendiculartoboth a and ¢ = b= A(a X ¢)

b., c. We have Z+§=Z

Also AxB=b

:Zx(ZxE):ZxZ

= (2~§)Z—(Z-Z)I§=sz

= (@-1)A-B=axb (using(i)and a-A=1)
and 2+§=2 |

From (ii) and (iii)

(Zx3)+2

2
a

A=

®

(i)
(ii)
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— - -
(axb)+a
a2

- -
B=a-

§=(Z><Z)+Z(a2-1)

or
a2
R - - - R S5 5 5 2—1
Thus A=m and B=(b xa)+2a(a )
a a

18. c¢.,d.Since [232 1=0, 2, Z and _Z are coplanar vectors.

Further, since d is equally inclined to a, b and c,

L
Q1
I

L
SN
i

al
[

=0
=0

~0 o=
I
ST W)
<l
Il
Qul
Ny

AL =

Leta=i—j—k B=i+j+kandy=—i+j+k.

Foal ol
(=%

19. b,

- A fa) Ay
Letrequired vector a= xi+yj+zj.

e
o, B,y are coplanar

&

U

y z
1 1|1=0=y=¢
-1 1 1

Also, a and o are perpendicular
= x-y-z=0

= x=7y

= Options b and d are correct.

20. b.d.
. 3 n, 384
c \2 ' 2/

1
|

]

1

i
o i
60 i
i

|

|

I

|

|

1
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21. a.,b.,c.Consider V,-V,=0 = A =90°

Fig. 2.44
Using the sine law, |b —(a-b)a’ = \/§la xbl
sin@ I cosf

:tane_LIZ—(Zz-Z)él
"3 axa
_ 1 l@xb)xal
V3 Gxp
_1laxblialsing0® 1
Boaxn B
—0==
6
22, a,b.Giventi- 15+ i@ xB)x@xd)
6 3° 3
= [abd]c —[abeld
=[abd]c @

[ Z,Zand?arecoplanar]

[abd]=(axb)-d
=|ZXZ||Z|cos9 ('.'ZLZ,Z_LZ, .'.ZIIZXZ)
=absin30°1-(£1) (- @=0orn)
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-

- - - - - - - - -
23." a.,,b.,c.Weknowthat a+ b+ c=0,thenaxb=bXc=cXa

-

Given a+2b+3¢ =0 =2axb=6bXc=3cx

Ql

Hence2x3+l;>xz+2x2=2(axb) or6(Zx2)or3(Zx2)

S

4. a,b.u=a-(ab)

Y

Qi

(b-b)—(

Ql

=ZX(ZXZ)
= lul=Ibx(axb)l

1blla % blsin90°

f
=
Sl
X
S

- - - -
=Ivli=lul+lubl

-

- - - ]
25. a,c.axb=c,bxc=a

-

. . - . i — — — - -
Taking cross with b in the first equation, we get b X (a X b)=bX c=a

i e -

= 1bPa—(abb=a =lbl=land a-b=0
Alsola xbl=lcl = IZIIl_;Isin§=IZI = lal=lcl

26. b.d.d-a=[a b clcosy=—d-(b+¢)

d-(b+ )
= COSy= ———5
fa-b-c]



27.

28.

29.

30.
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d(@a+bh) . d(a+c)
- 9 - and e i ==
[a b c] [a bc]

L sinx+cosy+2=0

= sinx+cosy=-2

=sinx=-1,cosy=-1

Since we want the minimum value of x2+ y%, x=-/2, y=7x

. The minimum value of x2 + y? is S7%/4

Similarly, sin x = -

a.,b.,c. AB + BC=-AC

— - - -
— 2u u v u %
BC="= ~"Sto =5+t

ful tul vl lul vl

_— ;t) Ij ; A A A A

AB -BC=|—" S+t l=u-v)u+v)=1-1=0
fu bul vl

= /B=90°

=>1+cosZA+cos2B+cosZC 0
a., b.,c Let A= axb B=cxd and C—exf

We know that A-(B x C)=B-(C x A)=C-(A x B)
=(Z X Z)-[(Z X 2) X (Z X ?)]
—@xB)UE x DT3¢ - (Ex -1 F)
=[cd fliabe] -[cdellab f]

Similarly, other parts can be obtained.

-

a., ¢. Here (lz+m3)x3=zxz ﬁleb=zxZ
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31.

32.

33.

= laxb)=(c xb)-(axb) = 1=cXbaxb
(a x b)*

(Z xZ)-(Zx 2)

- - _}(ZZ)(Z)_Z) -

b,c,d. (axb)x(cxd)-(axd) =0

Similarly, m=

= ([acdlb—[bedla)-(@xd)=0

= [acd]lbad]=0

= Either ¢ orb must lie in the plane of a and Z .

a,b.Let EB =p, AB and CE =¢CD.

D B

Fig. 2.45
ThenO<pandg<1

Sinceﬁ+2¥?+a‘?=6
pm(2i 6] +2k)+(i —27)+qn(=6i +15 -3k)=0
= Qpm+1-6qn)i +(~6pm—2+15gn) j +(2pm—6gmyk=0

=2pm—-6gn+1= 8,—6pm—2+15qn= 6,2pm—6qn= 6

. Solving these, we get

p=1/(2m)and g = 1/(3n)
S.0<1/2m)<1 and 0<1/(3n)< 1
= m=12andn>1/3

- - - -
Vi=la+mb+nc
- - - - - - -
a.,b.,d. V2 = na+1b + mc; when a, band ¢ are non-coplanar.

-

- — -
Vi =ma+nb+lic



34.

3s.
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Therefore,
! m n
ViVoVil=ln [ m=0
m n |

={+m+n)[(-my+m-n?+m-12]=0
=Il+m+n=0
Obviously, Ix* + mx + n =0 is satisfied by x = 1 due to Q).

B+m?+n*=3lmn

={+m+n)(P+m*+n*—Im—mn-In)=0, which is true
a., b., c. Itis given that gt, l_; and ; are coplanar vectors. Therefore,
e By1=0

a b ¢
=1 ¢ al=0

c a b
= 3abc-a*-b-c*=0
:>a3+b3+.c3—3abc=0
S@a+b+co)a*+b*+ct—ab-bc—ca)=0
=a+b+c=0 [ a>+b+ct~-ab—bc—ca#0]
=v-a=vP=ry =0
= v is perpendicular to gc, B and ;

b.,d. For :\, E and Z‘ to form a left-handed system

[ABC]<0
"

AxB=[2 3 4|=11i-6)-k
115

(i) is satisfied by options (b) and (d).

®

®
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Reasoning Type

1.

Vectors & 3D Geometry

-

b. A vector along the bisector is % + % STtk

lal 1bl 9

Hence ¢ =—5i+7 }'+ 2k is along the bisector. It is obvious that Z makes an equal angle with aand b.

However, Statement 2 does not explain Statement 1, as a vector equally inclined to given two vectors is
not necessarily coplanar.

- -

TP o > aoaoaab

¢. Component of vector b = 4i + 2 j + 3k inthe directionof a =i+ j+k is ——

tall

.L'Ql

or3i +37 +3k.
|

- A A A
Then component in the direction perpendicular to the direction of a=i+ j+k is

S

Z~3§+3}'+31Ac=§—}'

d. AD=2j—k BD=-2i~j—-3kand CD=2i -]

0 2 -1
—_— — — 1
Volume of tetrahedron is l[AD BD CD]=—||-2 -1 -3j=—-
6 6 -

2 -1 0
: 1 PGk
Also, the area of the triangle ABC is % |AB X AC1 = 12 3 2
-2 3 =1

=L gt 05+ 12k
2 .

V229

2
Then g = % X (distance of D from base ABC) x (area of triangle ABC)

Distance of D from base ABC = 16/~/229

b. 72 = 73 =7 o= 0 only if Z, Band Zare coplanar.
= [abcl=0

Hence, Statement 2 is true.
Also, [a~b b—c c—a]=0evenif [a b ¢]#0.

Hence, Statement 2 is not the correct explanation for Statement 1.
a. Let the three given unit vectors be «, band c. Since they are mutually perpendicular,
a-(b X ¢) =1.Therefore,
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al a2 a3
b b, b=1
¢ ¢,
a] bl cl
a, b, c,)|=1
a, b ¢

Hence, a,? + b, } + ¢ IAc, a, i+ b, 3 +c, kand a3§ + b, } + c3IA< may be mutually perpendicular.
d. A((A-B)A-(A-A)B)-C

= zxa.g)z_(z.z)zxz].a:_m[z;éa
e e —]

Zero

Now, | A=4+9+36=49

23 6
[ABCI =1 1 —2=2(144)-1(3-12)+1(-6-6)
12 1
=10+9-12=7

11 AR (ABCH=49x7=343

b. Let Z:ll2+223+232

= [dabl=Alcab] =4 =1

[Z ZZ] =1 (because Z, B and Z are three mutually perpendicular unit vectors)
Similarly, 4 =4, =1

=d=a+b+c

Hence Statement 1 and Statement 2 are correct, but Statement 2 does not explain Statement 1 as it does
not give the value of dot products.

a. Statement 2 is true (see properties of dot product)
Also, (i x a)-b = i-(a x B)

Saxb=(i-(axbyi+(-@xbyj+k@xbyk
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Linked Comprehension Type

For Problems 1-3
1.b.,2.c.,3.d.

Sol.

-

i - - - . -
Taking dot product of u+ v+ w=a with u, we have
50 o9 5 o e T 1

1+ uv+u-w=au =5:>u~v+u-w=—

Similarly, taking dot product with : ,we have

- = - -

u-v+wy=—
4
.Also, ZZ + 2-3+Z-7v=2-2=4
= aw= 4o (3+7) 3
2 4 4

Again, taking dot product with w, we have

e 3 1
uwtvw=s——l=——
4

Adding (i), (i1) and (ii1), we have

- — - - - -
2w-v+u-w+vw)=1

- - - > - = 1
=S uv+uw+v w=§
Subtracting (i), (ii) and (iii) from (iv), we have
- - - - - > 3
v-w=0, u~w:—Z and u-v=-

- = =

— - —
Now, the equations u# X (v X w) = b and(u X v) X w* c can be written as (u-w)v — (u-v)w=

- - 1- 3> > 1- -

and (u- w)v—(v W)M_C:>_ZV—ZW b, ——v=c,ie, v-—4c
- - - - - - R T Y - 4 - 4—) - 4-
ﬁc—gw:bﬁwzﬁ(c‘—b)and u=a-v-w=a+4dc——c+—-b=a+-b+
4 3 g 3 3
For Problems 4-6
4.d.,5.¢.,6.b.
Sol.

Given that | 1= ;l =| ZI =+/2 and they are inclined at an angle of 60° with each other.

. ;-;z;-;=_z>~}=\/§-\/§c0s60°=l

xx(yxD=a > )y -(xyi=a= y—z=a

(i1)

(i)

(iv)

_,

0
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Similarly, y x(z X X)=b= 7z — x= b

y=a+27,x=2-b (from (i)and i)

Now,:\;x;=z

= (Z-Z>><(Z+Z)=Z

= ixa-bxz-bxa=c

=>Zx(2+3)=;+(3x2)

= (a+b)x{2x (@+5))=(a+B)yxe +(a+b)yx(b x a)

= (@+b)’z-{(@a+b)2}@a+b)=(a+)xc+l1alb—-1bF a+(ab)b—a)
Now, ()= lalf =1y — 2P=242-2=2

Similarly, (ii)=> 1 5 I =2

Also (i)and (i)) = a +b=y—x= la + bP=2
Also (@ +5) 2 =(y~x)22y2-%2=1-1=0
and a-b=(y—-2) - (z—x)

- -
=y-z—x-y-lzf+x 7z =-1

Applications 2.129

Thus from (v), we have 2z = (@ + b)x ¢ + 2(b —a)—(b —a) or 2=(/D[(a + )X e + b —a]

coy=a+z=(0/a+b)xc+b+alandr=2 —b=(1/2)[(a+b)xc—(a +

For Problems 7-9

7.b,8.a.,9.c.
Sol.
Given
*xy=a
z=b

I
-

wlowl ol
Ml el S X
I

From (ii), x(yx2)=xb=y= [x y 2]=7

From (i) and (ii), (x X )X (y X2)=a Xb

- o - o B e TR R S S - ZXZ;
Slxyzly-lyyzlx=axb = y=
. - - - - —~ y
Also from (i), we get (x X V)X v=a Xy

axb_

- - o e e - - e ) 2 o h _}x
= (x-9)y-(yMNx=axy=x=A/1yP)(y-axy)= ﬁyq ax(
laxbl| Y

(i1)
(iif)
(iv)
(v)
(vi)
)
@
(i)
(iii)
(iv)
(v)
(vi)
Z X 7))
Y
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[axb—ax(axb)]

-
= x=—"=

lax bl
Also from (i), () X )X y=b Xy => | yP 2 =(2-3) y= b X y
- 1 - - e Y e - -
= z=—7—ly+bxyl=—7—Jaxb+b x(axb)]

[

ly# laxbl

For Problems 10-12
10.b.,11.b.,12. d.

Sol.

PxB=A-P and |Ai=1Bl=1 and A-B=0 is given
Now ;’X§=K—?’
(;xl_i))xZ?:(Z—;’)xE (taking cross product with Z)?on both sides)
— (P-B)B—(B-B)P=AxB—-PxB
= (P-B)B-P=AxB-A+P
— 2P=A-AxB-(P-B)B
o P= —-AXB—-(P-B)B
Taking dot product with Bon both sides of (i), we get
P-B=A-B-P-B
= P-B=0
:>;;=A+BXA
2
Now

-

(PxB)xB =(P-B)B—(B-B)P =—P

7’, Z,;’)XE(=Z—7’) are dependent
Also P-B=0

- - -2
and |?>|2=A_‘;‘XB

AP +14 x B

@

(i)

(i)
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For Problems 13-15
13.b.,14.a.,15. c.

Sol.

_41 A A A
=——(2i-3j+6k
49(1 ] )

~3 +6k) |27 —3j+6k
7 7

13. b a =[(2? +35 —6k)- &

a, =749_[(2, _3j4 k). SR 3;1 + 6")](-21 + ?/J + 6k)

—41 —(~4- 9+36)(—21+3]+6k)_—(21 ~37-6k)
" (49)
- > 41 A N
14. b= (21—3]+6k) Qi3] +6k)=-41

15. ¢ Z, Zl and Z are coplanar because ;: and Z are collinear.

For Problems 16-18
16.b.,17.c., 18. a.
Sol.

Point Gis (i, l, §) Therefore,
333

— 5y 1 (5) s1
3 9 3 9

:’AG|=§_1
3

AB =-4i+4j+ 0k

1_4—(3=2f+2}'+212

D(0,-5,4)

B(-1,4,1)
Fig. 2.46
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iJ ok
~ ABXAC=-8/1 -1 0
11 1

=8(i + j-2k)

AreaofAABC=%|Ex RI=4\/3

AD=-3i -5 +3k

Vectors & 3D Geometry

The length of the perpendicular from the vertex D on the opposite face

=| projection of B on AB X AC|
(31 =55 +30)( + —20)]
6 |

—_3—5—6} 14

NN

For Problems 19-21
19.¢.,20.b.,21.d.

Sol.

19.

¢. Let point D be (a,a,a,)
a,+1=3=a =2
a2+0=1=>a2=1
a,-1=7=a,=8

~.D2,1,8)
5_|@Bx @b
| AB|

AB=—i+]—5k

E=O?+2}+41Ac

ik
ABxAD=|-1 1 -5
0 2 4

=147 +47 -2k
=275 +2) k) -
=d=22

Fig. 2.47
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20. b. ©P(8:2,-12)"

n=7i+2j~k is normal to the plane P= (8, 2, ~12).

%
i |
|AP1=6i+3]—16k b
A2, -1,9)

— s -

- distance d = AI:-n
inl Fig. 2.48
42+6+16
64
=
_ 64 _64/6 326
36 18 9

21.  d. Vector normal to the plane
ADX AB =1+2(7] +2] —k)
Projection on xy =2
Projection onyz =14
Projectionon zx=4

For Problems 22-24
22.d.,23.c.,24.c.

Sol.
Let ?=x? + y}'
x2+3? +8x— 10y + 40 =0, which is a circle
centre C(—4, 5),radius r=1
p,=max{(x+2)*+(y-3)*}
p,=min{(x+2)*+ (y -3y}
Let Pbe (-2,3). Then
CP=2+2,r=1
P,=(2V2 -1y
p,=Q~2 +1y
p,+p,=18

dy

Slope=AB = (—) =-2
dx J ;5

Equation of AB,2x +y=6
OA=2i+2], OB=3;
AB=i-2]

AB-OB= (i -253D) =3
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Matrix-Match Type

1. a-»p,q,r,s;b—p,q;c—>p,r;d-or
a  Given equations are consistent if

C.

G+ PD+AG+27-k)=G+2))+ p(~i + J +ak)
S 1+A=1-0,1+2A=2+yu,- A= au

= A=1/3and u=-1/3

=a=1

a=Ai-3j-k

b=2Ai+Aj—k

Angle between 2 and Z is acute. Therefore,

a-b >0

=22-34+1>0

=2A-1DA-1)>0

1
=Ae (— ,z)u(l,oo)
Also B makes an obtuse angle with the axes. Therefore,
bi<0=>A <0 ‘
b-j <0=% <0 (i)
Combining these two, we get A=~4, -2

If vectors 2i — 3 + 12, i+ 23’ +(+ a)IAc and 37 + a}'+ Sk are coplanar, then

2 -1 1
1 2 1+a|=0
3 a 5

=>a?+2a—8=0
=(@+4)(a-2)=0
=a=-42

Z=2?+A}'+312
B= 2?+).}'+1Ac
C=3i+7+0k

CAHAB =20+ AT+ A+ A1)+ G+ Mk
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Now (Z + M_E)?) LC. Therefore,

(A+AB)-C=0
=26(1+AD+A+AH)+0=0
=S A2+TA+6=0
=(A+6)(A+1)=0
=>A=-6,=—1
=1241=12,2
2. a9 r;bop;cos;dogq
a. If Z, Z and 2 are mutually perpendicular, then
l[axb bxc ¢xal=[a3 ep=0allblich?=16

- - - —
b. Given a and b are two unit vectors, i.e., lal=1b1 =1 and angle between them is 7/3.

- Z Vi T -
ing=12Xbl o sin Z=1axbp
-

lalibl

ﬁQGx&

2

Now

fa b+axb bj=labbl+[a axb b]
=0+[a axb b]
= (a x b)-(b x a)
=—(axb)(axh)
=—lax bl

3

4

c. If E and Z are orthogonal, ZZ =0.

“ . . 3 - i
Also, itis given that b X ¢ =a. Now

[a+b+c a+b b+cl=la a+b b+cl+[b+c a+b b+c]
=[abc]
= a-(bx 0)

- o -, -, .
=a-a=lal" =1 (because a is a unit vector)
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3

d.

Vectors & 3D Geometry

- -5

[x y al=0
Therefore, ; ; and Z are coplanar.
[xyb]=0

Therefore, ; ;and l_; are coplanar.

Also, [2 Z z] =0

- - -
Therefore, a, b and ¢ are coplanar

From (i), (ii) and (iii),

x, y and P are coplanar. Therefore,

- - =

[xyc]=0

a—)q;b—)s;c—)p;d—)r

a.

la+b+cl=~6a+b +c +2a-b+2bo+2

5
“lal=1

- . . = - - - - >
aisperpendicularto b+ ¢ = a-b+a-c=0
. K - - - o - -

p is perpendicularto a + ¢ = b-c + b-c=0

msperpendwularto a+b= ca+acb=0

From (i), (ii) and (iii), we get

(@-c)b-d)—(b-c)a-d) =21

-

We know that [ax b bxc c¢xal =[ab ol

aa ab ac
and[2bcf =|b-a bb bo

ca ¢b coe

4 2 2

= 4 2

2 2 4

=32

[abc]=42

ol

)

ey

(i)

®
(i)
(ii)
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a-s;boricoqd—op

PGk
a axb=|-1 1 2|=37-37+3k
-1 2 -1

343

Hence, the area of the triangle is -

b. The area of the parallelogram is 3./3.

¢. The area of a parallelogram whose diagonals are 22 and 43 is % 12a x 4b 1= 1243.
d  The volume of the parallelepiped = I’(Z X Z) cl= Jo+36+9 =36
a-p,r;boqcos;dop

a. Vectors—3i + 3}' +4kandi + 3 are coplanar with Z and Z

ik
b. axb=|-1 2 2
-2 1 2

= 27 -2j+3k
¢ Ifcis equally inclined to a and b , then we must have ac= BZ,
whichistrueforz = §_}‘+5]2.
d. Vector is forming a triangle with Z and Z Then Z = Z+Z =_3] +33’ +4k
a-¢g;bos;ec—Hp;dor

- - - -
a la+bl=la+2bl

@P+b+2a-b=a?+4b>+4a'b

=2ab =—3b< 0

Hence, angle between a and b is obtuse.
b. la+bl=la—-2bI

Sa+b+2ab =2 +4b —4a-b

=6a-b =3b

- —
Hence, angle between a and b is acute.
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¢. la+bl=la—-bl
=ab
= gis perpendicular toz .
d Z X (Z X Z) lies in the plane of vectors 2 and Z

A vector perpendicular to this plane is parallel to axb
Hence angle is 0°.

a-r;bos;coq;d-p
[szgszxZ]=36
=[abcl=6
- - - 1] »=-
=> Volume of tetrahedron formed by vectors a, b and ¢ is g[a bcl=1
[a+b b+c c+al=2abcl=12

Z-—Z, l_;—Zand Z—Zarecoplanar: [Z—b Z—c'—c)—a] =0

Integer Answer Type

(5) Let angie between d and b be 6.
We have |@i=1bl1=1

Now la+b| =2005§ and 1@ —b 1 =2sin g
Consider F(6) = 3 (Zcos -Q) + 2(25in g)
2 2 2

F(9)=3cos—g— +4sin—g—,96 [0, 7]

(1) Since angle between i and i is60°,

.- g n bid |
u-i=lullifcos 60°=—

Given that 1 — 11,0id1,lid - 2i] arein G.P,, so i —i > =lilli — 2i1

Squaring both sides, [1d I+ -2 -{T* = 1P [1iP + 41 P - 43 -]

[l +1-

—1] = 1@ +2Ii1 -1=0 = lifl=-

21il
2 2

7 +
]2=|1_4'|2[|1'i|2+4—4|"lI #:-)hﬂ:\/i—l
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3. @AB=20+j+k, AC=@+Di+0j-£k

k
1

ABX AC = = +@+3)]-@+Dk

+ o~
O = o

|

|ABX ACI=\1+ (¢t + 3P+ (¢t + 1) =27 + 8 +11

1, — — 1
Area of AABC = EIABXACI =A= Ew/2t2+8t+1

Letfi=A’= i QF +8t+1)

fH=0=r=-2
Atr=-2, (>0
So Ais minimumat=—2

4 () &=a,f+a2}+a312
b=bi+b,j+bk
E=clf+02}'+c3l€
LHS.=[3G+b 3b+¢ 3¢+a)
=[3d 3b 3¢]+[b ¢ a]
=3[abél+[abc)
=28[ab ]

5. Wa=al+2j-3k, b={+2a)j-2k, =2 ~aj+k
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a 2 =3
= |1 200 2
2 -0 1

= oRoa-20)-2(1+4)-3(-a-40)=0
= 10-15a=0
Soo=2/3
6. (9) Since X and y are non-collinear vectors, therefore X, y and ¥ X § are non-coplanar vectors.
[(a=2) +(b=3)a+cl+[(@a=2)f +(b=3) BB+l F +[(@a=2)7 +(B-3) y+c] (x F)=0
Coefficient of each vector X, y and XX y is zero.
(@a-2)d+(h-3Da+c=0
(@-2)f +®-3)B+c=0
(@-2)7+®-3)f+c=0
The above three equations will satisfy if the coefficients of ¢, 8 and ¥ are zero because ¢, fand y are
three distinct real numbers
a-2=0=a=2,
b—3v=0:>b=3andc=0
wd+b ¢’ =2+3"40"=4+9=13

> o - = o

- -
7. Q)Given, uxv+u=wandwXu=v

- - - - - - - -

- - - o - - 5 o - >
= uxXv+u)Xu=v = uxv)Xu=v =3 v—(wu-v)=v = (u-vVVu=0= (uv)=0

. - = R T
Now, [uvwl=u-(vxw)

- - - - - - o - - - o - 25 I T SRS S _;—’2
su-(vxuxv+u) =u - (WXx@xv)+vxu) = u(u—(u-vIv+vxu) =viui=1

8. (7) Let the vertices are A, B, C, D and O is the origin.

OA=F-6]+10k, OB=F-3}+7k, OC=—5(— ]+ Ak, OD="7i - 4]+ 7k

-

AB=0B—-OA=-2i +3} -3k

- - -

AC=0C—-0A=4 +5]+(A—10)k

- - -

AD=0D -0A=6i +27 -3k
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1 - - -
Volume of tetrahedron = g[AB AC AD]

23
=—{4 5 A-10
6
6 2 -3
= é{—2(—15—2/1+20)—3(—12—6/’t+60)—3(8—30)}

{4A—10—144 + 181+ 66}

AN

= —é— (22A-88)=11 (given)

= 24-8=6
A=T7

(6)Let R=xi + yj + zk
H=1-2]+3k =2+ ]+4k;w=i+3]+3k

(@ R—15)i + (5-R-30)j + (w-R—25)k =0 (given)
Soé-R=15 =>x-2y+3z=15

V-R =30=2x+y+4z=30

W-R =25=x+3y+32=25

Solving, we get
x=4
y=2
z=5

6 2W+Vx(G+2)=+k)

= W -(+2))+0=20 +k)-( +2])

=W -(+2])=2

=>|»17-(f+2}')|2=‘1

= IVl +2jcos’0=1 (61is the angle between V and i +27 )
= VP 5(1-sin'6)=1

= 1V I5sin?0=51V -1

®
(i)
(ii)

@

(if)
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11.

12.
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From Eq. (i)

=S 12V+V (@ +2)P=12] + kP
= 4VE+IVX(E+2)P =5

= 4IVP+IVEI{+2jPsin’0=5
= 4|V I +51V Psin’0=5

= 4IVP+5IVP=1=5

= 9IVP=6

= 3IVI=+/6

= 31VI=\6=vm
m=6

M ab=0=alb

a-c=0=alc
= Z_L;—z
laxb-axcl=lax(b-c)l=lalib—cl=1b—cl

- —)2 -—az —)2 - - T 1
Now lb—clF=IpF+lcl —2|b||c|cos§=2—2xx5=1

[b-ci=1

(6)Here OA=a,0B=10a +2b,0C =5

q = Area of parallelogram with OA and OC as adjacent sides.

g=laxbl

102+ 25,

oY

0 2 A

Fig. 2.49

®



Different Products of Vectors and Their Geometrical Applications 2.143

p = Area of quadrilateral OABC
= Area of AOAB + are of AOBC
=%12><(102+21_;)l+—;-|(102+2;)xZI
=laxbl+5laxbl
p=6laxbl

= p=6g [From Eq. ()]
. k=6

13. (9)Here F =3 — j— 2k
AB =PV.of B—PV.of A
AB = (1=} =20)—(=3f 4] +K)
=2{+3]-3k

Let ; = A_)B be the displacement vector

Now work done = I_:“ - :
=3 - j—2k)- (2 +3] -3k)
=6-3+6=9

Subjective Type

1. Let with respect to O, position vectors of points A, B, C, D, E and F be Z, 3 2, 2 Zand 7 Let

perpendiculars from A to EF and from Bbto DF meet each other at H. Let position vectors of H be 7 We

join CH. In order to prove the statement given in the question, 1t is sufficient to prove that CH is
perpendicular to DE.

Now,as OD LBC=>d -(b—¢)=0

=d.b=d-c ®

asOELAC= o.(c—a) =0=> e-c = e-a 6)
asOF LAB= f.(a-b)=0= f-a=f-b (iif)
AlsoAH LEF = (r—a)-(e - f) =0

=>_r)2—rf 22+2? 0 @iv)

and BH LFD= (r —~5)-(f ~d) =0

- -
= f-

- -

~b-f+bd=0 )
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Adding (iv) and (v), we get

re-ae+af-rd-bf+bd=0

= F(e—d)—e-c+d-c=0 (using (i), (i) and (iii))
= (r—0c)-(e—d) =0

= CH.ED =0=CH 1 ED

_0_A>1 E{z O_'A” . All vectors are of same magnitude, say a, and angle between any two consecutive

vectors is the same, that is, 27t/n. Let p be the unit vector parallel to the plane of the polygon.

4,

—_ —_ . 27 ~ . -
~Let OA, X OA» =a® sin—-p O

=l RN n-l 27 A~
Now, 3,04, x OAi, = Ya*sin == p
i=l i=1 n
2
=(n—1)a%sin —p
n
=(n—-1)[- 04, x0a | (Using(®)

=(1-n) [0A, x 0A] =R H.S.
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Let the position vectors of points A, B, C, D be 2, 3, ¢ and 2 respectively, with respect to some origin.
| AB x CD + BC x AD + CA x BD |

=l(b-a)x@-c)+(C~b)x(d-a)+(@-c)x(d-b)l]

=2lpxa+cexb+axcl ' @
=2 (2 x (area of AABQC))

=4 x (area of AABC)

- o -
Given that a, b and ¢ are three coplanar vectors. Therefore, there exist scalars x, y and z, not all zero,
such that
- - - - .
xa+yp+zc=0 6]
-
Taking dot product of ¢ and (i), we get

- -

xa-a+y2-z+zz-z=0 (i)
Again taking dot product of b and (i), we get
xB-Z+yZ-Z+zZ§-Z=o (iii)

Now Egs. (i), (ii) and (iii) form a homogeneous system of equations, where x, y and z are not all zero,
Therefore the system must have a non-trivial solution, and for this, the determinant of coefficient matrix
should be zero, i.e.,

- - -

a b c
e e e T )
aa ab ac|=0
e T S Y
b-a bb b-c

We are given that Z=2§+1Ac,1_3)=§+}'+1;and E=4§—33’+7I€andtodetermineavector R such
that Rx B= C x B and R-A=0,let R=xityj+zk

— - -

Then RXB = Cx B

TGO Tk
=x vy z[=14 3 7
1 11 I 1 1

A

=0-2); ~@-2) j+(x-y)k ==10] +(x-2) j+7k
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y—z=-10
xX—z=-3
x—y=17
Also 722:0

=2x+z=0

Substituting y = x —7 and z = — 2x from (iii) and (iv), respectively in (i), we get

x=7+2x=-10
=3x=-3
=x=-1,y=-8andz=2

Wehave,z;:cx ?—6}’—31;
b=xi+2)+2cxk

- - - -
Now we know that a-b =lallblcos 8

As the angle between Z and Z is obtuse, cos <0 = Z- b<0

=cx’-124+6cx<0
=-cx’—6cx+12>0, xe R
=-¢>0and D<0

= c<0and 36¢*+48¢c <0
=c<0and (3¢ +4)>0
=c<0andc>-4/3
=-4/3<c<0

(@xB)x(cxd)+(axc)x(dxB) + (axd)x(®x )

Here (ng)x(Zxﬁ) =— (2x2-3)2+(2x2-2)5

=lacdlb-[bcdla
@xE)x(@xb)==(@dxb-c)a+@dxb-a)ec

-

= [a la

ol

d

o

Blc—[

al

- - o

(axd)x(bx¢)= (axd-c)b—(axd-b)e

=—[acdlb-[adb]c

®
(i)
(i)

@iv)

®

(i)

(i)

(Note : Here we have tried to write the given expression in such a way that we can get terms involving

5
a and other similar terms which can get cancelled)

Adding (i), (ii) and (iii), we get
Given vector = -2 [3 Z 2] a= kZ

5
=> Given vector is parallel to a.
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We are given AD =4

202

Volume of tetrahedron = ——

= % (Area of AABC) p = %5—
%Iﬁxl—iglp= 22
%1(}+1€)x2§|p=2«/§
=17-kip=22

=V2p=2+2, p=2
We have to find the P.V. of point £. Let it divide median AF in the ratio A : 1.

A-2§+(f+}'+12)

PV.ofEis - Therefore, ) ®
A+1
. AG-j-h
AE =PV.orE-PV.ofA= A+
| AE I ALY i
=3 A+1 ' @

l 2
Now,4+3 | ——{ =16
A+1

A
1+1)=%2

A=-20r-2/3

A A

Putting the value of A in (i), we get the P.V. of possible positions of £ as — i+ 3}' +3k or 3i - Jj—k.
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- > -
Given that a, b and ¢ are three unit vectors inclined at an angle 6 with each other.

Also 2, Z and 2 are non-coplanar. Therefore, [2 Z Z 1 #0.

-

Also given that Zx3+—l;xz = pa +qgb +rc.
Taking dot product on both sides with @, we get
p+qcos()+rcos6=[ZZZ] v

Similarly, taking dot product on both sides with Z and Z, we get, respectively,
pcos@+qg+rcos =0

and pcos 8+qcos O+ r= [ZBZ]

Adding (i), (ii) and (iii), we get

s Aab el
F= —
Pra 2cos@+1

Multiplying (iv) by cos 6 and subtracting (i) from it, we get

Z[ZZZ]COSG_[—HH

- = b
p(cos§-1) 2cos B +1 abcl
—[Zg;)]
AL
orp (cos 6-1) 2cos0+1
[ZZZ]

7P {1=cos 8) (1+2 cos 6)

Similarly, (iv) X cos 8 —(ii) gives

_ —2[abcleosd
7= (1+ 2 cos 6) (1 — cos 6)

and (iv) xcos 8 —(iii) gives

Z[ZZZ]COSQ - 2o

R P A L P
r{cos 8—1) Y o0i 611 fabc]
—lab el

=r

" (2cos 0+ 1) (cos O~ 1)
But we have to find p, g and r in terms of 8 only.

So let us find the value of [2 Z Z]

@

(it)
(i)

@iv)
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We know that

L T NS S
aa ab a-c
—)—-)—)2 e T T T S
[abeY =lboa bbb b-c
- o5 S 9 -5
cca c¢-b c-c

1  cosB cosé
— |cos @ 1 - cos@
cos@ cos@® 1
On operating C, — C, + C, + C,, we get
1+2cos® cosf cos6
1+2cos6 1 cos 8
1+2cos@ cosb 1

1 cos@ cosB

=(1+2cos ) |1 1 cos@

1 cos@ 1

Operating R, - R -R,andR, — R,—R,, we get
0 cosf-1 0 |
=(1+2cos6) |0 1-cos@ cosf-1

1 cos 8 1

Expanding along C,

=(1+2cos 6) (1 —cos )

@b ¢l =(1 —cos 6) 1+ 2c0s 0

Thus, we get
1 —2cos @ 1
p= ’q= ,r=
\/1+20059 \/1+20039 \/1+20059

We have, (4 + B)X (A+ 0

L

- -

=ZxA+BxA+ZxE+§xE
=BxA+AxC+BxC (~ AxA=0)

Thus [(A+ B) x (A+ O)]x (Bx C)

= [ExZ+2x8‘+§x8‘]x(§xz‘)

= (ExZ)x(fixE‘H(ZxZ’)x(ﬁxZ‘) (v xxx=0)
={(BxA)-C}B—{(BxA)-B)C+ {(AxC)-C} B—{(Ax ) B} C

[
[

C1B-|
BI(B -

- -

CB|C
}

nou
1 il
Al ol
al i

——
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Thus, L.H.S. of the given expression
<[ACBI(B-0)-(B+0)
=[ACBI{(B~-C)-(B+ ()
=[ACBI{IBF -1CP}=0 (- IBI=ICl)
Alternative method:
Since [(A+ B) x (A + O)]x (B+C) - (B + C) is scalar triple product of (A + B)X (A + C), B+ € and
_ §+E,its value is 0.
12. a Wehave 4.5 =y v 1cos @
and 4 x v = [xlly| sin 6 n
(where 6 is the angle between u and v and n is a unit vector perpendicular to both u and ;)
= @) +HuxvP=luP1vE (cos? O+sin’ 0) = 1u 21V 1"
b (l-u v +lu+v+@xr)P
- - > =, - =5 - o, - >
=1-2u-v+@v) +lulF+IvF +luxviF+2u-v
Cou-(u X V)= v-(1 X 9) =0)
=1+ U+ P+ (v +luxyP
=14lu P +Iv P +luPIy P

=T +uP) T +13 1)

) - - S5 9 - - - - -
13. fuvwl=(uxv) - (v—wxu)= (uxv) (uxw)
e I T T
u-u u-w
Sl s 55
veu v-w
- =
Now, u-u=1
- - - 5 - - o - 5o 505
u-w=u-(v—wxuwy=uv—[uwul=u-v
T S S s -
viw=v-(v—wxu)=1-[vwul=1—-[uvw]
1 cos 8
S PN =»-- | (@isthe an lebetween;and_))
. = v
(uvw] cos8 1—[uvw] &
- o
=1—[uvw]—cos*6
- 5 -5 1 1

S [u vwl= Esinz OSE

Equality holds when sin> 8=1, i.e., 8= /2, i.e., u L v.
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15.
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Given data are insufficient to uniquely determine the three vectors as there are only six equations
involving nine variables.

- - -
Therefore, we can obtain infinite number of sets of three vectors, v, v, and vy, , satisfying these
conditions.

From the given data, we get

_: =4:|;:|=2

v v
vy, =29= v, = /29
Also v,-v, =-2

=1v 1lv,lcos 8=-2 (where Qis the angle between 1:; and 1:; )
-1

= cos 0= 2

= 0=135°

Since any two vectors are always coplanar, let us sgpposeA that ;’1 and ;2 are in the x—y plane. Let ;1
be along the positive direction of the x-axis. Then v, =2i . (vl =2)
As ;)2 makes an angle 135° with ;, and lies in the x-y plane, also keeping in mind | ;2 I= 2, we obtain
Va=—it]
Again let ;3=a§+ﬂ}'+y12
: ;)3-;1 =6=2a=6>a=3
and Vs vy =5 =~ £ f=—5= f=+2
Alsol}, 1= /29 = &2+ F+$=29
=>7y=14
Hence ;3 =3i+ Z}i 4k

e A A A
Giventhat a=a, i+a, j+a,k

Z=b1?+b2}'+b3fc

ol

=c i +¢,j+ck where a,b,c (r=1,2,3)are all non-negative real numbers

3
Also ¥ (a, +b, +c,) =3L

r=1

To prove V< L3, where Vis the volume of the parallolepiped formed by the vectors Z, b and ¢ , we have

a4 4, a4
V=labc]l=b b, b,
G G G

= V=(a,b,c,+a,bc +a,bc,)~(ab,c,+ab c,+a,b,c) | ®
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Now we know that A.M. > G.M., therefore

(a, +b +c)+(a,+b,+c,)+(a, +b, +c,)
3

2[(a,+b,+c)(a,+b,+c,)(a,+b,+c)]"

3L
= EY 2[(a,+b,+c)(a,+b,+c)(a,+b,+c)]"”

=L 2(a,+b, +c)(a +b,+c,)(a,+b,+c,)

=ab,c, +a b ¢, +a,b c, + 24 more such terms

2ab,c,+ab,c + a,bc, ("a,b,c 2orr=1,2,3)
2(a b, +a,be +a,b c)—(abc,+abc,+ab,c) (samereason)
=V (from (1))

Thus, L2V

- - = - el - =
.16. Weknowthat [xxyyxzzxx] =[xyz]?
. . - - = . nd -
Also a vector along the bisector of given two unit vectors 4, v is u + v.

- -

. . . +v
A unit vector along the bisector is

-

lu+ vl

- —)2 - - 2(1
lu+vF=1+142u-v = 2 +2cosa= 4cos B

- - - o

v+w N u+w

Stmilarly, y = 2cos /2 and = 2cos y/2

:[;;;] = ;[u+v;+;;¢)+w]sec%sec§sec}2:

[L_t) : vT/] sec gsec Esec ¥
2 2 2

_1
T8
l[z;vz]secg—secﬁsecz
4 2 2 2

= [xxyyxzzxx] =[x y z]*

Nl‘m
t\)l‘<

—il—[uvw] sec’

17. Giventhat ax ¢ = b xd
and Z xZ = Z XZ
Subtracting (ii) from (i), we get
ax(c-b)=(b~-c)xd
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19.
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= ax(c-b) = dx(c—-B)
= ax(c—b) ~dx(c—b) =0

= (a-d)x(c-d)=0

= @-Dli(c-d) (~ a—d#0,c—b=0)

-

=> Angle between Z - 2 and ¢ — B is either 0 or 180°.

4

= (2—2)-(2—3)= IZ—ZII?—ZI cos0 #0 as Z,I_;,Zandz all are different.

The following figure shows the possible situation for planes P, and P, and the lines L, and L,:

Fig. 2.52

Now if we choose points A, B and C as A on L, B on the line of intersection of P, and P, but other than
the origin and C on L, again other than the origin, then we can consider

A corresponds to one of A”, B', C’
B corresponds to one of the remaining of A%, B”and C*
C corresponds to third of A, B’and C’,e.g., A’=C; B’=B;C'=A

Hence one permutation of [A B C] is [CBA]. Hence proved. » .
Given that the incident ray is along v, the reflected ray is along w and the normal is along a,
outwards. The given figure can be redrawn as shown.

“
S

ANNANNRRNNNNNNNNNNNY

0
Fig. 2.53
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We know that the incident ray, the reflected ray, and the norma! lie in a plane, and the angle of incidence

= angle of reflection.

Therefore, a will be aJong the angle bisector of wand ~ v ,1.e.,

A N
A o wH(—v)
aq = —————
FaY Fa)
iw—vl
A . ~
But a is a unit vector

where |w — v| = OC=20P

=2I»Av lcos 8=2cos8

Substituting this value in (i),

A Fay
A W=V
@7 2cos0

= v;1=1§+(2c059)¢;

A " A A A A A
= a=Vv-2(av)a (av =-cosb)

Objective Type

Fill in the blanks

1

Giventhat |Al =3; 1Bl =4;1C (=5
ALB+C)= A(B+C) =0> A.B+A-C =
BL(C+A) = B-(C+A) =0= B.C+BA
CL(A+B)= C-(A+B) =0= G- 4+ & B=0
Adding (i), (ii) and (iii), we get
2(A-B+B-C+C-A) =0

Now,l;{+1_3)+8‘l2

=(A+B+C)-(A+B+0)

= AP +IBF +ICP+2(A-B+B-C+C-A)

=9+16+25+0
=50

®

®
(i)
(ii)

v)
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2. Required unit vector

~ POxXPR
A= __, _
IPQ X PRI
PQ=i+j-3%PR="i+3]-k
ik
. — — |1 1 -3
-+ PQx PR 1 3 -1
=8§+43’+41§

“1POx PRI = J64+16+16 = 96 = 46

N 8?+43‘+412 a 2?+3‘+1Ac

BN N

1 .,
3. Areaof*AABC=5|BAxBC|
BA=—7-27+3k
BC =i-2%+3k

i

. 1 A
.'.Area=5--1 -2 16 + 4kl

W Ly &>
]
N | =

=137+ 2kl

X |yl
+

Wi > x
Ol
SR e N1
X X
i QY

F =S
Y

i
ol
oyl
a

o S s S

allal wio

Y
i
Ql

5. Given Z=f+3'+lzand Z‘:}'_];

Let B =x/l}+y}'+zlg

I
o>
|
x>

i
Giventhat Ax B=C = |1
x

T Y
BN e XD
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A

=@-»i+&-2) j+(y-x)k = j-k
=z-y=0,x-z=landy-x=-1
Also, ,_4))—9) =3

=x+y+z=3

Using (i) and (ii), we get
y=2/3,x=5/3,z=2/3

Let ¢ = :+ﬁ3
Given that 31 Z
~ b.o =0.

= (4i +3))-(ai + B ) =0

=4a+38=0
a B
= 3= .24 =A

=a=31B=-44

— A A
Nowlet a = xi+ yj be the required vectors.

Given that projection of a along b

- -
a-b

-

b1
4x+3y

J8E+3 h

=>4x+3y=5

Also projection of a along ¢

- -

ac

= 5 =2
lcl
ox+ By

= =2
Jo© + B

=3Ax-44y=10A

=3x4y=10

Solving (ii) and (iii), we get x=2, y = — 1

.. The required vector is 2? - } .

®

(i)

®

()

(ii)
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4
A
__)
a
O = »>B
5 D
Fig. 2.54

Component of a along P

-

s b
OD = Q0Acos 8- —

I b |
(@b

ab| b _[ab)y
Ut ) e e

Component of a perpendicular to b

Sl

DA = a-0D

P LA
1P

Let xi+ y}' + zk be a unit vector coplanar with i+ Jj+2kand i+ 2}' +% and also perpendicular to

Q!

L

/: /\. A
i+ j+k
x

Then, | 1
1

N o=

F4
2=0
1

= -3x+y+z=0 , ) ®

andx+y+z=0 (i)
x z
Solving the above by cross-product method, we get — = I X or A A T A (say)

0 4 -4 0 1 -1
=x=0,y=4,z=-1

As xi+ yj+ zk is aunit vector,
=0+A2+A4=1



2.158 Vectors & 3D Geometry

-k —j+k
.. The required vector is J J

N

9. A vector normal to the plane containing vectors i and i + j is

i Gk
p=|l 0 0=k
110

: AoA A
A vector normal to the plane containing vectors ; — j, i+ k is

ik
g=11 -1 Ol=—-i—j+k.
I 0 1

-

Vector a is parallel to vector pxq.
P

pxq=| 0 0
-1 -1

k
|=i-j
1

- A A
.. A vector in direction of a isi — J

Now if 9<is the angle between gandi — 23’ +2k , then

11+ (=1 (<2) 3
cos 6= YT fixa+4=F 2.3

bt = g Z o
= COS§ —_\[2‘=>—40r4

10. Let o, B, ¥ be any three mutually perpendicular non-coplanar unit vectors and a be any vector, then

a=(@-aya+@ Pf+@ 9y

- >
- o . g b Xc
Here b, ¢ are two mutually perpendicular vectors, therefore b, ¢ and ——— are three mutually
perpendicular non-coplanar unit vectors. ’ thxcl
. - - - -
- e - -\ - - b X c b X c
Hence a=(a.b)b+(a.c)c+ a.——
- -
ibxct)lbxcl

-

ibxcl

- >\~ - =2\ 2'(3)(2) - -
=(a.b)b+(a.c)c+—_'———(b><c)
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2x(2x2)+3=6
b=0
=2c0s6- a—c+b=0 (usinglal=1,1bl=1,lcl=2)

=>(2cos9a—c)2 = (—b)2

- o -

=4 cos’ 8- I;z)l2+l_c'|2 —-22cos@-a-¢c =1bR
=4cos?0+4-8cos@-cos0=1
=4c0s’0-8cos?0+4=1

=4 cos’0=3

=cos B=1 [3/2

For 81to be acute, cos 8=

Given that Z, Z,Zandz are position vectors of points A, B, C and D, respectively, such that

(@-d)(B-c)=(b~d) (c~a)=0

= DA-CB = DB-AC =0

Fig. 2.55

= DAL CB and EiJ_ AC
Clearly, D is the orthocentre of AABC .

q = area of parallelogram with 54’ and OC as adjacent sides
=104 x OC|
=laxbl
p = area of quadrilateral OABC
- l@{xo_B’ |+%~| OB x0C| = %[lZx(103+23)l+I(102+23)><ZI]

l|(1:>.a><b)| 6laxbl=k=6

N
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a-b=-1+3=2
lal=2,1b1=2
ge 2 1
cos 8= )

T . - . . .
0= 3 but its value is EY as it is opposite to the side of maximum length.

True or false

1.

Z, 73 and E are three unit vectors such that X Z? = ZE‘ =0(1) and the angle between l—é and Z’ is /3.
A

Now Eq. (i) shows that Ais perpendicular to both BandC.

= 7-3 X E’ =1 Z , where A is any scalar.

= |BxCl=11A4l
=sin A/3=% A4 (as 7/3 is the angle between §and Z?)
= A=+3/2
> o 3
= =t —7
BxC 5 A
- 2 — —
= A =i*3'(B><C)

Therefore, the given statement is false.

- o -

X- A =0= either A =0or XLA

-

X-B =0=>either g =0or X L

&l

-

X-C=0=>either C=0 X LC
In any of the three cases, 2,1_3) Z‘=O:> [ZZS‘E‘] =0

?

- - -

Otherwise if )_f 1 1_4) )_(’ 1 f? and X 1 C,then A, B and E are coplanar.
= [ABC]=0
Therefore, the statement is true.

P e T Y

- -
Clearly vectors a — b, b — ¢, ¢ — a are coplanar

e e )

—[a-bb-cc—a] =0

Therefore, the given statement is false.
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Multiple choice questions with one correct answer

1. a.Z(§+quZ+§+E)=Z{Bx2+§x§+ﬁxq+5x2+ax§+6x5]
=Z§xZ+K§x8+X&xZ+X€x§ mmg3x2=m
=0+[ABCl +0+ [ACB]
=[ABC] -[ABC)
=0

2. d|@xb)c1=lallBlicl

= laliblsingnci=1allblcl
= lalibliclisin@cosal = |g11B112]
= Isin Bllcosxl=1
= 0=7m/2and =0
= albandclinor perpendicular to both 2 and b
:Z-B:Z-Z:Ca=0
3. d.Volume of parallelopiped = [2 Z 2]
2 2 0
=1 1 -1 =2(-1)+2(-1+3)=2
3 0 -1
4. d.Given that Z, Z,Z are non-coplanar. Therefore,
[abcj#0
— —l;x_) - ZXZ ZXZ .
AISOP= —»—)fr’q= [T 7_;= - - > (1)
[ab c] {abc] [a b c) »
Now, (3 +b) p+(b+c)-g+(c+a)r
= @B 22+ B+ XL Cra 2L
[abc] fabc] [abc]
Zl—;xz szz ZZX; e e - o o
= + + [*vb-bxXxc=ccxa=aaxb =0]

[abel [abel [abel
_[abcl [abel [abc]
labe] [abel [abe]
=1+1+1
=3
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a.Let 2 = x;+ y3'+ zllé
where x2 +y* + 72 = 1

(d being a unit vector)

coa.d=0
Sx-y=0=x=y
[bed] =0
01 -1
=|-1 0 1=0
X y z

=x+y+2=0

= 2x+2z=0 (using (ii))
=z=-2

From (i), (i1) and (iii)
X+x2+4xt =1

1
=t —=
X \/g
v +(_1_;+:-_1;) L |iri-2k
S RN AR Y il RN

b

+

. — - - Z
a Since axX(bxc¢)=

- -5 = - = e 1 i
(a c)b-(a-b)c=_b+‘gc
Since Z and Z are non-coplanar
- = 1 - - 1
a = "= = =
= ac 2 and a-b N
1 - - .
= ¢cos 6; =-— ‘5 (because g and b are unit vectors)
T
= 0= "

. e I Y
b.Since u + v +w=0,
- - )
lu+v+wlF=0

=5 -, = e e e
SHulP +lvE+ 1wl +2u-v+v-w+wu)=0

. - - - .

=9+16+25+2 (4. v + v-w+w-u) =0

B T T S

DU v+v-w+wu=-25

@

(ii)

(iai)
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8. d(a+b+0)[(a+b)x(a+c)

- - - - - — - - o — -
(a+b+c)ylaxa+axc+bxa+bxc]

e e - -
(a+b+c)laxc+bxa+bxc]

i T T T T S S S
abXxc+baxc+cbxa

=labcl-[abcl-[abc]

=—[ab c]

9. b.As ;, 3 and 7 are three mutually perpendicular vectors of same magnitude, so let us consider
p=ai,g=aj.7 =ak
Alsb let ; =x §+ Y }'+ zllz
Given that ; satisfies the equation
PXIX= @)X pl+ g XX~ 1) X g1+ 7 x[(F = p)x 7] =0 | 0
Now PX[(x=9)x p] = px[xx p=-qx pl
= PX(¥X p)= pX (g% p)
=P X-P NP~ P4+ P
_ =a2;—a2xl§—a3}'+0
Similarly,
gx((i-Fxg) = @ x-a'y j-a'k
and rx[(x—p)xri=a x—a’z k—a’i
Substituting these values in the equation, we get

3a% x - d? (x1§+y, }'+z1 ]2)—612 (a?+a}'+al§) =0

2—) . , 2 2o N
=3a x-a'x—a" (ptg+r)=0

=>2af;= (;+g+r) a
- l - 5 o
T xXT 2 (prqgtn)

1, s o .
=5 laxplic] | @



2.164

11.

12.
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Wehave,z = 2§+}'—2/A< and b = ?+3

= axb=2i-27+k

:IZXZI=J§ =3

Alsvo given IZ—ZI.=> 22

=lc-afl =8

=liclP+lal-2ac =8
Given|2l=3and2-z =IZI,usingtheseweget

1212—2|2|+1=0

C = (feh-17 =0

= Il =1
Substituting values of lax blandlcl m (i), we get

- - - 1
I(a xb)Xx cl=§x3x1=

N W

& As o is coplanar with a and Z,we take ¢ =0 a +ﬁZ
where o and 3 are scalars.

As ¢ is perpendicular to Z,using (i), we get,

0=aa-a +BZ-Z

=0=a@)+2+2-1)=32a+pP

= f=-2a

Thus, c=at (a -2b)=0 (-3j+3k) =3a (=j + k)

=1 ¢ Pk=18¢?

=1=18a2

1
=+ —F
= _3\/5

- 1
Soec=2 ﬁ (=j+k)

b.Givena + Z to= 6 (by triangle law). Therefore,
ZX(Z+Z+Z)=ZX6

- - -
aXa+axb+axc=0

- - -

N
axXxb =cXa

®
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14.

15.
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Similarly by taking cross product with Z, we get ax Z =bx Z

E ) -

axb = sz = 2><a
a. Given that Z, Z,Zand d are vectors such that (axg)x(zxg)=0 6]

P, is the plane determined by vectorsz and Z . Therefore, normal vectors r_z’1 to P, will be given by

- o

N
m=axb

Similarly, P, is the plane determined by vectors Z and 2 . Therefore, normal vectors 1:2 to P, will be
given by

n=cxd

Substituting the values of r_l: and r;; in (i), we get

mxm =0

Hence, 7’_1)1 Ilr_z;

Hence, the planes will also be paraliel to each other.
Thus angle between the planes = 0.

- - - . - - - - - -5 A
a. a,band ¢ are unit coplanar vectors,2a — b,2b—2cand 2c—a are also coplanar vectors, being
- = -
linear combination of a, b and ¢ .
R T T T T
Thus, [2a-b2b—c 2c—-al =0
b. cAz, b and ¢ are unit vectors.
Now x=la—-bl+tb—cP+lc—qal
1 AA A A A A A A A A A A
= E(a-a+b-b+c-c)-2a-b—2b-c—2c-a
=6-2(ab+bc+ca) . . @

Also, la+b+cl> 0

= a~a+b-b§c-c+'2(a-b+b-c+c-a) 20

=3+2 (cAz-lA)+2-'(A:+2-zAz)->- 0

=2(@btbctc-a)z -3

=-2(b+bc+ea)< 3

=6-2 (ab+borea<9 0)
From (i) and (ii), x< 9

Therefore, x does not exceed 9.
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16.

17.

18.

19.

Vectors & 3D Geometry

b.Given that Z and Z are two unit vectors.
clal=1andlpl=1

Also given that (Z + 25)-(52 —43) =0

=51af ~8151 —4a-b+10b-a=0

=5-8+64a-b =0

= 6|Z||ZICOS6=3 (where @ is the angle between ZandZ)

=cos 0=1/2
= 0=60°

c. Given that \7:2?+;’—/2andﬁ)7=?+3]2and U is a unit vector
101 =1

A

GBi-77-k)

3 +7* +1* cos @which is maximum when cos 8= 1

Therefore, maximum value of [(7 % V_V)] =./59

1l

A D A A - A A

¢. Volume of parallelopiped formed by ;=§+a}'+k, v=j+ak>w=ai+k is

1 a 1
V=luvwl=|0 1 a
a 0 1

=11-0-a(0-a»)+10-a)
=l+ad*~a

dv
For Vto be minimum, T 0
a

=3a*-1=0

1
:a:iﬁ | : %

1
Buta>0:>a=$

¢ (axb)xa = (a-a)b—(a-b)a
G-lyx(+j+ky=\B)b —(+j+h

:>3l_7>=3§ :>Z=§
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- - S - -
20. ¢ Any vector coplanar to @ and b can be written as r = Ha+p

21.

22,

;)=(,u+2/1) ?+(—u+,1) }'+(,u+l)lz since » is orthogonal to 5}'+2}+61€
= 5(U+28) +2 (- + D)+ 6(u+ ) =0 '

=9u+181=0
1

=>l=—5,ll

L r=AM3j-k)

. n . . A
Since 7 is a unit vector, r =

- - - -
22 - c-a- C'bl_)
a02 a C——)za——)z 1
laP 151
- - - -
RN a-c -, cb - -
=qc - lal® ~—L(a -b)
lal® b PP

42_(22)(52)—2 : —>‘-—)
=Y - - 1.7
lal |b, I?
=b.c ~0-b.c (using . g =0)

a.AvectorintheplaneofZandz is u =,LLZ +Ab =(u+) §+(2u—l) }'+(u+l)l€

. . . it -
Projectionof 4 on ¢ =

Sl

- >

_,ouc 1
HERE
=, .c=1

S+ A+2u-A-p-A=1
=Ru-A=1
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=A=2ut1
= u = 2§+3‘+21Ac or 4;—}'+412
23. a.|a’)l=lacost+l§sintl

A A
=(cos?t+sin’t+2costsint a-b)"’

= (1+2cosz‘sintcAz-lA7)'/2
= (1+sin 2t a-b)"?
< 1OPl,, =(1+ab)" whent=r/4
a+b
la+bl
N
V2

A A
a+b

A
u =

RVEYY
24. ¢ (axb)-(cxd) =1ispossible only when |a x bl=l¢xdl=1and (axb) I (¢xd).
Since Z.Z=-12- andif blld, then Ic xdl#1
25. b. Angle between vectors XB and AD is given by

AB-AD 2420+ 722

8
VABMAD] 4+100+121\1+4+4 9
=5 cosa = cos (90° - 6) = sin = %
26. a
S (=31 +2)) R+
M

P(21-%) » 0@
' Fig. 2.56
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A

Evaluating midpoint of PR and QS which gives M = |:l§ + }] , same for both.

PO=SR=6i+]

PS=QR=-1+3]
.

- PQ~PS:tO

PQII SR, PSIQOR and | PQ|=1SRI,1PSI=I0R|

I

Hence, PORS is a parallelogram but not rhombus or rectangle.
27. e.v=Ad+ub

=AM+ )@ -+ k)

Projection of v on ¢

LA+ it A-mi+ A+ mkl-d-j-k _ 1
V3
DA+p-A+pu-A-pu=1

&

=>u-A=1

=>A=pu-1
=SV=U-DC+j+b)+ui@-j+k
S v=Qu-Di-j+@Qu-1k
Atp=2,v=3i —j+3k

Multiple choice questions with one or more than one correct answer

- A A A

1. c.Wearegiventhata=qi+a,j+ak
- A A A
b=bi+b,j+bk
- A A

A
c=citec jtak

2

aq 4, a4,
Then b b, b| =[abcl
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= (laxbl-1cos0° (sincecis Ltoaandb, cis L tog x5

= (laxbly

2
=(|2|1b|-sin£)
6

2
1
(5\/a12+a22+a§ \/b12+b22+b32)

il

(af +a2 + a; ) (b? + b2 +b)

o=

2. b Weknow thatif » is perpendicular to a as well as Z_;, then

- o - o
. axb bxXa
n="5 S5 O 53

laxbl lbxal

- > "
As axbandbXa represent two vectors in opposite directions, we have two possible values of #

-

3. a.,c.Wehave g = 2?—;’+I€, b= ?+2}'—IAC, c= ?+}’—21A<
Any vector in the plane of Z and ¢ is
w=pb+ic
= pG+2j -k +AG+j-28)
=(#+/1)?+(2u+l)}'—(,u+21)12
Given that the magnitude of projection of u on El) is \/2/3

\E_
= 3—

2 ‘2(u+l)—(2u+l)—(u+2l)|

37 J6 |

3=

- -
u-a

la)

=|-A-ul=2

= A+u=2orA+pu=-2

Therefore, the required vector is either 27+ 3}' —3kor—2i— ; +5k.
4 cuywl=[wal=lwn ]

-

but [v 4wl =— [u v w]
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a., ¢. Dot product of two vectors gives a scalar quantity.

. - o - - A . A - - .
a,c.Wehave y=axb=1lallblsin@n =sin @ n, where ¢ and b are unit vectors. Therefore,

s .
|y]|=sin @
5

a-— (Z-Z)Z

5
Now, u

-

= a—bcos §(where a-b =cos 0)

. —)2_ - — 2
S lul"=la—->bcos 8l
=1+cos?280—2cos @-cos &

=1-cos?8=sin? O= W2
= -
=lul=Ivl

- - -
AISO, ub= a-
-

a

-, - - =2
SoAvli=tyl+lu-blisalso correct.

a., c.,d.
- 1 A A
a==2i-2j+k)

3
—)2 1 -
lal =§ (4+4+1)=1=>Ial=1

Let b = 2i —4j+3k. Then

ab 5 -
cosf=—F5—7F=—7==0z= “
lallbl 29 3

A

Letc=—i+j-L k=34 ¢la
2

1
2
Letd =3i+27+2k. Then a-d=0= a ld
b.,d. Normal to plane P is
no=Q7+3k)x @] —3k)=—187

Normal to plane P, is

n=(-kx@3i+3)) =31 -3j-3k

SAds parallel to £+ (2 xr;;) ==+ (—54}'+5412)



2.172 Vectors & 3D Geometry

Now, the angle between A and 27+ 3 —2k is given by

(-547+54k)- Qi+ j—2k) 1

cos =+ =+
5423

S

0= rm/dor 37/4
9. a.,d.Any vector in the plane of Z=;+}'+212andl_;=§+2}+;< is
r=aG 2y uG+ 25+ k)
SA+Wi+tA+20) 7 +0QA+ Wk
Also F is perpendicular to the vector  + ] +k
=7-¢=0
= A+u=0

Possible vectors are J — k or -]+ k

Integer Answer Type
1. 5)E=Qa+b)-laPb—-(G-b)a-2@G-b)b+21b1a]

2-2

G b="-2=0
J70

lal =1

bi=1

=  E=Qa+b)-[21bPa+lalb]
=4lalPlbP+ial @ b)+21b P (b-a)+lallbP
=5lalibP =5

2. (9 Fxb=2¢xb

taking cross product with @

GX(Fxb)=ax(cxb)

= (@-b)F —(G-F)b=ax (& xb)

= F=-31+6]+3k

=7-b=3+6=9
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DIRECTION COSINES AND DIRECTION RATIOS

From Chapter 1, recall that if a directed line L, passing through the origin, makes angles o, Sand y with the
x-, y- and z-axes, respectively, called direction angles, then the cosines of these angles, namely, cos &, cos 3
and cos y, are called the direction cosines of the directed line L.

If we reverse the direction of L, the direction angles are replaced by their supplements, i.e., 7 —~a, 7 — B
and 7 — y. Thus, the signs of the direction cosines are reversed.

X Fig. 3.1

Note that a given line in space can be extended in two opposite directions, and so it has two sets of
direction cosines. In order to have a unique set of direction cosines for a given line in space, we must take the
given line as a directed line. These unique direction cosines are denoted by [, m and n.

If the given line in space does not pass through the origin, then in order to find its direction cosines, we
draw a line through the origin and parallel to the given line. Now take one of the directed lines from the origin
and find its direction cosines as two parallel lines have same set of direction cosines.

Any three numbers which are proportional to the direction cosines of a line are called the direction ratios
of the line. If /, m and n are direction cosines and 4, b and ¢ are the direction ratios of a line, then a = A,
b=Am and ¢ =4x for any non-zero A € R.

Notes:
1. Direction cosines of the x-axis are (1,0, 0).
Direction cosines of the y-axis are (0, 1, 0).
Direction cosines of the z-axis are (0, O: 1).

2. Let OP be any line passing through the origin O which has direction cosines cos &, cos Band cos %,
L.e., (,, m, n) where distance OP = r = Coordinates of P are (r cos @, r cos B ¥ cos ).

3. Ifl, mand n are the direction cosines of a vector, then B + m?> + n? = |.

4. 7=l rl (l?+m}'+nl§) and r=li+m}+nk.
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Direction Ratios

5
Let [, m and n be the direction cosines of a vector r and a, b and ¢ be three numbers such that a, b, ¢ are
proportional to /, m and n. Therefore,

Lom_n =kor (I, m, n) = (ka, kb, kc)

a b c

Hence, a, b and ¢ are direction ratios.

For example, if (1/\/_3_, —1/\/5, 1/\/3) are direction cosines of a vector 7, then its direction ratios are
(L-1,Dor(-1,1,-1)or (2,-2,2) or (A, -4, A) ...

It is evident from the above definition that to obtain the direction ratios of a vector from its direction
cosines, we just multiply them by a common number.

“That shows there can be an infinite number of direction ratios for a given vector, but the direction
cosines are unique.”

Direction ratios of a line joining two points
For points P (x,, y,, z,) and Q (X3 Y50 2,)s
Vector Fé: (x, —x,) zA'+(y2 -y) }'+(z2 -z) k,
Then the direction ratios of PQ are < (= x), (3,~y)s (2,—2) >

To obtain direction cosines from direction ratios

Let a, b and ¢ b e the direction ratios of a vector 7 having direction cosines /, m and n.
Then, [ = Aa, m =Ab, n = Ac _ (by definition)
P+rm+nr=1
= a+ b+ =1

1
> A=t
Nat +b* +¢?
= == a m=* b n=x—©O
Vb et N +bh vt Ja e biec?
Example:

Let the direction ratios of a line be 3, 1 and —2.

Direction cosines are

B

-

r -

-2
14’\/1—4)

Q’

3 1 -2
2,12 .92 22120 22 2211240 2 :( 14°
VFHP (2 B P +(=2)7 B+ 4 (2)

Notes:
MR L . a b c
1. If r =ai+b j+ ck isavector having direction cosines I, m and n, then [ = —,m=—=,n= —
: ’ e [ 7] [ri

2. Direction cosines of parallel vectors:

Leta and b be two parallel vectors. Then b =la for some A.
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Ifa=ai+a,j+a, 12, then b =da = b= (/la,)§+ (la2)3'+(l‘a3)fc
This shows that Z has direction ratios Aa, Aa, and laj,, i.e., a, a, and a, because

e - . . . . .
Aa,: Aa,: da,=a,:a,:a » Thus, a and p have equal direction ratios and hence equal direction
cosines too.

171 A
— L (ai+bj+ck).
Na* +b* +¢?

- - - Lo
Projections of r on the coordinate axes are: Iir|, mir| and nirl.

- -
3. Ifthe direction ratiosof r area,bandc = r =

5. The projection of a segment joining points P (x;, ¥y 2)) and Q (x,, y,, 2,) on a line with direction
cosines I, mand nis (x, —x ) [+ (y, —-y)m+(z,-z)n
6. If ll, m, n, and lz, m,, n, are the direction cosines of two concurrent lines, then the direction
cosines of the lines bisecting the angles between them are proportional to [,£1,m +m, and
n*n,
1 2

7. Acute angle 6 between the two lines having direction cosines l], m,n, and lz, m,, , is given by

. , 2 2 2
cos 0=l + mm,+nn), sin 0= \/(l1 my—bLm) +(mn,—mn) +ml,—nl)

8. If a, b], c,anday, b, ¢, be the direction ratios of two lines, then the acute angle 6 between them
laya, +b'b, +¢ c,|

J¢+H+&Jé+%+ﬁ

is given by cos 6 =

V@ b, —a, b)Y + (b c,~b, ) +(c, a, — ¢, @)
\/af + b} +cha§ +0+ct
9. Two lines having direction cosines L,m,n and l,m, n, are

a. perpendicular if and only if [, + m,m, + nn,=0.

sin 0 =

b. parallel if and only if L} =
L m
10. Two lines having direction ratios a,b,c anda,b,c,are
a. perpendicular if and only if a,a, + bb,+cc,=0
h_a

b. parallel if and only if &2 =

a, h G
Direction ratio of line along the bisector of two given lines

Ifi, m, and n and L,,m, and n, are the direction cosines of the two lines inclined to each other at an angle 6, then
the direction cosines of the
L . . L +1 m, +m, n, +n,
a. internal bisector of the angle between these lines are , =— an )
and 2cos(8/2) 2cos(0/2) ~ 2cos (8/2)

. v . I -1 m, —m n—n
b external bisector of the angle between the lines are ——2 1 o

2s5in (8/2) 2sin (072) " 2sin (872)
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Proof:

B ' 0]
Fig. 3.2
Let OA and OB be two lines with direction cosines [, m, 1, and [, m,, n,. Let OA = OB =1. Thenthe

coordinates of A and B are (I, m, n ) and (I,, m,, n,), respectively. Let OC be the bisector of ZAOB. Then C
is the midpoint of AB and so its coordinates are

‘ (l,+—l2 m+m, n+n,
27 2 7 2

[ +1 +m n+n
1 2,”"1 2 and i

2 2 2
L+1Y m +m,\ n+n\
We have OC = 2 o2 2
2 2 2

1 3
= E\/Ellz+m]2 + a2+ + mE +n3)+2(L1, + mm, + mn,)

-Thérefore, the direction ratios of OC are

= %x/z+'200s9 (v cos O=11,+mm,+nn)
]
= %,/2(1+cos 0) =cos(5)

L+, m+m, n+n,

Therefore, the direction cosines of 0—)C are , )
2(0C) 2(0C) 2(0C)

. L +1, m, +m, n+n,
2c0s(6/2) 2cos (0/2)" 2cos (8/2)
In Fig. 3.2, OE is the external bisector.

The coordinates of E are h=b , MM and

2 2 2
Therefore, direction ratios of OFE are L=l , i ;mz and ;nz
Also, OF = % J2—2cos 0
1
= 5 J2 (1-cos6)
=sin (8/2)
Therefore, the direction cosines of ﬁ are L2 e g ~

2sin (8/2)° 2sin (872) ©° 2sin (8/2)
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If o, Band ¥ are the angles which a directed line makes with the positive directions of the
co-ordinates axes, then find the value of sin* @+ sin® B + sin® .
Sol. The direction cosines of the line are I = cos o, m = cos S and n=cos ¥.

Since I + m* + n? = 1, cos® a + cos? B+ cos?y=1

=1 —sin’a+ 1 —sin?f + 1-sin’y =1

= sin0 + sin’f + sin’y =2
A line OP through origin O is inclined at 30° and 45° to OX and OY, respectively. Then find
the angle at which it is inclined to OZ.
Sol. Let [, m and n be the direction cosines of the given vector. Then £2 + m2 + n?=1.

If I =cos 30°= \/5/2,m=cos45°= 1/\5, then%+%+n2=1.

= n? = —1/4, which is not possible. So, such a line cannot exist.

ABCisatriangleand A = (2,3, 5), B =(-1,3,2) and C = (4, 5, ). If the median through
A is equally inclined to the axes, then find the value of A and p.

Sol.

A2,3,5)

B(-1,3,2) - CA, 5, 1)

Fig. 3.3

Midpoint of BC is (%‘—1 4,2 “; K )

Direction ratios of the median through A are

5,1and'u—8-
2

2,4 3and 2TH 5 i, A7
2 2
The median is equally inclined to the axes; so the direction ratios must be equal. Therefore,

A5 _no8
2 T 2
A line passes through the points (6, —7, — 1) and (2, — 3, 1). Find the direction cosines of
the line if the line makes an acute angle with the positive direction of the x-axis.

=2A=7,u4=10

Sol. Let [, m and n be the direction cosines of the given line. As it makes an acute angle with the x-axis,
{ > 0. The line passes through (6, — 7, — 1) and (2, — 3, 1); therefore, its direction ratios are (6 —2,
—7+3,-1-1)or (4, -4, -2). Hence the direction cosines of the given line are 2/3, ~ 2/3 and — 1/3.

Find the ratio in which the y-z plane divides the join of the points (2,4, 7) and (3,-5, 8)

Sol. Let the y-z plane divide the join of P(-2, 4, 7) and Q(3,— 5, 8) intheratio A : 1.

(31—2 —5A+4 8A+7
A+17 A+l 7 A+l
3A-2

— ~ =0Qor34A-2=0
A+1 or

SoA=23

) is in the y-z plane. Then its x-coordinate is zero.
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IfA(3,2,-4),B(5,4,-6) and C(9, 8, - 10) are three collinear points, then find the ratio in
which point C divides AB.

Sol.  Let Cdivide ABintheratio A: 1. Then
SA+3 4A+2 —64-4
= , : =(9,8-10
(/‘t+1 A+l A+1 ) ( )
Comparing, 5A+3 =94+ 9 or 44 = —
T A=-312
Also, from 44 + 2 =81 + 8 and - 64 — 4 = —10A — 10, we get the same value of A.

If the sum of the squares of the distance of a point from the three coordinate axes is 36,
then find its distance from the origin.

Sol. Let P(x, y, z) be the point. Now under the given condition,

[\/xz + yz]z + [\/y2 +Z2]2 +[ lzz +x2]2=36
=>2+y*+72=18
Then distance from the origin to point (x, y, z) is

\/x2+y2+z2 = \/1—8=3\/§

L1 Aline makes angles @, f, ¥ and §with the diagonals of a cube; show that cos® @ + cos? B+
" cos’y + cos?6=4/3.

Sol. The four diagonals of a cube are AL, BM, CN and OP.

z
A
C(0, 0,a) Mia, 0,0)
»
L0, a,q) GLL)
» X
0 A(a, 0, 0)
5 B0, a,0) Ma,a,0)
Y
Fig. 3.4

Direction cosines of OP are — and .
-Direction cosines of AL are —=and —.
f f I

Direction cosines of BM are — and .
55
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-1

E.

Let I, m and n be the direction cosines of a line which is inclined at angles &, ﬁ, Yand 0, respectively,
to the four diagonals; then

1 1
Direction cosines of CN are —=, —=and
NG

1 1 1
cos=l-—+m—=+n—
NERRENE) 3
l+m+n
BN
~l+m+n

Similarly, cos 8 =

NE

cos ¥ = [-m+n
B
cos 5= I+m—n

N

c0s2¢t + cos?f3 + cos* Y+ cos?d = % [(U+m+nl+l+m+nP+(-m+nP?+ (I +m-n)

= l-4(lz+m2+nz)= 4
3 3

Find the angle between the lines whose direction cosines are given by [ +m +r =0 and
20 + 2mt —n? =0.

Sol. Prm*+nt=1 : 6)]
l+m+n=0 (i)
2P +2m*—nt=0 (iii)
2l -n)=m*=3n’=2=n=+J2/3 (iv)
2P+m)=r=((l+m)yY=>1=m » v)

[+m=xJ2/3 =2l= +2/3

I=+1/6 ,m=11//6
Direction cosines are .

[%’ _\/IE’\EJand (%,%’_\E]

The angle between these lines in both the cases is cos™ (—%) .
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Three-Dimensional Geometry 3.9

A mirror and a source of light are situated at the origin O and at a point on OX, respectively.
A ray of light from the source strikes the mirror and is reflected. If the direction ratios of
the normal to the plane are 1, -1, 1, then find the DCs of the reflected ray.

Let the source of light be situated at A(a, 0, 0), where a #0.
Let OA be the incident ray and OB the reflected ray.

ON is the normal to the mirror at O. Therefore,

ZAON = ZNOB = 6/2 (say)

Direction ratios of OA are a, 0 and 0 and so its direction cosines are 1, 0 and 0.
Direction ratios of ON are 1/ \/5 ,— 1/\/5 and 1/ x/§ Therefore,
LAON=ZNOB=(6/2) (say)
cos (6/2) = 1/4/3
Let /, m and r be the direction cosines of the reflected ray OB.
[+1 1 m+0 1 and n+0 1
2c0s(8/2) 3 2cos(6/2) 3 2c0s(6/2) 3

Concept Application Exercise 3.1

10.
11.
12.

If the x-coordinate of a point P on the join of Q(2, 2, 1) and R(S, 1, -2) is 4, then find its
z-coordinate.

Find the distance of the point P(a, b, ¢) from the x-axis.

If ? is a vector of magnitude 21 and has direction ratios 2, —3 and 6, then find 7:

If_P)(x, ¥, z) is a point on the line segment joining Q(2, 2, 4) and R(3, 5, 6) such that the projections of
OP on the axes are 13/5, 19/5 and 26/5, respectively, then find the ratio in which P divides QR.

If O is the origin, OP = 3 with direction ratios —1, 2 and —2, then find the ¢ dinates of P,

A line makes angles ¢, ff and y with the coordinate axes. If o+ 8=90°, then find ¥.

The line joining the points (-2, 1, —8) and (&, b, ¢) is parallel to the line whose direction ratios are 6,
2 and 3. Find the values of @, b and c.

If a line makes angles ¢, B and y with three-dimensional coordinate axes, respectively, then find the
value of cos 20 + cos 23 + cos 27.

A parallelopiped is formed by planes drawn through the points P(6, 8, 10) and Q(3, 4, 8) parallel to
the coordinate planes. Find the length of edges and diagonal of the parallolepiped.

Find the angle between any two diagonals of a cube.
Direction ratios of two lines are a, b, ¢ and 1/bc, 1/ca, 1/ab. Then the lines are

Find the angle between the lines whose direction cosines are connected by the relations [ + m + n
=0and 2im+2nl —mn = 0.
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EQUATION OF STRAIGHT LINE PASSING THROUGH A GIVEN POINT AND PARALLEL
TO A GIVEN VECTOR

Vector Form

Line Passing through Point A(Z) and Parallel to Vector b

Let A be the given point and let AP be the given line through A.

VA —
A /2/
P l
A
«— |
a -
-
»Y
o
X
Fig. 3.5

Let b be any vector parallel to the given line.
- -
Position vector of point A is a.
N
Let P be any point on line AP, and let its position vector be r.

—_s — —

Then, we have r= OP=0A+ AP=a+ Ab (where, E =2b).
Hence, the vector equation of straight line; ;) = Z + /ll_;. @)

Here, ;) is the position vector of any point P(x, y, z) on the line. So r = x§+ y }+ zlAc.
In particular, the equation of straight line through origin and parallel to bisr =Ab.

Cartesian Form

Let the coordinates of the given point A be (x,,y,»z,) and the direction ratios of the line be g, b and c¢. Consider
the coordinates of any point P be (x, y, z). Then

Ed A A A - A A A - A A A
r=xi+yj+zk;a=xi+y j+zk and b=ai+bj+ck
Substituting these values in (i) and equating the coefficients of i, jand k , we get

x=x+Aa;y=y +Abiz=z + A
These are parametric equations of the line.
— X% Y =N 2T,

o x
Eliminating the parameter A, we get = 5 =
a ¢
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Notes:
1. Here any point on the line is (x, y, 7) = (x,+Aa,y, + Ab, z, + Ac) (A being a parameter).

2. Since the x-,-y- and z-axes pass through the origin and have direction cosines (1, 0, 0), (0, 1, 0)
and (0, 0, 1), their equations are

x-0_y-0_ z-0

Equation ofx-axzs:’ ] 0 0 ory=0,z=0
%20 y=0_ z-0 '
Equation of y-axis . —— = = orx=0,z=0
0 1 0
-0 -0 z-0 o
Egqiation of z-axis : xO =y0 =Zl or x=0,y=0

EQUATION OF LINE PASSING THROUGH TWO GIVEN POINTS

Vector Form

B

Fig. 3.6

— 5 —

From the figure, OP = 7, OA = 2 and EE = Z
Since H; is collinear with E, XI—; = /IE?) for some scalar A.
= OP-0A = A (OB - 0A)
= r—a=41 (Z - Z)
= r=a+Ab-a) L | o )
“Therefore, the equation of a straight line passing through a and b is r=a+ A (b —a).

Cartesian Form

A

- S " ~n= n A A - A A
We have r=xi+yj+zk,a=xi+y j+zk and b =xi+y,j+z,k.
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Substituting these values in (i), we get
x?+y}'+ zlAc = xl?+yI }'+z112 + A [(x, —)cl)§+(y2 —yl);'-+-(z2 —z,)lz]
Equating the coefficients of ;, }'and Ig, we get
x=x + Mx,=x)y=y,+ Ay, -y)z=2+ Mz, - 2,)
X~ X4 Y~ X 7~z

On eliminating A, we obtain = = =4
& Xy =X Y2 = N 2 — %

which is the equation of the line in Cartesian form.

The Cartesian equation of a line is x

-3 _y+1_ z-3
B 5

3 . Find the vector equation of

the line.

_y+l_z-3
-2 5
Note that it passes through (3, —1, 3) and is parallel to the line whose direction ratios are 2, —2 and

Sol. The given line is i

5. Therefore, its vector equation is 7= 3i- }'+ 3k+ ),(2?— 23'+ 51A<) , where A is a parameter.

¥%) The Cartesian equations of a line are 6x ~2 =3y + 1 =2z — 2. Find its direction ratios
S and also find a vector equation of the line.

Sol. The givenlineis 6x ~2=3y+1=27-2 6)
To put it in the symmetrical form, we must make the coefficients of x, y and z as 1. To do this, we
x=(1/3) _y+@/3) z-1
2 T3
This shows that the given line passes through (1/3, —1/3, 1) and is parallel to the line whose direction
ratios are 1, 2 and 3.

divide each of the expressions in (i) by 6 and obtain

-

. . . 1 A 1 A A A A A
Therefore, its vector equation is r = 3 i— 3 JHk+AG+2 j+3k).

A line passes through the point with position vector 2i ~ 3}' +4k andisin the direction

of 3/1'\ + 43’ - 52 . Find the equations of the line in vector and Cartesian forms.

Sol. Since the line passes through 2i — 3}' + 4k and has direction of 37 + 4}' — 5k , its vector equation is
r=a+ Ab = r=27 —3}'+4l§ +A (3§+4}'—512), where A is a parameter. 1)

x=2 y+3 z-4

Cartesian equivalent of (i) is 1 3

Find the vector equation of line passing through A(3, 4, —7) and B(l -1, 6). Also find
its cartesian equations.

Sol. Since the line passes through A(3i +4j—7k) and B(i —j+6k), its vector equation is
F=3i+4—Th+A[G-j+6k)—(3i+45-70)]
or F=3i+4j—Thk-AQi+5;j-13k) @)
where A is a parameter. |

_y—4 z+7

The Cartesian equivalent of (i) is *- s =3
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Find the vector equation of a line passing through (2, -1, 1) and parallel to the line whose

x=3_y+1_2z-2

equation is
7 =3

-3 y+l z-
7 -3

Sol. Since the required line is parallel to al , it follows that the required line passing

through A (2/1} - }'+ lAc) has the direction of 2; +7 ; - 312 .Hence, the vector equation of the required

line is r:2?—}+l§+l(2;+7j—3;<) where A is a parameter.

Find the equation of a line which passes through the point (2, 3, 4) and which has equal
intercepts on the axes.
Sel. Since line has equal intercepts on axes, it is equally inclined to axes.

= line is along the vector a(i+ j+k)

-2 - -4
=> Equation of line is LA 4 I 3 =X !
. . . x=-1_y+2 =z,
Find the points where line = = B = 1 intersects xy, yz and zx planes.
Sol. Line meets xy-plane where z =0
- 2
Hence from the given equation of line, x1 = _Xil_ = %
= x=landy=-2.
= Line meets xy-plane at (1, — 2, 0).
Line meets yz-plane where x =0
Hence from the given equation of line, o-t = le = %
-1 3
= z=—and y=——
5 y
. 3 -1
= Line meets yz-plane at | 0, — 5 7
Line meets zx-plane where y=0
x=1 0+2 ¢

Hence from the given equation of line — =1

= z=-2,x=-3
= Line meets zx-plane at (— 3, 0, — 2)

Find the equation of linex + y —z ~ 3 =0 = 2x + 3y + z + 4 in symmetric form. Find the

direction ratios of the line.

Sol. In the section of planes we will see that equation of the form ax + by + ¢z + d = 0 is the
equation of the plane in the space.
Now equation of line in the form x + y — z— 3 = 0 = 2x + 3y + z + 4 means set of those points in space
which are common to the planes x + y — z — 3 =0 and 2x + 3y + z + 4 = 0, which lie on the line of
intersection of planes.
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For example, equation of x-axis is y = z = 0 where xy-plane (z = 0) and xz-plane (y = 0) intersect.
Now to get the equation of line in symmetric form , in above equations, first of all we eliminate any
one of the variables, say z. .
Thenaddingx+y—-z-3=0and2x+3y+z+4=0,

3x+4y+1=00r3x=-4y—1=A(say)

A A+1
= x=—,y=——
3 4
A +1
Putting these values inx + y — z — 3 = 0, we have -3—+;L——z 3=0
= A=39+127
Comparing values of A, we have equation of line as
3x=-4y-1=12z+39
y+-= z+1—3
or 2=—4y—1=12z+39 or = 4 _ 4
12 12 12 4 -3 |

1 13
Hence the line is passing through point (O, T Z) and having direction ratios 4, — 3, 1.

If we eliminate x or y first we will get equation of line having same direction ratio but with
different point on the line.

Examp!e'-?’ 8- Find the equatlon ofa hne which passes through pomtA(l 0,-1)andis perpendlcular tothe
straight lmesr = 21 —J +k+ /1(21 +7J 3k)andr -—31-—]+3k + 2.(21 —2] +5k)

Sol. Since the line to be determined is perpendicular to the given two straight lines, it is directed towards
vector
ik
(2Qi+7j-3k)x (2i =2j+5k) =2 7 -3 =29i-16,-18%
2 2 5

Hence, the equation of the line passing through point A(1, 0, —1) and along vector 29; - 16;‘ - 18]A< is
x—1 Yy _z+l 1
29 -16 -18 -
Exampie 3 79 Find the coordinates of a point on the line
the point (1, —- 1, 0).
Sol. Any point on the given line is (2r + 1, —3r — 1, 1), its distance from (1,-1,0)

= @2+ (3rp+ri= (4I4)

= r==%4

y+1
-3

=z at a distance 4\/ﬁ from

= Coordinates are (9, —13,4) and (-7, 11, —4) and the point nearer to the originis (-7, 11, —4).
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ANGLE BETWEEN TWO LINES

Let the given lines be

=a+Ab G
. — Vector form

, , , ¢ — Cartesian form
X=a y-a z-a

b b, by

Clearly (i) and (ii) are straight lines in the directions of b and b , respectively.
Let 0 be the angle between the straight lines (i) and (ii).

Then 6is the angle between vectors: b and b Therefore,

-

bb

- o
(61151

cos 6 =

b = bi+b, j+bk, b = bi+b, ] +bk

-

v BB = bb/+ b, +bp!
and 151 = (B2 +b2+52 , 1571 = BB+ b7

bb/+b,b; +b.b;
B2 + B2+ BB + b + b

=cos 8 =

‘Notes:
1 I the lines are perpendicular, then 5-b' = 0 = bb/+b;b] +b;b; = 0.

2. Ifthe lines are pardﬂel, then b=Ab’ for some scalar A = L

v, b b

Find the angle between each of the following pairs of lines:
i r=3i+2j-ak+AG +2] +2k);7 =51 - 28+ (37 +2)+6k), where 4 and y are
parameters.

x+4 y-1_ z+3 x+1_y-4 z-5
3 5 4’ 1 1 2

ii.
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Sol. i. Lines are along vectors, l;: =§+23’ +2k and l;; =3i +2} +6k

If @is the angle between the two given lines, then

le;; OHB+R)2)+(2)(6) 19 19 ~ (19)
c0s 0 = ——5~ = = =— =0 =cos'|—
b1 JE+2+2E 42246 (D 21 21

ii. Lines are along vectors 51 =3 +57+ 4k and 52 =i+ ]+ 2%

If @ is the angle between the two given lines, then

e OOFOO+@@ _ 345+8
32452442 P 412427 V9+25+161+1+4

16 16 _@:6._%_,(@/_5}
T s2v6 sazs 15 T

. Find the condition if linesx =ay + b,z =cy +dandx =ay +b’,z=c’y +d’are perpendicular.

Sol. The equations of straight lines can be rewritten as

x-b y-0 z-d
a 1 c

x=ay+b,z=cy+d:>

x=b y-0 z-d’
a 1 c’
The above lines are perpendicular if aa”+ 1-1 4 ¢-¢”=0.

andx=a’y+bz=c"y +d' =

PERPENDICULAR DISTANCE OF A POINT FROM A LINE

Foot of Perpendicular from a Point on the Given Line

Cartesian form

* e, B,7)

Ae ] > ” - B
L ai+b]"\+ck

Fig. 3.7
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Here, the equation of line AB is TN =
a b c

Let L be the foot of the perpendicular drawn from P(c, f3, 7) on the line aank. =
: a

Let the coordiantes of L be (x, -i-al, y, +bA, z,+ch).

Then the direction ratios of PL are (x, + aA — &, y, + bA— B,z + cA— .
Direction ratios of AB are (a, b, ¢).

Since PL is perpendicular to AB,

a(x, +al—o)+b(y, +bA-P)+c(z, +cA-P=0

a(@—x)+b(PB-y)+c(y—-=z)
a+b+ct

A=

Putting the value of Ain (x, + aA, y, + bA, z, + cA), we get the foot of the perpendicular. Now we can get

distance PL using distance formula.
Vector form

? P(@)

L(a +4b)
Fig. 3.8

Let L be the foot of the perpendicular drawn from P (&) onthe line r =a +Ab.

- - o -
Since r denotes the position vector of any point on the line r = a + A b, the position vector of L will be

(a+ ll_;) L .
Directions ratios of PL= a—a+ Ab -

Since PL is perpendicular to b,
(a-a+AiAb)-b =0

l

= (a-a)b+Ab-b =0

—(@-a)-b

= A= —
' b

= Position vector of L is a- [(—“_j"—)b]i which is the foot of the perpendicular.
bl
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Image of a Point in the Given Line
® P(a, B,y)

Ao— A ¥

VL

L]
Q(Image)(@', B, ")
Fig.3.9
Since L (foot of perpendicular) is the midpoint of P and Q (image of a point P in the line), we can get Q if
L is found out.

Find the coordinates of the foot of the perpendicular drawn from point A(1, 0, 3) to the join
: of points B(4,7,1) and C(3, 5, 3). '
Sol. Let D be the foot of the perpendicular and let it divide BC in the ratio A : 1. Then the coordinates of
3A+4 54 +7 34 +1
, and :
A+l A+1 A+1

D are

Now, ELEE:E% =0
=2 2L+ 3)+26A+7 +4=0

= A =-

P

= Coordinates of D are g, % and 1—7

3

Sol. Let P be the foot of the perpendicular from A(2, 3, 4) to the given line [ whose equation is

y 1-z2 x—4 y z-1 : : :
=< = or === =k (say). Therefore, 1
6 3 -2 6 -3 (s2y) - ®

x=4-2k,y=6k,z=1-3k

As P lies on (i), coordinates of P are (4 — 2k, 6k, 1 — 3k) for some value of k.
The direction ratios of AP are

(4-2k-2,6k—3,1—-3k—4)or (2 -2k, 6k—3, -3 —3k).

Also, the direction ratios of [ are -2, 6 and —3.

Since AP 1 1,

= —2(2 - 2k) + 6(6k —3) —3(-3 -3k) =0

= 4+4k+36k—184+9+9% =0 or49% —13=0o0rk=13/49
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We have AP? = (4 =2k =2)*+ (6k —=3)* + (1 =3k —4)* o A(2,3,4)
=(2 -2k + (6k —3)* + (-3 - 3k)*
=4 —8k+4k* + 36k* =36k + 9+9 + 18k + 9k’
=22 —26k+ 49k*

2
=2 - 26(2) +aof 13 l L
49 49
_ 22x49-26x13+13" 909 Fig. 3.10
- 49 "9

AP = Ex/101

-
SHORTEST DISTANCE BETWEEN TWO LINES

If two lines in space intersect at a point, then the shortest distance between them is zero. Also, if two lines in
space are parallel, then the shortest distance between them will be the perpendicular distance, i.e., the length
of the perpendicular drawn from any point on one line onto the other line. Further, in a space, there are lines

which are neither intersecting nor parallel. In fact, such pair of lines are non-coplanar and are called skew
lines. )

Z
A
G F
D E
\
0 .
c >y
A B
X Fig. 3.11

Line GE goes diagonally across the ceiling and line DB passes through one corner of the ceiling directly

above A and goes diagonally down the wall. These lines are skew because they are not paraliel and also never
meet. ‘

By the shortest distance between two lines, we mean the join of a point in one line with one point on the
other line so that the length of the segment so obtained is the smallest.
For skew lines, the line of the shortest distance will be perpendicular to both the lines.
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Shortest Distance between Two Non-Coplanar Lines

Vector form

Fig. 3.12

Let the given lines be r=a+tbandr=c +t1d
- If two lines AR and CD do not intersect, there is always a lme 1ntersectmg both the lines perpendicularly.
The intercept-on this line made by AB and CD is called the shortest distance between lines AB and CD.
In F1g 3.12,the shortest d1stance LM, where LALM = ZCML=90°. In the ﬁgure the shortest distance

Ipr03ect10n of AC along MLI

_lae ML' (a-0)-IM |
| IML||> |LM |
Now LM is perpendicular to both b and d
= IM=bxd
l(a—c) (bxd)l
1bxdl
_Id a=cll
bxd
Cartesian form
Let the two skew linesbe 2 =2"% _2=% 3 X6 _Y~6 _2-G
’ »-bl b2 b3 dl d2 d3
4 G-d, G4
b, b, b,
dl dZ d3

S o~
&S
S

Then the shortest distance =

a
3
[ S
B
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Condition for Lines to Intersect

i -5 o - - - - A K X
Twolines r =a +tb and r =c +¢,d are intersecting if

(@-¢)-(b-d)

- o =0
bxd

aG—a C,—a =0
=| b b, b, | =0
d1 ‘ dz o da
Distance Between Two Parallel Lines .

If two lines [ and 1, are parallel, t;heﬁ;ﬂle;y are copl-anar.. Let the lines,vﬁe given by.

K SPY: o
aeuh -

(i)

. . :
where ‘_1)1 is the position vector of a point Son/ and a, is the position vector of a point T on /,.

As [ and [, are coplanar, if the foot of the perpendicular from T on line /| is P, then the distance between
the lines / and [, =1TP1.

Let @ be the angle between vectors E’)

ol

and

o I,
P
L : >
S(a)
Fig. 3.13
Then b x ST = (11| ST sin6)n (i)
where 7 is the unit vector perpendicular to the plane of the lines [, and ,.

But ST = a; — a

Therefore, from (iii), we get
bx(a,—a)=1bIPTn (since PT=STsin @)

ic, |bx(a,-a)l=1bI1PT-1 (aslnl=1)
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Hence, the distance between the given parallel lines is

. -1
Find the shortest distance between the lines d > = = and

-5
= z—s— Also obtain the equation of the line of the shortest distance.

Sol. (i) The two given lines are x;l =2 ; 2.2 ;3 =r, (say) @

_9 4 - ..
cand X2 o xT4 223 =7, (say) _ (ii)

3 4 5
Any point on (i) is given by P (2r + 1, 3r +2, 4r +3)
And any point on (ii) is given by Q (37, + 2, 4r,+4,5r,+5)
Direction ratios of PQ are given by 3r, ~2r, + 1, 4r, —3r, + 2 and 5r, —4r, +2
Since PQ is perpendicular to (i), we get
2@r,-2r +1)+ 3(4r,-3r +2)+4 (5r,=4r, +2)=0
or 38r,—29r, +16=0 ' v (i)
Also PQ is perpendicular to (ii), we get ‘
3(3r2 -2r+1)+4 (4r, =3r + 2) + 5(5r, =4r +2)=0
or50r,~38r, +21=0 v ’ @iv)
Solving (i) and (iv), we obtain r, = ~(1/6), r =(1/3).

: 0 2 )
Therefore, coordinates of P and Q are (g, 3, ?) and (%, 1?, —65—), respectively.

o (3_SY (10 LV (25 13 (1Y (1} (1} 1
Th“S’PQ‘(z 3) +(3 3) +(6 3) ‘( 6) +(3J +( 6) ~ %
L
7

The equation of the line of the shortest distance is given by

x=(5/3) _y-3  z2-(3/3)
(3/2)=(5/3) ~ (10/3)-3 ~ (25/6)-(13/3)

= PQ =

x—(5/3)  y=3 z-(13/3)

-(1/6) — 1/3) " —(1/6)

x=(5/3) _y-3 z-(013/3)
I
Alternative method for finding the shortest distance:

Line (i) is passing through the point (x»¥,,z,)=(1,2,3) and is parallel to vector
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ai+bh j+ck=2i+3)+4k.

Line (ii) is passing through the point (x,, ,, z,) =(2, 4, 5) and is parallel to the vector
a2§+b2}'+c21253§+4}'+512.

Hence the shortest distance between the lines using the formula

X=X V=Y L% 2-1 4-2 5-3
q, b, C 2 3 4
" a, b, I s 3 4 5 _ 1
PGk PRl e
a b ¢ 2 3 4
a, b, ¢ 3 45

e kL] Determine whether the following pair of lines intersect or not.
i r=i-jHAQivkyr=2i—j+uG+j—k)
i, r=i+j—k+AQGi-j)yr=4i —k+u2i+3k)

- A -

Sol. i. Here a1=i—3', a2:2;—}', l;:=2/i\+12 and I;2=§+}'—12

2-1 -1+1 O
Now [a, —a, b b]=| 2 0 1
1 1 -1
1 00
=12 0 1
11 -1
=—1 %0

Thus, the two given lines do not intersect.
li. Here a, =i+ -k, a,=4i—k, b =3i—j and b, =27 + 3k
4-1 0-1 -1+1
= [a, —a, b bl=| 3 -1 0

2 0 3
3 -10

=13 -1 0|=0
2 0 3

Thus, the two given lines intersect. Let us obtain the point of intersection of the two given lines.
- . .
For some values of A and y, the two values of » must coincide.

Thus, {+ j—k+A(3i— j) = 4i -k + u (27 +3k)
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=G+2U-30)i+(A-1)j+3uk=0
= 3+2u-34=0,A-1=0,3u=0
Solving, we obtain A= 1 and y =0

Therefore, the point of intersection is r= 4i -k (by putting i = 0 in the second equation).

Emmple3 27 Find the shortest distance between lines r = (1 + 2] + k) + /'L(Zt + _] + 2k) and
r—Zz—J k+ﬂ(21+]+2k) oo I, _

Sol. Here lines (i) ane (ii) are passing through the points @, =i +2 j+k and a, = 2i — j —k, respectively,

and are parallel to the vector b=2i + j + 2k.

Hence, the distance between the lines using the formula

[

2 1 2
Ibx@-ayl_ ' 7 A 14i-6j-7k1  Vi6+36+49 _Ji0T
R 3 3 3 3

MR iz - If the straight lines x =—1+5, y=3 —As,z=1+Asandx= =,y =1+£,z=2 —f, with
T parameters s and ¢, respectively, are coplanar, then find A.
+1 y-3 z-1

Sol. The given lines xl = = s and

) 0+1 1-3 2-1
= == =tae coplanarif | 1 -2 A | =0
2 1 -1

V2 1 -

= 1A= +2 (—1—&)+1(l+i) =0
2 2

=A=-2

lines x;1=y—2=z—3 and x+2 y-3 z+1

3 4 1 2 4

Sol. Any line passing through the point (1, 1, 1) is > -1 = ®

y—-2 z-3

e . x—
This line intersects the line = 3 4
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1-1 2-1 3-1
Ifa:b:c#2:3:4and | a b c [=0

2 3 4
= a-2b+c=0 (i)
Again, line (i) intersects line *—(=2) =2 ;3 =z _i_l) .

-2-1 3-1 -1-1
Ifa:b:c#1:2:4and| a b ¢ (=0

1 2 4
= 6a+5b—-4c=0 (1ii)
From (ii) and (iii) by cross multiplication, we have a - b —
85 6+4 5+12

a b c
:> —_— O m———= —

3 10 17
So, the required line is x-1 = y-1 =2 !

3 10 17

| Concept Application Exercise 3.2 |

Find the point where line which passes through point (1, 2, 3) and is parallel to line
r=i—j+2k+A@{i—-2j+3k) meets the xy-plane.
Find the equation of the line passing through the points (1, 2, 3) and (- 1, 0, 4).

Find the equation of the line passing through the point (2, -1, —1) and parallel to the line
—6x-2=3y+1=2z7-2.
Find the equation of the line passing through the point (-1, 2, 3) and perpendicular to the lines

f_y—1=z+2 and x+3=y+3=z—1_

2 3 -2 -1 2 3
-1 y-2 z-3

Find the equation of the line passing through the intersection of x2 =5 = and

-4 -1
XT = yT =z and also through the point (2, 1, ~2).
x=3 y-2 z-1
The straight li = = i
he straight line 3 1 o is

a. parallel to the x-axis b. parallel to the y-axis

¢. parallel to the z-axis d. perpendicular to the z-axis

Find the angle between the lines 2x = 3y = —z and 6x = -y = 4z,

“If the lines x=1_y=2_ Z_'3and x—1_y-5_z=6
-3 2k 2 3k 1 -5

are at right angle, then find the value of k.
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9. The equations of motion of a rocket are x = 2¢, y = — 4t and z = 4¢, where time ¢ is given in seconds, and
the coordinates of a moving point in kilometres. What is the path of the rocket? At what distance will

be the rocket from the starting point 0(0, 0, 0) in 10?
10. Find the length of the perpendicular drawn from the point (5, 4, ~1) to the line

r=1+AQ1+9+5k), where Ais a parameter.
x—=6_y-7_z-7
2 =2

11.  Find the image of point (1, 2, 3) in the line

12. Find the shortest distance between the lines r = (1-A) 7 + A-2)7 + (3-2A) k and
r = (u+1)§ + (2,u—1)}' - (2p+1)12.

—1:y+1=z—1 and x—3:y—k
3 4 1 2

13. If the lines u = % intersect, then find the value of k.

PLANE

A plane is a surface such that if any two points are taken on it, the line segment joining them lies completely on
the surface.
A plane is determined uniquely if:

i. The normal to the plane and its distance from the origin is given, i.e., the equation of a plane in-normal
form.
ii. It passes through a point and is perpendicular to a given direction.

ii. It passes through three given non-collinear points.
Equation of a Plane in Normal Form

Consider a plane whose perpendicular distance from the origin is d (d # 0). If 5} is the normal from the origin
to the plane, and 7 is the unit normal vector along ON, then ON =d n. Let P be any point on the plane.
Therefore, NP is perpendicular to ON.

0
@ %
& L
N
PO E
Fig. 3.14
Therefore, NP -ON =0 @)

Let 7 be the position vector of the point P. Then NP=7—dn (as ON + NP = oP )
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Therefore, (i) becomes

(F—dn)dn =0

= (r—dn)n =0(d =0)

= (r-n)-dn-n=0

= r-n=dasn-n=1) - (ii)
This is the vector form of the equation of the plane.

Cartesian form

Equation (ii) gives the vector equation of a plane, where n is the unit vector normal to the plane. Let P (x, y, z)
be any point on the plane. Then

OP = r=xi+yj+zk
Let I, m and » be the direction cosines of h
Then n = l/i\+m3'+nh
Therefore, (ii) gives
(x§+ y}'+ zh)-(l§+m}'+nh)=d
orix+my+nz=d (3ii)
This is the Cartesian equation of the plane in the normal form.
- Note: Equation: (iii) shows that if - (a'z} +b 3 + cl:t) = d is the vector equatioh of a plane, then

: ax + by tez=dis “the Carteszan equation of the plane where a, b and c are the direction ratios of the

‘ normal 10 the plane

4 ) .
Example3.30 RILTURI equation of plane which is at a distance E from the origin and is nermal to

vector 2i + }'—3;:: .
2i+7-3k _ 2i+j-3k

Sol. Here n=2i+ ] 3k . Then — — = =
inl 2P J14

Hence required equation of plane i 1s r- \/_ (21 + ] 3k) T

or r- (22 + } - 3h) =x1 (vector form)
or 2x+y-3z=z=l (cartesian form)

- A A A
* Find the unit vector perpendicular to the plane r - (2i + j+ 2k)=S5.

- A ~ ~
Sol. Vector normal to the plane is n=2i+ i+ 2k
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Hence unit vector perpendicular to the plane is z 2+ } + 2%
1 —_—
inl 22+ 12427

Example 32 Find the distance of the plane 2x - y — 2z —9 = 0 from the origin.

=%(2§+ }'+ 212)

Sol. The plane can be put in vector form as r - (2i — } ~2k)=9 where r=2i— } ~2k.
Here ;= 2i- }'— 2%

n o 2i - } -2k

In) 3

Dividing equation throughout by 3, we have equation of plane in normal form as

> (i j-20)
: 3

33 Find the vector equation of a line passing through 3f — 5}' +7 ]2 and perpendicular to

=3, in which 3 is the distance of the plane from the origin.

the plane 3x 4y + 57 =8.
Sol. The given plane 3x —4y + 5z =8 or (3; - 4}' + 5/2) . (x? + y}'+ z/Ac) =8.
This shows that d=37i- 4}' + S_IAc is normal to the given plane.
Therefore, the required line is péralle] to 37 — 4}' +5k.
Since the required line passes through 37— 5}' +7k , its equation is given by

F=3i-57+7k+A(37 -4 +5%), where Ais a parameter.

Vector Equation of a Plane Passing through a Given Point and Normal to a Given
Vector

.
n
>
PO
g
4@
Fig. 3.15

>
Suppose the plane passes through a point having position vector ¢ and is normal to vector 7 .
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Then for any position of point P (7 ) on the plane, AP Ln
= AP-n =0
= (r-a)n=0 (-AP=r-a)

Hence the required equation of the plane is (? - Z) n=0.

Note: ... .

The dbove equation can be written as ron o= d, where d = an (known as scalar product form"of

‘plane). ' ' , B ’ .

The equatzon r Z d is in normal form if n is a unit vector and d is the distance of the plane from the

origin. If n is not g unit vector, then we reduce the equation r n d to the normal form by dividing
N

bothszdesbylnl wegetTn=—q—=>7 n= L3

=p (distanbe from the origin). . -
int  Inl ' :

Inl

Cartesian form
If r=x§+y3'+zl§,a=xl?+y,}'+zlfc and n=a§+b3’+cl€,then

Fea)=(x—x)i+(y-y)i+(z-2)k

Then equation of the plane can be written as

(x~x)i+(y—y) j+(z~2)k)-(ai+bj+ck)=0
=ax-x)+b@y-y)+c(z—-z)=0
Thus, the coefficients of x, y and z in the Cartesian equation of a plane are the direction ratios of the

normal to the plane.
. Find the equation of the plane passing through the point (2, 3, 1) having (5, 3, 2) as the
- direction ratios of the normal to the plane.

Sol. The equation of the plane passing through (x, y,, z,) and perpendicular to the line with direction
ratios a, b and c is givenby a (x —x) + b (y — y)+c(z—zl)=0.
Now, since the plane passes through (2, 3, 1) and is perpendicular to the line having direction ratios
(5, 3, 2), the equation of the plane is given by 5 (x ~2) +3(y -3) +2(z—1)=0or 5x + 3y + 2z =21.
B The foot of the perpendicular drawn from the origin to a plane is (12, — 4, 3). Find the
", equation of the plane.

Sol. Since P (12, — 4, 3) is the foot of the perpendicular from the origin to the plane, OP is normal to the
plane. Thus, the direction ratios of normal to the plane are 12, —4 and 3.

Now, since the plane passes through (12, —4, 3), its equation is given by
12(x-12)-4(y+4)+3(z-3)=0
or12x—4y+3z—-169 =0.
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m Find the equation of the plane such that i image of point (1, 2, 3) initis (-1,0,1).

Sol. Since the image of A (1, 2, 3) in the plane isB (-1, 0 1) the plane passes through the midpoint
(0, 1, 2) of AB and is normal to the vector AB = — 27 - 2] 2%

Hence, the equation of the plane is —2 (x - 0) -2 O-1D-2z-2)=0orx+y+z=3
Equation of a Plane Passing through Three Given Points
Cartesian form
Let the plane be passing through points A (x: ¥» 7)), B (x,, 3, 2,) and C (x,, Y3 Z3)-
Let P (x, y, z) be any point on the plane.
Then vectors ﬁ) BA and CA are coplanar.
[PA BA CA]=0

X=X Y= -z
= %2=% Y.~ ¥ 2z,—%| =0, which is the required equation of the plane
H=XH V=N LI
Vector form

Vector form of the equation of the plane passing through three points A, B and C having position vectors
a, band 2, respectively.

Let 7 be the position vector of any point P in the plane.

Hence vectors AP =r—a ﬁ:Z—ZandzTé=_c)—Z are coplanar.

Hence, (r—a)-{(b - a)x (¢ ~a)} =0

= (r-a)-(bXxc-bxa—axc+axa) =0

=>(?—2)~(Z><Z+Z><Z+ZXZ)=O

= 7-(3x?+2x3+2x2)—2 (3><2)+Z-(ZXZ)+Z-(Z><Z)
= [rbcl+lrabl+(rcal=[abe]

which is the required equation of the plane.

Notes:

1. Ifp is the length of perpendzcular from the origin on this plane therz p = [a b c]/n where
n—laxb+b><c+c><al 4

. e ) - ' ] : —>—-> -
2.. Four points a, b, cand d are coplanar if d lies on the plane containing a,band ¢,
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ord-laxb+bxc+exal=[abe]
or [dabl+[db cl+[d cal=[a b dl

Find the equation of the plane passing through A (2, 2, 1), B (3,4,2)and C (7, 0, 6).
Also find a unit vector perpendicular to this plane.
Sol. Here (x,y.2)=(2,2,-1), (x,,v,,2,) = (3, 4, 2) and (%5, ¥,,2,)=(7, 0, 6)

Then the equation of the plane is

X=X y -y z-gz x=2 y=-2 z-(-D

BTh By g =00r3-2 4-2 2—(=D)i=0

B—X V=N -y 7-2 0-2 6-(-D

or

5x+2y-3z=17

A normal vector to this plane is d =57 + 2 j—=3k 6]

Therefore, a unit vector normal to (1) is given by

. d _sisdfo3k

n

— = = (5i+27-3k)
IdI \/25+4+9 \/@ J

~ Show that the line of i 1ntersect10n of the planes r (l + 2 Jj+ 3k) 0 and r (31 + 2 Jj+ k)
=0 is equally inclined to z and k Also find the angle it makes with ]

Sol. The line of intersection of the two planes will be perpendicular to the normals to the planes. Hence

itis parallel to the vector (i +2]+3k)x (31 + 2} + k)= (- 47 + 8} - 44,

Now, (—4i+8j—4k).i=—4 and (=47 +8—4%) -k =—4

Hence the line is equally inclined to- 7 and 3
Also, & 4i+8] - 4k)‘A_ f
J16+64+16 NCT

2
If @is the required angle, then cos 8= \g = 8=cos™ \/;

Equatlon of the Plane that Passes through Point A with Position Vector ¢ and is
Parallel to Given Vectors b and c

Vector form

Let 7 be the position vector of any point P in the plane. Then

AP = OP-0A=7-a
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2
—b
.

/A(Z)

PR

Fig. 3.16

Since vectors ¥ —a, b and'_c) are coplanar,
(r—a)(bxc)=0

LT B =a-BxOo B d=aba)
which is the required equation of the plz(ne..

Cartesian form
From (7 —a)-(bx ¢)=0, wehave [r —a b c]

X=X Y=y 7%
=1 x, ¥, z, | =0, which is the required equation of the plane,

X3 V3 )

xd /} /\. A - /\ A N
whereb=x,i+y, j*+ kand c=xi+y, j+2z;k.

Find the vector equation of the following planes in cartesian form:

F =i eadefek) +p (G-274+30).

Sol. The equation of the plane is =i }'+ 2,(§+ }+12)+#(§~2}'+ 312).
Let;)=x?+y}'+zfc
Hence, the equation is (xi+yj +z&) = (G = N=AG +j+ky+pu (i -2 +3k)
Thus vectors (x§+ y}+zl§)—(?—}'),?+}'+l§,§—2}'+3l§ are coplanar.

x—1 y—(-1) z-0

Therefore, the equation of the plane is | 1 1 1 |=0o0r5x-2y-3z-7=0

1 -2 3
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Equation of a Plane Passing through a Given Point and Line

. A@)
ARG

-—
- —_—
B(b) z

Fig. 3.17

-

Let the plane pass through a given point A (2) and line 7 = b +Ac.

For any position of point R (;)) on the plane, vectors —AE’) RA and ¢ are coplanar. Then

-

[;) —a b-a Z] =0, which is required equation of the plane.

Prove that the plane 7 - (i + 2 — £)=3 contains the line 7 = } + F+AQT+ j+ak).

Sol.  To show that ?:?+}+/1(21A'+}'+4/2) (1)
lies in the plane 7+ (i +2 7 %)=3, (i)
we must show that each point of (i) lies in (ii). In other words, we must show that ;) in (i) satisfies (ii)
for every value of A.

We have [i + 4+ A (27 + ) +48)]-(G+25 —F)

= (?+})-(?+2}—1€)+/1(2?+}+41€)-(?+2}—1€)
=M M+M@Q+AR) W)+ (1) (2 +4(-1)] =3+ A 0)=3
-Hence line (i) lies in plane (ii).
Find the equation of the plane which is parallel to the lines ?= ;'\+}'+ 1(2?’+}'+4I€) and
x+1_ y-3 z+2
-3 2 1

and is passing through the point (0, 1,-1).

Sol. The plane is parallel to the given lines, which are directed along vectors a= 20+ }'+4/2 and
b=-3i+2j+1k.

iJk
Then the plane is normal to vector a x b=|2 | 4 ':—7?—14j+7k
-3 2 1

Also, the plane passes through the point (0, 1, -1).
Therefore, the equation of the planeis -7 (x-0)-14(y—1)+7 (z+1)=00r7x+ 14y -7z =21
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Intercept Form of a Plane

Let O be the origin and let OX, OY and OZ be the coordinate axes.

Let the plane meet the coordinate axes at the points A, B and C, respectively, such that

OA = a, OB = b and OC = ¢. Then, the coordinates of points are A (a, 0, 0), B (0, b, 0) and C (0, 0, ¢).
Let the equation of the plane be Ax+ By+ Cz+ D=0 1)
Since (i) passes through (g, 0, 0), (0, b, 0) and (0, 0, ¢), we have

Aa+D:0=>A=£, Bb+D=0=B= TD’ Cc+D=O:C=—D
a C

Putting these values in (i), we get the required equation of the plane as

a b ¢
If a plane meets the coordinate axes at A, B and C such that the centroid of the triangle
is (1, 2, 4), then find the equation of the plane.
Sol. Let the plane meet the coordinate axes at A (a, 0, 0), B (0, b, 0),and C (0,0, ¢). Then,
a=3,b=6,c=12.
Y

Hence, the equation of required plane is —;C—+ =+ % =1 or dx+2y+z=12

Equation of a Plane Passing through Two Parallel Lines

A(a)

ARG
_ﬂi—_
C(c) —

—

Fig. 3.18

Let the plane pass through parallel lines r= 2 + lz and ;) = ? +u Z

As shown in the diagram, for any position of R in the plane, vectors RA , AC and b are coplanar. Then

[? —ac-— Z l—;] = 0, which is the required equation of the plane.

Equation of a Plane Parallel to a Given Plane

The general equation of the plane parallel to the plane ax + by + cz+ d=01is ax + by + cz+ k=0, where k is any

scalar, as normal to both the planes is ai + bj + ck .

Find the equation of the plane passing through (3, 4, —1), which is parallel to the plane
- A A A
r-2i-3j+5k)+7=0.

Sol. The equation of any plane which is parallel to 7 (2 =37+ 512) +7=0is



Three-Dimensional Geometry 3.35

2 =37+50)+A=0 0)
or 2x—3y+5z+A=0

Further (i) will pass through (3,4, 1) if 2) @) +(3) @) +5(-)+A=00r-11+4A=0=1=11
Thus equation of the required plane is - (2? - 3}' + 512) +11=0.

ANGLE BETWEEN TWO PLANES

Fig. 3.19
The angle between two planes is defined as the angle between their normals.

Let 8 be the angle between planes 7 Z, =d, and - 172 =d,

- -
n - n,
e
Inlln,l

Condition for Perpendicularity

then cos 6=

If the planes ?r_z), =d, and r- 1: = d, are perpendicular, then n, and 7, are perpendicular. Therefore,

- -

n-n, =0

[S]

Condjtion for Parallelism

If the planes r- ;, =d, and r rz = d, are parallel, there exists the scalar A such that r_z]) =An,.

Cartesian form
If the planesare a x + by +cz+d, =0 andax+ b,y +c,z+d,=0

aa, +bb, +cc,

:>COSG= 2 2 2 2 2 2
\/a, +b +¢ \/az‘er2 +c;
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b

Condition f el I L)
ondition for parallelism: o b ¢

2 )

8]

Condition for perpendicularity: a,a, + b b, + ¢ c,=0

- N A A
Find the angle between the planes 2x +y —-2x + 3=0and r - (6i+ 3j+ 2k)=5.

Sol. Normals along the given planes are 2i+ }— 2k and 6i+ 3;’ +2k

, Qi+ j—2k)-(6i+3])+2k)
J@r+ P+ 226+ 3P+ @ T 21

_Show that ax + by + r =0, by + cz + p = 0 and ¢z + ax + g = 0 are perpendicular to x-y,
" y-z and z-x planes, respectively.

Then angle between planes, 6 = cos~

Sol. The planes a x+by+cz+d =0and ax+ b,y + ¢,z +d, =0 are perpendicular to each other if and
onlyifaa, +b b, +cc,=0. ’
The equation of x-y, y-z and z-x planes are z = 0, x = 0 and y = 0, respectively.
Now we have to show that z = 0 is perpendicular to ax + by + r = 0.
It follows immediately, since a (0) + b (0) + (0) (1) =0, other parts can be done similarly.

LINE OF INTERSECTION OF TWO PLANES

- o - o
Let’two non-parallel planes are r-n,=d, and r-n,=d,

/N

3

\

Fig. 3.20

- -
Now line of intersection of planes is perpendicular to vectors #, and n, .

-

5
.. Line of intersection is parallel to vector n,x n, .

If we wish to find the equation of line of intersection of planes a x + by + ¢ z—d =0and ax + b,y +c,z -
d, =0, then we find any point on the line by putting z = 0 (say), then we can find corresponding values of x and
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~ y by solving equations a,x + b,y —d, = 0 and ax + b,y — d, = 0. Thus by fixing the value of z= A, we can find
the corresponding value of x and y in terms of A. After getting x, y and z in terms of A, we can find the equation
of line in symmetric form.
Reduce the equation of line x —y + 2z = 5 and 3x + y + z = 6 in symmetrical form.

or
Find the line of intersection of planesx —y + 2z =5and 3x +y +z=6.

Sol. Givenx—y+27=5,3x+y+2z=6.
Letz= A
Thenx-y=5-2Aand 3x+y=6-A.
Solving these two equations, 4x = 11 =34 and 4y = 4x 20 + 84 = -9 + 5A.
4x—11 _ 4y+9 z-0
-3 5 1

Find the equation of the plane passing through the points (-1, 1, 1) and (1, -1, 1) and
perpendicular to the plane x + 2y + 2z = 5.

The equation of the line is

Sol. The equation of any plane which passes through (-1, 1, 1) is

a(x+D+by-D+cz-1D=0 1)
_This plane will pass through (1, -1, 1) if »

2a-2b=0ora=b (i)
Next, (i) will be perpendicular to x + 2y + 2z =5 if '
a+2b+2c=0 (iii)

Using (ii), we can write (iii) as a +-2a + 2c =0 or c = —3a/2.
-3
Thusa:b:c=a:a: 7 a=2:2:-3

Putting these values in (i), we get 2 (x + 1) +2(y - 1) -3 (z-1)=0

or 2x+ 2y —3z + 3 =0, which is the equation of the required plane.

Alternative method:

The plane is passing through the points A (=1, 1, 1) and B (1, -1, 1).

Let any point on the plane be P (x, y, z).

Then vector AP x AB is perpendicular to vector P+ 2}' +2 IAc, which is normal to the plane

x+2y+2z=5.

x—(-1) y-1 z-1
Hence, the equation of the planeis |1-(-1) —1-1 1-1|=0o0r2x+2y-3z+3=0
' 122

+1 -3 +2 .
Find the equation of the plane containing line ad 3 =7 5 =z 1 and point

(09 79 - 7)-
. oo x+l oy 3 242
Sol. The equation of the plane containing line 3 = = = is
a(x+1D)+b(y~-3)+c(z+2) =0, ()

where —3a+2b+c¢=0 (i)
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This passes through (0, 7, — 7).
Soa+4b-5¢=0. (i)
b c a_b_c

1

From (ii) and (iii), — = —*— = ¢ o 2 _
-14 14 14 "7

So, the required plane isx +y + z = 0.

Find the distance of the point P (3, 8, 2) from the line — (x D= —(y == (Z 2)
measured parallel to the plane 3x + 2y — 27 + 15 = 0.

Sol.

P(3,82)

Fig. 3.21
Let the general point of the line be A (24 + 1, 41 +3,31+2).
Let this point lie on the line such that AP is parallel to the plane
=AP 1 (3i+25-2k)
=3-(2A-2)+2(41-5) 2(34) =
=A=2
Therefore, Ais (5, 11, 8).
PA=\/(5—3)2 4—(11—8)2 +(8-2Y = J4+9+36 =

Find the distance of the point (1, 0, — 3) from the plane x —y —z =9 measured parallel to the

x=2 _y+2 2-6

line 3 " —6

Sol.

4(2,- 2, 6)
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The given planeis x —y ~z=9 ®
- z—-6
The given linc ABis *—2 = yT” s (if)
. . . x—=2 y+2 z—6 .
The equation of the line passing through (1, 0, —3) and parallel to 2 = 3 =g Is
x-1 y-0 z+3 _
2 Ty T "

Coordinate of any point on (iii) may be given as P (2r + 1, 3r, — 6r —3).
If P is the point of the intersection of (i) and (iii), then it must lie on (i). Therefore,
2r+1)-Q@Gr) —~(-6r-3) =9

2r+1-=-3r+6r+3 =9=r=1

Therefore, the coordinates of P are 3, 3, —9.

Distance between Q (1, 0, —§) and P (3,3, -9) =\/(3—1)2-+(3 —O)‘2 +(=9+3)?
. = JA+9+36 =7
ANGLE BETWEEN A LINE AND A PLANE

- A
n
Normal —>| e
Line
0
90 -0 R
Plane
Fig. 3.23

The angle between a line and a plane is the complement of the angle between the line and the normal to the
plane.

If the equation of the line is F=a+Ab and that of the plane is ron=d , then angle 6 between the line

and the normal to the plane is cos 6 = -
[bllnl

So the angle ¢ between the line and the plane is given by 90° — @

- - Z—)
‘n

L o
s$in ¢ = |———=| or ¢=sin" |-5—
[blinl [bllnl
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Line 7 =a +Ab and plane ron=d are perpendicular if b=Anor bxn=0 and parallel if bLlnor
b-n=0.

Find the angle between the line ?=Ii\+ 2;’—-12+A.(g—-3'+12) and the plane
FQi-jrh)=4.

- -
b-n

Sol. We know that if 81is the angle between the lines F=a+Ab and Fon= p,then sin 8=

o
nl

Sl

Therefore, if 81s the angle between y= i+ 2} ) (? - ; + lAc) and 7. (2; - }'+ 12) =4, then

o -|(=ith-0l )

o Gehn2iojek]
_ 2+1+1

JIHT+1J4+1+1
4 4
NN GNP
= 6 =sin™ (i)
32

EQUATION OF A PLANE PASSING THROUGH THE LINE OF INTERSECTION OF TWO
PLANES

¢/

- A - A
Let 7, and 7, be two planes with equations r-n, =d and r-n, =d,, respectively. The position vector of any

Fig. 3.24

point on the line of intersection must satisfy both the equations.

5
If ¢ is the position vector of a point on the line, then

- A ’ - A
t-m =dand t-n, =d,
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Therefore, for all real values of A, we have
- A A v .
t-(n+An,)=d +Ad, @
-

Since r is arbitrary, it satisfies for any point on the line.

- - - -
Hence, the equation r - (n, + An,) = d, + Ad, represents a plane 7, which is such that if any vector r

satisfies both the equations 7, and 7,, it also satisfies the equation 7.

Cartesian Form

In Cartesian system, let r_z: =Ai;+B,}'+C,lAc, r;;=A2?+Bz}+CZI;and ?:x?+y}+zlg.
Then (i) becomes
x (A, +AA) +y (B, +2AB)+z(C,+AC) =d, + Ad,
or (Ax+By+Cz-d)+AAx+By+Cz-d)=0 (i)
which is the required Cartesian form of the equation of the plane passing through the intersection of the given
planes for each value of A. '

Find the plane passing through the intersection of planes 7 (2/i\ - 33’ + 41/2) =1 and

r (? - }') + 4 = 0 and perpendicular to r- (2? - } + I':t) =-8.
Sol. The equation of any plane through the line of intersection of the given planes is
(r-Qi-3j+4k) -1+ A{r-G-+4} =0
F2+A)i-(3+A)j+4k}=1-44 )

If it is perpendicular to 7 - (27 — ] + k) + 8 = 0, then

(Q+A)i—(G+A) j+4k)-Qi—j+k) =0
20+ +B+A)+4=0

a=1
3

Putting A =-11/3 in (i), we obtain the equation of the required plane as 7 (- 5? +2 } + 12/2) =47

. Find the equation of a plane containing the line of intersection of the planesx +y +z —
6 =0 and 2x + 3y + 4z + 5= 0 and passing through (1,1, 1).

Sol. The equation of a plane passing through the line of intersection of the given planes is
(x+y+z-6)+A(2x+3y+4z+5)=0 @
Ifitis passes through (1,1,1),(1+1+1-6)+A(2+3+4+5)=0
_3
14
Putting A= 3/14in (i), we get

= A



3.42 . Vectors & 3D Geometry

(x+y+z—6)+%(2x+3y+4z+5) =0
20x+23y+26z-69 =0

The planeax + by = 0 is rotated through an angle crabout its line of intersection with the plane

z=0. Show that the equation to the plane in the new position is
ax+by+z \Ja® +b* tan a=0. .
Sol.  Given planes are ax+by=0 @
andz=0 (ii)

Therefore, the equation of any plane passing through the line of intersection of planes (i) and (ii) may
be taken as

ax+by+kz:=0 . (iii)
The direction cosines of a normal to the plane (iii) are
a b k

, = and,
\/a2+b2+k2 @ +b + K Ja +b2+ i
The direction cosines of a normal to the plane (i) are

a b
\/az + b \/a2 +b?
Since the angle between the planes (i) and (iii) is ¢,

a-a+b-b+k-0 a’+b’
cos = =0
NP +5 1k Ja? 4> @' +07 +k
= k> cos® a=a (1 - cos’a) + b* (1 —cos?c)

(a2+bz)sin2a —
=k=——"d—— =k=*+.Ja*+b* wna,

cos’ @

and O

Putting this in (iii), we get the equation of the plane as ax + bytz Ja’ +b* tan =0

DISTANCE OF A POINT FROM A PLANE

Vector Form 7 P(a)

~l
S]

Fig. 3.25
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Letm (7 . ; =d) be the given plane and P (Z) be the given point.
Let PM be the length of the perpendicular from P to the plane 7.

Since line PM passes through P(Z) and is parallel to vector 7, which is normal to the plane 7,
the vector equation of line PM is: r=a+ An @

Point M is the intersection of (i) and the given plane 7. Therefore,

(@+An)-n=d

-5 > - =
= a-n+ln-ll'=d
d—(a-n)
=>ﬂ.=_,—
2 - o
, . o : . : - - |d-a-n|>
Putting the value of A in (i), we obtain the position vector of M givenby r = a + — n

PM =PV.of M —PV.of P

d-@n|> -

5
= dad-+ a

-

2
[nt

d—(a-n) >

S
2
Inl

Nw—amal td-@mial_1d-@-n

= PM=I1PM| = -
‘ [nl? lnl? Inl

, which is the required length.

Cartesian Form

Let PM be the length of the perpendicular from a point P (x, y,, z,) to the plane ax + by + cz +d = 0.

Then the equation of PM is XTh Y ;y‘ =4, (let) @
a ¢

The coordinates of any point on this line are (x, +ar, y, + br,z, +cr).

Thus the point coincides with M if and only if it lies on the plane.
ie,a(x +an+b(y, +br)+c(z +cr)+d=0
(ax, + by, + cz, +d)
a’+b*+c?

(i)

Now, PM = (x, +ar—xl)2 +(yl +br—yl)2 +(z, +cr—zl)2
= (a2 +b’ +cz)r2

= chz-i-b2+c2 | rl
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= m‘—(axl +by, +cz, +d)
l 612+bz+c2
_ ax, + by, +cz, +d)l
\/a2 +b* + ¢

Also, if coordinates of M are (%, ¥, 2,), then

L% %Y L,—% __(ax,+byl+czl+d)

a b c a+b*+c?

Image of a Point in a Plane

EP(xlayls Zl)

M(x27 Y2, Z;

——teegt @ w [ - -

O(x3, y3 23)
Fig. 3.26
Here Q is the image of P in the plane.
Therefore M is the midpoint of PQ.
Therefore from (iii)
X+ x Y~y Z,— 2
32 ]—x[= 32 1_y1= 32 I_Z]
a b c
_ lax, +by, +cz+d)
- a+b+¢?
or
HoX_Vmh 53 =—2(ax1+by1+cz,+a')
a b c a’+b*+c?

DISTANCE BETWEEN PARALLEL PLANES

The distance between two parallel planes ax + by + cz+d, =0 and ax + by + cz + d, = 0is given by

(dz _dl)

Ja't + b+

d=

from (ii)

(iii)



Three-Dimensional Geometry 3.45

Proof:
Let P(x,, y,,z,) be point on plane ax + by+cz+d =0
then distance of this point from plane ax + by + cz+d,=01s

de lax, + by, + ¢z, +d,|
\/az+bz+c2

also ax, + by +cz,+d, =0

\d, - d,|

2 e

Find the length and the foot of the perpendicular from the point (7, 14, 5) to the plane
2x +4y —z = 2.
2(7)+4(14)-(5)-2 _14+56-5-2 _ 63

2+ 4r 412 Ja+i6+1 V21

Let the coordinates of the foot of the perpendicular from the point P (7, 14, 5) be M (c, B. 7.
Then the direction ratios of PM are &t —7, §— 14 and y-5.
Therefore, the direction ratios of the normal to the plane are a—7, B —14 and y-5.

Sol. The required length =

But the direction ratios of normal to the given plane 2x +4y —z=2are 2,4 and — 1.

a-7  B-14 _y-5 _
4 -1

o=2k+7,f=4k+14and y=-k+5. (1)

Hence,

k

Since @, B and ¥ lie on the plane 2x + 4y —z=2,2a+ 45 —y=2
= 2 +2k)+4(14+4k)—-(5-ky=2

=14 +4k+56 + 16k -5+ k=2

= 21k=-63

=k=-3

Now, putting k= -3 in (i), we get

a=1,=2,y=8

Hence the foot of the perpendicular is (1, 2, 8)

Find the distance between the parallel planes x + 2y —2z + 1=0and 2x +4y —4z + 5=0.

Sol. We know that the distance between parallel planes ax + by + cz +d, =0 and ax + by + cz+ d,=0is
ld, —d,|

\[az +b2+ ¢
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5
Therefore, the distance between x + 2y—-2z+1=0andx+2y-27+ 5= Ois

15/2)-11 1

Ji+4+4 2

- Find the image of the line x—1=y~2_z+3

in the plane 3x —3y + 10z —26 = 0.

-1 -3
Sol.
—eo—
A(1,2,-3)
) 7
N Fig. 3.27
x—1 y—2 z+3 .
= = 1
-9 -1 -3 ®
3x-3y+10z-26=0 . : (i)
The direction ratios of the line are 9, —1 and -3 and direction ratios of the normal to the given plane

are 3, =3 and 10.
Since 9 - 3 + (=1) (=3) + (=3) 10 = 0 and the point (1, 2, —3) of line (i) does not lie in plane (ii) for
31 -3-2+10.(=3) 26 0, line (i) is parallel to plane (i). Let A’ be the image of
point A (1, 2, -3) in plane (ii). Then the image of the line (i) in the plane (ii) is the line through A”
and parallel to the line (j).

Let point A”be (p, g, r). Then

p=1 _g-2 r+3  (GB1-32)+10 (=3)-26) 1

3 -3 10 9+9+100 2
The point is A (5/2, 1/2, 2)

x=(5/2) _y—(1/2) z-2
9 -1 -3

The equation of line BA “is

EQUATION OF A PLANE BISECTING THE ANGLE BETWEEN TWO PLANES

Given planes are
ax+by+cz+d =0 @

q2x+b2y+czz+d2=0 1))
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Fig. 3.28
Let P (x, y, ) be a point on the plane bisecting the angle between (i) and (ii).
Let PL and PM be the length of the perpendiculars from P to planes (i) and (ii). Therefore,
PL=PM

:>|a1x+b,y+clz+dli_la2x+b2y+czz+d2’
Ja+bi+e || Ja+niec |

ax+by+cz+d, . ax+by+c,z+d,
\/af +b’ +c} \/azz +bl+c?

This is the equation of the plane bisecting the angles between planes (i) and (ii).

Vector form

The equation of the plane bisecting the angle between planes Py ,_1: =d, and P ,;; =d,is

- -5 | - o
rem—d| _|r-n,—d,
| - = -

nl n2

Bisector of the Angle Between the Two Planes Containing the Origin

Let the equation of the two planes be
ax+by+cz+d =0 and @
ax+by+cz+d,=0 ' (i)

where d, and d, are positive.
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The equation of the bisector of the angle between the planes (i) and (ii) containing the origin is

ax+by+cz+d, a4x+by+c,z+4d,

\/af+b12+cl2 \/a22+b22+c§

Bisector of the Acute and Obtuse Angles Between Two Planes

Let the two planes be
ax+by+cz+d =0 ()
ax+by+cz+d,=0 (1)
whered ,d,>0

i Xfaa,+bb,+cc,>0,the origin lies in the obtuse angle between the two planes and the equation of

. . ax+by+cz+d a,x+by+c,z+d
the bisector of the obtuse angle is — DA Lo 22 2 z.

\/a12+b12+c,2 ' \/a§+b22+c§

ii. Ifaa,+bb,+cc,<0, the origin lies in the acute angle between the two planes and the equation of
]x+by+qz+d a2x+b2y+c2z+d
T rv N Y

Exampleii ) Find the equations of the bisectors of the angles between the planes 2x -y +2z +3 =0
“ER- and 3x — 2y + 6z + 8 = 0 and specify the plane which bisects the acute angle and the
plane which bisects the obtuse angle.

the bisector of the acute angle between the two planes is

Sol. The given planes are 2x —y + 2z + 3=0and 3x—2y + 6z+ 8 =0, where d,,d,>0 and aa,+bb
+cc,=6+2+12>0.

2

ax+by+cz+d  ax+by+cz+d,
\/a,2 +b7 +ct \/a§+b22+c§

(obtuse angle bisector)

ax+by+cz+d _ GXt b,y+c,z+d, (acute angle bisector)
Jai +b2+c? J@ +b2 +¢

2x—y+2z+3 . 3x-2y+6z+8
Ja+i+4 T J9+4+36

ie.,

= (14x—Ty+14z+21)=+(9x -6y + 18z +24)

Taking the positive sign on the right hand side, we get
Sx—y—-4z-3=0 (obtuse angle bisector)
Taking the negative sign on the right hand side, we get
23x—13y+32z+45=0 (acute angle bisector)
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TWO SIDES OF A PLANE

Letax+by+cz+d=0bethe pléne. Then the points (x, y,, z,) and (x,, y,, z,) lie on the same s_ide or the opposite

ax, +by +cz, +d
ax, +by, +cz, +d

sides as >0 or < 0, respectively.

Proof:
® P(x,y,2)

&R

0055, ¥3, 25)

Fig. 3.29
Here the equation of the plane is ax+ by + cz+d=0. @)

Let (i) divide the line segment joining P and Q at R internally in the ratiom : n.

mx, +nx, my, +ny, mz, + nzl)

ThenR( m+n m+n m+n

R lies on plane (i). Therefore,

a (m.x2+nxl) +h (my2+ny,) te (mzz+nz,) +d=0
m+n m+n m+n
a(mx,+nx)+b(my,+ny)+c(mz,+nz)+d(m+n)=0

m (ax, + by, +cz,+d) +n(ax, +by +cz, +d)=0

m - (ax +by +cz +d) o i
n (ax, + by, +cz, +d)

Now, if ax, + by, + cz, + d and ax, + by, +cz, +d

are of same sign — <0 (external division)
n

are of opposite signs — >0 (internal division)
n
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ax, +by,+cz +d
ax, +by, +cz, +d

>0 (same side)

ax, + by +cz, +d

<0 (opposite side)

ax, +by, +cz, +d

10.

11.

12.

13.

14.

15.:

. . x+l  y-1  z-1 ’

Find the angle between the line 3 = 3 = ) and the plane 2x + y —~ 3z + 4 = 0.
. . . ox+1  y-3 z-2

Find the distance between the line 3 =7 T3 and the plane x+y+z+3=0.

-2 +1
Find the distance of the point (-1, —5, —10) from the point of intersection of the line x.3 = lr

2 and plane x —y +z=5.

Find the equation of a plane which passes through the point (1, 2, 0) and which is perpendicular to
the planesx -y+z-3=0and 2x+y-z+4=0.

Find the equation of the plane passing through the points (1, 0, —1) and (3, 2, 2) and parallel to the

linex -1= Iy = =2
2 3
- -7 +3 -8 -4 -5
Find the equation of a plane containing the lines ad =2 =Z and = =2 =222
4 -5 7 1 3

. . . Lo x—1 y+2 z .
Find the equation of the plane passing through the straight line 5 =3 5 and perpendicular
totheplane x -y +z+2=0.

. , . . ox-1 y-3 z-4 :
Find the equation of the plane perpendicular to the line =1 =3 and passing through
the origin.

x-1 oyt 2 z-3

Find the equation of the plane passing through the line and point (4, 3, 7).

6 4
Find the angle between the line r = (—l3 + 2} - Z) + A (? —7+ Z) and the normal to the plane
7 Qi-j+k) =4.

Find the equation of a plane which passes through the point (1, 2, 3) and which is at the maximum
distance from the point ( -1, 0, 2). ‘

. N : - .ox—l y+l 22

Find the direction ratios of orthogonal projection of line R R in the plane
x—y+2z—3=0. Also find the direction ratios of the image of the line in the plane.

Find the equation of a plane which is parallel to the plane x — 2y + 2z = 5 and whose distance from the
point (1,2,3)is 1. :

Find the equation of a plane which passes through the point (1, 2, 3) and which is equally inclined to
the planes x ~ 2y + 2z -3=0and 8x—4y+z7-7=0.

Find the equation of the image of the plane x -2y + 2z-3 =0 inthe plane x+ y+ z— 1 =0.
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SPHERES

0
Fig. 3.30

A sphere is the locus of a point which moves in space in such a way that its distance from a fixed point always
remains constant. The fixed point is called the centre and the constant distance is called the radius of the
sphere.

Equation of a Sphere

Let ¢ be the position vector of the centre C of the sphere and a be the radius of the sphere.

Let 7 be the position vector of any point P on the sphere.
Then | CP| =a
But CP = OP-0C=7-¢
Thus, [7 — ¢l =a
Sir-cli=g?
= (-0 (F-0)=a
Cartesian form

Ifc =c,§ +c2}' + calg and r = xi+ y}'+ zl;,thenr—2=(x—cl)§+(y—c2)}'+(z—c3)lAc

Now, |7 —cl=y(x—c,) +(y— ;)" + (2 — )’

Therefore, the equation is (x — ¢ S+ -c)+(z~-c)=a
= X+y+2-2cx-2¢y~2cz+ ct+ci+cl—a*=0
We usually write this equation as x?+y*+ 72+ 2ux + 2vy + 2wz +d =0 @

Adding #” +v* + w? on both the sides of (i), we can write (x + #)2 + (y + V)2 + (W + 2 =12 + V2 + w2 —d.

This equation represents a sphere with centre at (—u, —v, —w) and radius /u® + v* + w? — d. Note that

we must have u? + 12 + w? —d > 0.
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Thus, (i) represents a sphere with centre at (—u, — v, —w) and radius equal to \/u® + v* + w* — d.

5
In particular, the equation of a sphere with centre at the originis | ¥ | =g or x> + y* + 22 = a%

For a fixed sphere in space, we require four non-coplanar points which form a tetrahedron, or we can say

that every tetrahedron has a unique circumscribed sphere.

Example3'59 Find the equation of a sphere whose centre is (3, 1, 2) and radius is 5.
Sol. The equation of the sphere whose centre is (3, 1, 2) and radius is 5 is
x-3P+@-1P+(z-2)P=52

X4y +26x2y4z-11=0

xab!é 360 - Find the equation of the sphere passing through (0, 0, 0), (1, 0, 0), (0, 1, 0) and (0, 0, 1).

Sol. Let the equation of the sphere be
X+ 4+ 224+ 2ux +2vy + 2wz +d=0 . @
As (i) passes through (0, 0, 0), (1, 0, 0), (0, 1,0) and (0, 0, 1), we must have d =0, 1 + 2u + d=0
1+2v+d=0and 1+2w+d=0
Sinced =0, we get2u =2y =2w=—1
Thus, the equation of the required sphere is x* + y* + 22 —x —y —z=0

Example kX3l Find the equation of the sphere which passes through (1, 0, 0), (0,1, 0) and (0, 0, 1), and
=~ whose centre lies on the plane 3x —y +z=2.

Sol. Let the equation of the required sphere be x> + y? + 2% + 2ux + 2vy + 2wz + d = 0.
As the sphere passes through (1, 0, 0), (0, 1, 0) and (0, 0, 1), we get
1+2u+d=0,1+2v+d=0and 1 +2w+d=0

d+1
2

Since the centre (—u, —v, —w) lies on the plane 3x -y +z=2, we get —3u+v-w=2

=S U=V=W= —

3 4
= 5 (d+1)=20rd+1=§ ord=

W | =

Thus,u=v=w=-2/3

: 2 2 2 1
Therefore, the equation of the required sphere is x* + y> + 72 — (5) x— (5) y= (5) Z+ 3= 0
or 3 (x2+y2+22)—2(x+y+z)+ 1=

" Find the equation of a sphere which passes through (1, 0, 0) (0, 1, 0) and (0, 0, 1), and has
' radius as small as possible.
Sol. Let the equation of the required sphere be x + y* + z2 + 2ux + 2vy + 2wz + d=0 @
As the sphere passes through (1, 0, 0), (0, 1, 0) and (0, 0, 1), we get
14+2u+d=0,1+2v+d=0and 1 +2w+d=0
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= u=v=w=—%(d+1)

If R is the radius of the sphere, then R2 = 4? + V2 + w? —d

3
=>R'2=Z d+1)-

[d2+2d+1—§d:|

[d2+ d+l]
3

J:Im Alw

1l
| w
r 1
/TN
QU
+
W=
N——
]
+
—
|
\O | ===
| S

I
Alw
—_—
Q
+
[SSR
——
. [
+
NoRio o]
| S|

The last equation shows that R (and thus R) will be the least if and onlyifd=-1/3.

Therefore,u=v=w=_l (1_1)=_1
2 3 3

1
Hence, the equation of the required sphere is x* + y? + 72 —% x+y+2) 3= 0

or3(x*+y*+7) -2(x+y+2) ~1=0

an mple ; 638 - Find the locus of a point which moves such that the sum of the squares of its distance from
g the points A (1, 2, 3),B(2,-3,5)and C (0,7,4) is 120.

Sol. Let P (x, ¥, z) be any point on the locus. Then PA2 + PB? + PC? = 120
= =1+ =20+ (2=32+ (x 22+ (7 + 32+ (25 + (x —0)* + (y~ T+ (2 -4y2=120
3%+ 3y + 322 ~6x —12y — 24z + 117 =120
x2+y2+zz—2x—4y—82—1=0. .
This represents a sphere with centre at (1, 2, 4) and radius equal to 1/12 +224+4°+1 =422

Diameter Form of the Equation of a Sphere

Let AB be the diameter of a sphere whose centre is C Let the vectors of the extremeties A and B of the diameter
be 2 and b respectively. Let P be any point on this sphere. Suppose the position vector of P is 7. We know
that the angle in a hemisphere is a right angle.
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Thus, ZAPB=m/2

4B BF =0

But AP = r—a and BP=r—b

Thus, (i) can be written as (" - )(V - b) =0
This is the required equation of the sphere.

Cartesian form

a=xi+yj+tykb = x2§+y23'+ZZIAcand? —xityj+zk
Then 7 - a =(x—x) §+(y*yl)}'+(z—zl)f<
P b= G ity ite-n)k

Thus, (7 —a)-(r —b) =0 gives
(x—x)(x—x)+(=y) -y +(@-z)(z-z2,) =0

Example 3.64 Find the equation of the sphere described on the joint of points A and B having position
SR vectors 27 4 63’ — 7k and —27 + 43’ - 3]’2, respectively, as the diameter. Find the centre
and the radius of the sphere.

-

Sol. If point P with positive vector r = xi+ y}' + zIAc is any point on the sphere, then

"AP-BP =0

=D (x+D+G -6 (-4 +@+T)(z+3)=0
= (2 —4) + (% — 10y +24) + (22 + 107 +21) =0
>R+ +2—10y+10z+41=0

The centre of this sphere is (0, 5, —5) and its radius is {/5° + (—5)2 —41 = 9 =3
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Find the radius of the circular section in which the sphere I? |= 5 is cut by the plane
roG+j+h) =343

Let A be the foot of the perpendicular from the centre O to the plane

Fo(i+j+k) =343 =0

Sol.

Fig. 3.32

\O (l+]+k 3\/—| 3\/—

17+ 7+EklI

Then | OAl =

. =3 (Perpendicular distance of a point from the plane)

If P is any point on the circle, then P lies on the plane as well as on the sphere. Therefore,
OP = radius of the sphere = 5

Now AP*=0P? - 0A?=5?-32=16 = AP=4

Show that the plane 2x —2y + z + 12 = 0 touches the sphere x* + y* +z2 —2x —dy + 2z —3=0.

Sol.

The given plane will touch the given sphere if the perpendicular distance from the centre of the

sphere to'the plane is equal to the radius of the sphere. The centre of the given sphere x> + y* + 72 —

2x~4y+2z-3=0is (1, 2, 1) and its radius is \/12 +2° +(_1)2 _(_3) =3,

Length of the perpendicular from (1, 2, 1) to the plane 2x -2y +z+ 12=01s

2(1)-2(2)+(-1)+12 29,

V27 + (=2) + 12 3

Thus, the given plane touches the given sphere.

A variable plane passes through a fixed point (a, b, ¢) and cuts the coordinate axes at points

a b [
A, B and C. Show that the locus of the centre of the sphere OABCis — + ; + P 2.

Let (o, B, 7) be any point on the locus. Then according to the given condition, (¢, 8, 7) is the centre
of the sphere through the origin. Therefore, its equation is given by

(x=0)*+ (P +(z—1=(0-a) +(0-p)* +(0
X+y+2-20x2By-2yz=0

Sol.
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To obtain its point of intersection with the x-axis, we put y = 0 and z = 0, so that
¥ 20x=0=x(x-20)=0=>x=00rx=2c

Thus the plane meets x-axis at O (0, 0, 0) and A (2¢, 0, 0). Similarly, it meets y-axis at O (0, 0, 0) and
B (0,2p,0), and z-axis at O (0, 0, 0) and C (0, 0, 29.

The equation of the plane through A, B and C is

y Z .
— + =— +— =1 (intercept form
20 28 2 ( P )

Since it passes through (a, b, ¢), we get

a

b
—+ — —C~=lor +—=+—=2
2a 28 2y

Rls

<
14

™|

. b
Hence, locus of (&, 8, 9) is £'+ 2:8 29
y z

Example 3.68 A sphere of constant radius & passes through the origin and meets the axes at A, B and C.

Sol.

* Prove that the centroid of triangle ABC lies on the sphere 9 (x2 + y? + z2) = 4k,
Let the equation of any sphere passing through the origin and having radius k be
P+y + 22+ 2ux +2vy + 2wz =0 ®
As the radius of the sphere is k, we get
W+ v+ wr=k? (i)

Note that (i) meets the x-axis at O (0, 0, 0) and A (- 2u, 0, 0); y-axis at O (0, 0, 0) and B (0, —2v, 0);
and z-axis at O (0, 0, 0) and C (0, 0, —2w).

Let the centroid of the triangle ABC be («, 3, 7). Then

2u v 2w 3 38 3v
Putting this in (ii), we get
(ﬁa)z S3e) L (23, .
> +1 3 + 27 =k
4
= a2+ﬁ2+7?=§k2

4
This shows that the centroid of triangle ABC lies on x* + y? + 72 = —9- k?
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Concept Application Exercise 3.4

Find the plane of the intersection of x* + 2 + 22 + 2x + 2y +2z+2=0and 4x* + 4y* + 42% + 4x + 4y
+4z-1=0.

Find the radius of the circular section of the sphere | : | =5 by the plane . (7 +2 3 - z) =4 ﬁ
A point P (x, y, z) is such that 3P4 = 2PB, where A and B are the points (1, 3, 4) and (1, -2, —1),
respectively. Find the equation to the locus of the point P and verify that the locus is a sphere.

The extremities of a diameter of a sphere lie on the positive y- and positive z-axes at distances 2 and
4, respectively. Show that the sphere passes through the origin and find the radius of the sphere.

A plane passes through a fixed point (a, b, c). Show that the locus of the foot of the perpendicular to
it from the origin is the sphere x* + 32 + 22 — ax — by —c¢z=0.

Exerxcises

Subjective Type SR - P S Solutions on page 3.79

1

If variable lines in two adjacent positions have direction cosines /, m and n and (+ 8, m + om),
(n + dn), show that the small angle 60 between the two positions is given by (86)? = (8 + (6m)* +
(6n).

Find the equation of the plane containing 1he line %+ . 1, x =0, and parallel to the line Xz 1,

¢ a c
y=0.
A variable plane passes through a fixed point (¢, 3, 1) and meets the axes at A, B and C. Show that the
locus of the point of intersection of the planes through A, B and C parallel to the coordinate planes is
ox '+ Byl 4yt =1,
Show that the straight lines whose direction cosines are given by the equations al + bm + cn = 0 and

ul® + vm?> + wn? = 0 are parallel or perpendicular as
2 2 2

—+—+—=00r (v + w) + b*w + u) + cX(u + v) = 0.
u v ow

Find the perpendicular distance of a corner of a cube of unit side length from a diagonal not

passing through it.

A point P moves on a plane £+%+ fo1.A plane through P and perpendicular to OP meets the
a c

coordinate axes at A, B and C. If the planes through A, B and C parallel to the planesx=0,y =0and
z =0, respectively, intersect at Q, find the locus of 0.

If the planes x —cy — bz =0, cx—y + az = 0 and bx + ay —z =0 pass through a straight line, then
find the value of a® + b + ¢2 + 2abc.

P is a point and PM and PN are the perpendiculars from P to z-x and x-y planes. If OP makes angles
6, a, Band y with the plane OMN and the x-y, y-z and z-x planes, respectively, then prove that cosec?
6 = cosec® o+ cosec® B+ cosec? y.
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11.

12.

13.

14.

1s.
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A variable plane [x + my + nz = p (where [, m, n are direction cosines of normal) intersects the
coordinate axes at points A, B and C, respectively. Show that the foot of the normal on the plane from
the origin is the orthocentre of triangle ABC and hence find the coordinates of the circumcentre of
triangle ABC.

Letx—ysin o—zsin B=0,x sin o+ zsin y —y=0and x sin S+ y sin ¥ — z = 0 be the equations of the
planes such that & + 8 + y= /2 (where o,  and y # 0). Then show that there is a common line of
intersection of the three given planes.

Let a plane ax + by + cz + 1 =0, where a, b and c are parameters, make an angle 60° with the line
x =y =z, 45° with the line x =y — z = 0 and 6 with the plane x = 0. The distance of the plane from
point (2, 1, 1) is 3 units. Find the value of §and the equation of the plane.

2 2 2
Prove that for all values of A and u, the planes <X + % + cz_ 1+ l(i - ~bl _E ’7) =0 and
a ¢

3y

a b
OA, OB and OC, with O as the origin, are three mutually perpendicular lines whose direction cosines
and, m andn_(r=1,2and 3). If the projections of OA and OB on the plane z = 0 make angles ¢,

and ¢,, respectively, with the x-axis, prove that tan (¢, —¢,) =*n,/nn,.

5y 4
5+ ,u(% + RSN 3) =0 intersect on the same line.
. ¢

O is the origin and lines OA, OB and OC have direction cosines [ ,m andn _(r=1, 2 and 3). If lines
OA’, OB’ and OC’ bisect angles BOC, COA and AOB, respectively, prove that planes AQOA’, BOB and

y _ z

COC’ pass through the line = = .
L+L+l, m+m+m m+n,+n,

If P be any point on the plane Ix +my + nz = p and Q be a point on the line OP such that OP-0OQ =p’,
then find the locus of the point Q.

If a variable plane forms a tetrahedron of constant volume 64&> with the coordinate planes, find the

locus of the centroid of the tetrahedron.

Objective Type : o ‘ | ,‘ f ‘»Sbluti:b,r‘isQnipagej’.SQ'

Each question has four choicesa, b, c and d, out of which only one answer is correct. Find the correct answer.

1.

2.

In a three-dimensional xyz space, the equation x* — 5x + 6 = O represents
a. points b. planes

¢. curves d. pair of straight lines
x=2 y+1 z-1
2 -1

The line

intersects the curve xy = ¢?, z=01if c is equal to

a. =*1 b. *+1/3 ¢ t./5 d. none of these
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x+3 y—-4 z+5
3
a. the line is parallel to the plane b. the line is perpendicular to the plane

3. Letthe equations of aline and a plane be and 4x ~ 2y —z =1, respectively, then

c. the line lies in the plane d. none of these

4. The length of the perpendicular from the origin to the plane passing through the point 2 and containing
the line 7 = Z+ ),z is

e e ]

[abc] [ab c]
a. 5 S5 5 - 5 o b. e T
laxb+bxc+cxal faxb+bxcl

- = > e i )

{abc] lab c]
& S5 S5 d ——S——F—7
lbxXc+cXal texa+axb!

5. The distance of point A (=2, 3, 1) from the line PQ through P (-3, 5, 2), which makes equal angles with
the axes is

a. /3 b. Ji4/3 ¢ 16/43 d 5/3

6. The Cartesian equation of the plane r:(1+/”t—u);+(2—),)}'+(3—2/1+2/.t)l; is
a. 2x+y=5 b. 2x-y=5 c. 2x+z=5 d. 2x-z=5

7. A unit vector parallel to the intersection of the planes 7 (? - } + IQ) =5and r- (2; + } - 3/2) =4is
2i+5)-3k 2i-57+3k ~2i-5j -3k —2i+5) -3k
e b, 227~/ 7-% ¢, =74/ d =" ==

\38 J3g . - /38 V38

8. Let L, be the line ';1)=2;+}'—IA<+/”L(§+21A<) and let L, be the line r2=3§+3'+u(;+;'—f<).
Let @ be the plane which contains the line L, and is parallel to L,. The distance of the plane 7 from the

origin is
a. 2/7 b. 1/7 c. 6 d. none
9. For the line x-1 =2 ; 2 =2 =3 , which one of the following is incorrect?
a. itliesinthe planex—2y+2z=0 b. itis same as line 2=2= %
c. it passes through (2, 3, 5) d itis parallel to the plane x — 2y + z—6=0

10. The value of m for which straight line 3x — 2y + z+ 3=0=4x -3y + 4z + | is parallel to the plane
2x—y+mz-2=0is
a. 2 b. 8 c. —18 d. 11

11. The intercept made by the plane ron= g on the x-axis is

~>
S
~ >
S
S

a. q b.

C.
A
i-

- - i

S
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12. Equation of a line in the plane 77 = 2x - y+2z—4=0which is perpendicular to the line  whose equation

x=2 y-2 z-3

is and which passes through the point of intersection of [ and 7 is

l -1 -2
a x—2:y—1:z—1 b. x—1=y—3=z—5
1 5 0 1 3 5 -1
x+2 _y+1_ z+1 d x=2 y-1 z-1
2 -1 1 2 -1 1
13. If the foot of the perpendicular from the origin to a plane is P (a, b, ¢),.the equation of the plane is
a. £+X+£=3 b. ax+by+cz=3
a b ¢
C. ax+by+cz=a>+ b+ c? d. ax+by+cz=a+b+c

-1 -2 z-3
14. The equation of a plane which passes through the point of interseciion of lines x3 S AL

x-3_ y~-1 z-2
1 2

a  4x+3y+5z=25 b 4x+3y=57=50 ¢ 3x+4y+5z=49 d x+7y-5z=2

and

and at greatest distance from point-(0, 0, 0) is

15. Let A (Z) and B (Z) be pc;ints on two skew lines 7: 2 +2 ; and 7 = Z + u:]) and the shortest
distance between the skew lines is 1, where ;and 3 are unit vectors forming adjacent sides of a
parallelogram enclosing an area of % units. If an angle between AB and the line of shortest distance
is 60°, then AB =

: .
a 3 h 2 c 1 . d Ae R-{0}

16. LetA(1,1,1),B(2,3,5andC (=1, 0, 2) be three points, then equation of a plane parallel to the plane
ABC which is at distance 2 is

a 2x-3y+z+2.14 =0 b 2x~3y+z- /14 =0
€ 2x-3y+z+2=0 ' d 2x-3y+z-2=0

X—-2 y+3 z+5
2 2
a (3,-5,-3) h (4,-7,-9) e (0,2,-1 d (3,53

18. The coordinates of the foot of the perpendicular drawn from the origin to the line joining the points
(-9,4,5)and (10, 0,-1) will be

a (3,2, b (1,2,2) c. (4,5,3) d none of these

17. The point on the line at a distance of 6 from the point (2, — 3, - 5) is

19. IfP.: ?r_z: -d,=0,P,: ?,{; -d,=0and P, : ;),;; -d, = 0 are three planes and ’Z)’Z and;;; are
three non-coplanar vectors, then three lines P =0, P,=0; P, =0, P.=0and P3 =0, P =0are

a. parallel lines b. coplanar lines ¢. coincident lines d concurrent lines
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21.

22.

23.

24.

25.

26.

27.

28.

29.
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The length of projection of the line segment joining the points (1, 0, — 1) and (-1, 2, 2) on the plane x
+3y-5z=46,1s equal to

a 2 N i ¢ |72 R il
53 31 35

The number of planes that are equidistant from four non-coplanar points is

a 3 h 4 c 7 d 9

In a three dimensional co-ordinate system, P, Q and R are images of a point A (a, b, ¢) in the x-y,
¥-z and z-x planes, respectively. If G is the centroid of triangle PQR, then area of triangle AOG is (O is
the origin)

a 0 b a?+b+c? c. z(a2 +b* + ¢?)d. none of these

A plane passing through (1, 1, 1) cuts positive direction of co-ordinate axes at A, B and C, then the
volume of tetrahedron OABC satisfies

SR

9 9
a V< b VZE c. V= d. none of these

2
Iflinesx=y=zandx= % = g , and third line passing through (1, 1, 1) form a triangle of area \/—6— units,

then point of intersection of third line with second line will be

a (1,2,3) h (2,4,6) c (%’%’%) d none of these

The point of intersection of the line passing through (0, 0, 1) and intersecting the lines x + 2y + z=1,
—x+y-2z=2andx+y=2,x+z=2 with xy plane is

5 1 51
a. (—,——,O) h (1,1,0) c. z,—l,oj d (——,—,0)
33 373 33
Shortest distance between the lines x1—1= 4 1_1 = 2;1 and x;2= b4 1_3= 2% s equal to
a 14 b /7 ¢ 2 d none of these
Distance of point P (;) from the plane 7;= 0 is
a. |;.,_{| . h lpxnl c. li_)—n—l d none of these
|n| N [nl
The reﬂectlon of the point a inthe plane r-n =gqis )
a. a+w : hoa+2|dzen s
inl Inf
c. Z+MZ d none of these
int
Line r =a+Ab willnotmeettheplane?-Z=q,if
a b-on=0an=g b-n0,a-n#gq
c. Z ;1) O,a n;tq b Z¢0,2-2=q
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31.

32.
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4
If a line makes an angle of 7 with the positive direction of each of x-axis and y-axis, then the angle

that the line makes with the positive direction of the z-axis is

a T h % e % a Z
3 4 2
The ratio in which the plane 7 - (i —2 ] +3%) = 17 divides the line joining the points—2 7 + 4 +7%

and3 { -5 +8F is

a. 1:5 b. 1:10 c. 3:5 d. 3:10
The image of the point (—1, 3, 4) in the plane x -~ 2y = 0 is

(—5 D 4) h (15,114 (—1—7 —Ql) a(2-B4
a 33 (15,11,4) C. 3730 PR

Thedistancebetween the line: 7:2§_2}‘+3]2+}, (f_ }'.;_4]2) and the plane 7.(§+5}+,’2)=5is

10 Y c. 10 a3
33 9 3 10
Let L be the line of intersection of the planes 2x + 3y +z =1 and x + Jy+2z=2.

If L makes an angle o with the positive x-axis, then cos o equals

1
b 1 ¢ —F= d

V2

1
a‘ p—
2

-

x=6_ y-7 z-17.

The length of the perpendicular drawn from (1, 2, 3) to the line is

2 -2
a 4 h 5 c 6 d 7
If angle O between the line 21 — y2—1 ~ 222 and the plane 2x -y + ,/3 z+4=0is such that sin
1
0= 3 the value of A 1s
a =3 h. > c. -4 a3
5 3 3 4

The intersection of the spheres x?+ y?+ 22+ Tx -2y —z= 13 and x? + y2 + 22— 3x + 3y + 4z =38is the same
as the intersection of one of the spheres and the plane

a x—-y-z=1 h x-2y-z=1 c x—-y-—-2z=1 d 2x—-y-z=1

A plane makes intercepts OA, OB and OC whose measurements are b and ¢ on the 0X, OY and OZ
axes. The area of triangle ABC is

. 1 1
a. > (ab + bc + ca) b. Eabc (a+b+c¢)
1 1
c. > (@ + b*c? + ca?)'? d. > (a+b+c)
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A line makes an angle with each of the x- and z-axes. If the angle B, which it makes with y-axis, is such
that sin? 8= 3 sin? 6, then cos? 6 equals

a. 2 b. 1 c. 3 d. 2
3 5 5 5

The shortest distance from the plane 12x + y + 3z = 327 to the sphere x> + y* + 22 + 4x - 2y — 62 = 155 is
a 3 h 26 c. 41 It} d 13

A tetrahedron has vertices O (0,0,0), A(1,2,1),B(2,1,3)and C (-1, 1, 2), then angle between faces
OAB and ABC will be:

17 19
a cos' | b 30° c. o d cos'| =
31 35

The radius of the circle in which the sphere x* + y* + 72 + 2z — 2y — 4z — 19 =0 is cut by the plane x + 2y
+2z+7=0is
a 2 h 3 c. 4 d 1
The lines: x=2_y-3_z-4 and X1_Y74_2°5 are coplanar if:
1 -~k k 2
a k=lor-1 h k=0o0r-3 ¢. k=3o0r-3 d k=0or-1
The point of intersection of. the lines x5 = y—7 = 22 and x+3 = y=3 = 26 is
3 -1 1 -36 2 4

510

a. 21, - 33 b (2,10,4) c. (-3,3,6) d (5,7,-2)

Two systems of rectangular axes have the same origin. If a plane cuts them at distance a, b, ¢ and &’
b’, ¢’ from the origin, then:

1 1 1 1 1 1 1 1 1 1 1 1

& gtptat Aty —7=0 b T ET /2_}7_67:0
1 1 1 1 1 l 1 1 1 1 1 1

¢ —tS+=-—~-—-—=0 d s+S+5+—F+—F75+—5=0
aZ b?_ cl a/Z b/l C12 2 2 G ’ b/2 C/Z

. . . x=-3 y-6 z-4.
The plane, which passes through the point (3, 2, 0) and the line n = 5 = 2 is:
a x—-y+z=1 b x+y+z=5 ¢ x+2y-z=1 d 2x—y+z=5

The direction ratios of a normal to the plane through (1, 0, 0) and (0, 1, 0), which makes an angle of

% with the plane x + y = 3 are

a. <1,2,1> b. <1,1, 2 > c. <1,1,2> d. <\2,1,1>
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48. The centre of the circle given by: 7 . (? + 2}' + 2/2) =15and| 7 — (}' + 2/2) =4 is
a. (0,1,2) b (1,3,4) c. (—1,3,4 d. none of these

49. The lines which intersect the skew lines y=mx,z=c;, y=—mx, 7=~ c and the x-axis lie on the surface
a cz=mxy b xy=cmz C. cy=mxg d none of these

50. - Distance of the point P ( ; ) from the line 7= a+ b is

(p-a)-b)b
1P

a |(a-p)+ b (Z—B)+——((p“lg)lz'b)b

Llp-b)-bB)b

e. [(a—p) -
15

d none of these

S1.  From the point P(a, b, ¢), let perpendiculars PL and PM be drawn to YOZ and ZOX planes, respectively.
Then the equation of the plane OLM is

a. Z+24%20 b. Z+2_Z-9
a b ¢ a b ¢
o X_Y_Z_, d Z-2:%2-9
a b c a b ¢
52. Theplane 7 n=gq will contain the line 7 = g + A7, if
a Z-Z?&O,Z;L);éq : b. Z-Z:O,Z-Ziq
C Z~Z=O,Z~Z=q d Z-;¢O,Z-Z=q
53. The projection of point P (;)on the plane ?-;L):q is (})), then
a s=4-pmn b s—pilazpmn
Inf Inl?
o s=p-E a 5=p-@zLnn
In InP

54. The angle between i line of the intersection of the plane 7 . (? + 23’ + 31Ac) =0and r- (3? + 3}' + ]2)
=0, is

1 1 2
a cos™! (5) b. cos*’(ﬁ) c. cos™ (E) d none of these

x+6  y+10 z+14
3 8
opposite vertex is (7, 2, 4). Then which of the following is not the side of the triangle?

55. The line

is the hypotenuse of an isosceles right angled triangle whose
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o x=7 _y-2_z-4 h x=T7_y=2_z-4
2 -3 6 3 6 2

x=7_y-2 z-4
35 0 -l
The equation of the plane which passes through the llne of i mtersect1on of planes - nl q,r
g, and is parallel to the line of intersection of planes P _) =g, and r- n =q,,is

d. none of these

Y

-

a. [”2 na n4](r'n| -q) = [nl n3 n4](r 'nz -q,)

b. [nl n, nal(r'n4_Q4) =[n4nzn'1](r'nz_%)

C Ingmm](r-n—q,) = [mn,m](r- nz q,)

d. none of these

Consider triangle AOB in the x-y plane, where A = (1, 0, 0); B=(0, 2, 0); and O = (0, 0, 0). The new
position of O, when triangle is rotated about side AB by 90° can be

43 2 b 3«f2 'C(EZLJ d(iz_)
575,\/5 . > 5 \/— . 5,5,\/5 . 5 5 \/—
Let Z=?+}'and3=2?—]2, then the point of intersection of the lines 7x2=3x2 and
;)XZ=2XZ is
a. 3,-1,1 b. 3,1,-1) c. (3,1,0 d (-3,-1,-1)

The coordinates of the point P on the line 7= (? + 3’+ IAc) +A (—? + } - 12) which is nearest to the
origin is

(zﬁz) b (_z _4 z)
3733 ) 37 3’3

The ratio in which the line segment joining the points whose position vectors are 2i —4 j — 7k and

(%i—z) d. N f th
3'3° 73 . None of these

~37 + 5}' 8k is divided by the plane whose equation is r- (? - 2} + 31Ac) =13, is

a. 13:12internally b 12:25externally ¢ 13:25internally d 37:25 internally
Which of the following are equations for the plane passing through the points P (1,1,-1), 0 (3,0, 2)
and R (- 2, 1, 0)?

a. (2i-3)+30)((x+2)i+(y—1)j+zk) =0
b. x=3-t,y=-11t,z=2 -3t

e (x+2+1ly-1)=3;

d. Qi—j+3k)x(=3i+k)(x+2)i+(y=1)j+zk) =0

Given o =3i+ 3 +2k and ,_é =i- 2}' — 4% are the position vectors of the points A and B. Then the
distance of the point —i+ } +k from the plane passing through B and perpendicular to AB is
a. s b. 10 c. 15 d. 20
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L, and L, are two lines whose vector equations are

Lyt 7 =A((cos 0+ \3)i+(2sin6) j +(cos 6—3) )

L: ‘r’ =U (a? + b}' + C/:f) , where A and i are scalars and ois the acute angle between L and L, Ifthe

angle ‘o is independent of 6, then the value of ‘&’ is

a. T b. r c. r d.
6 4 3

(SRR

—3=y—-8=z—3and x+3= y+7= z2—6
-1 1 -3 2 4

a. 30 b. 2430 c. 5430 d. 330

. . X .
The shortest distance between the lines is

The line through i+3j+2k and 1 to the line r=(G+2j-%)+A2i+j+4) and
F=Qi+6j+k) +u(i+25+3k) is

a r=(i+2j-R)+A(—i+57-3k) b. r=i+3j+2k+A(G=5]+3k)

& r=i+3j+2k+AG+57+3k) d. r=i+3j+2k+A(-i-5]-3k)

The equation of the plane passing through the lines x—4: y—3: 2=2 and x_—3=y_—2:£ is
1 2 1 -4 5

a llx-—y-3z=35 h 1lx+y-3z=35 c. llx—y+3z=35 d none of these

The three planes 4y + 6z=5;2x+ 3y +5z=5and 6x + 5y +9z=10

a. meetin a point ) b. have aline in common

¢. forma triangular prism d none of these

The equation of the plane through the line of intersection of the planes ax + by + cz+d = 0 and @’x

+b’y+c’z+d’ =0 and parallel to the line y=0and z = 0 is
a. (ab’'—ab)yx+(bc’-bC)y+(ad’—ad) =0

b. (ab’'—ab)x+(bc’-bc)y+(ad'—a'd)z=0

€ (ab’—a’b)y+(ac’—at)z+(ad —a'd) =0

d none of these

Equation of the plane passing through the points (2, 2, 1) and (9, 3, 6), and L to the plane 2x + 6y
6z—1=0is .

a 3x+4y+5z=9 b 3x+4y-5z=9
¢ 3x+4y-5z=9 ‘ d. none of the above
Value of A such that the line x-1 = y3—1 = 2;1 is 1 to normal to the plane 7-(27+3}Z +4Z) =0
is
1
a. - 13 b. - ) c. 4 d. none of these
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The equation of the plane through the intersection of the planes x + 2y + 3z -4 =0 and 4x + 3y + 22
+ 1 = 0 and passing through the origin is

a 17x+14y+11z=0 : b Tx+4y+2z=0
¢ x+14y+11z=0 d 17x+y+2z=0

The plane 4x + 7y + 4z + 81 = 0 is rotated through a right angle about its line of intersection w1th the
plane 5x + 3y + 10z = 25. The equation of the plane in its new position is
a. x—4y+6z=106 b. x — 8y+13z=103

c. x—-4y+6z=110 d. x-8y+13z=105

The vector equation of the plane passing through the origin and the line of intersection of the planes

-

r.Z:land?-Zzuis
a. 7-(Aa-ub)=0 b 7-(Ab-pa)=0 ¢ r-(ha+pb)=0 d. r-(Ab+pa)=0

The lines 7= a+ A (Z X 2) and r=b+ u (Z X Z) will intersect if {

a axc=bxc b. 22:32 ¢ bxa=cxa d none of these
.. .ox+1l oy z-1 . . . .
The projection of the line =y = 5 = 5 on the plane x — 2y + z = 6 is the line of intersection of

this plane with the plane
a. 2x+y+2=0 b. 3x+y-z=2 ¢. 2x3y+8z=3 d. none of these

The direction cosines of a line satisfy the relations A (I + m) = n and mn + nl + Im = 0. The value of
A, for which the two lines are perpendicular to each other, is

a. 1 b. 2 ‘ c. 172 d. none of these

The intercepts made on the axes by the plane which bisects the line joining the points (1, 2, 3) and
(-3, 4, 5) at right angles are

9 9 9 9
__7999 —99’9 99__,9 9’_59
a (-5:99] b. (5:99) e (0-29)  a (029)

The pair of lines whose direction cosines are given by the equations 3/ + m + 5n =0 and 6mn — 2nl
+5Im=0, are

a. parallel b. perpendicular ¢. inclined at cos™ (é)d none of these

A sphere of constant radius 2k passes through the origin and meets the axes in A, B and C. The locus
of a centroid of the tetrahedron OABC is

a. +y +7 =4k b. X2+y +72=k

c. 2K2+y*+2)?r=k d. none of these

A plane passes through a fixed point (a, b, ¢). The locus of the foot of the perpendicular to it from the

origin is a sphere of radius
1 2
a. E«,/az+bz+c2 b. Va’+b*+c’

1
c. a+b+c? , d. E(a2+b2+c2)
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What is the nature of the intersection of the setof planes x +ay+ (b+c)z+d=0, x + by+(c+a)z+
d=0andx+cy+(@+b)z+d=0? :

a. They meet at a point b. They form a triangular prism

¢. They pass through a line d They are at equal distance from the origin _
Find the equation of a straight line in the plane r - n =d whichis parallelto r=a + A b and passes

through the foot of the perpendicular drawn from point P(c) to r-n=d (where n-b =0).

a r=a+(d;2a.an+/lb b r=a+[mJn+lb
n n

- - *)._)_ - - - - _)._)_d - -

c. r=a+[#]n+lb d r=a+(an“Jn+lb
n n

What is the equation of the plane which passes through the z-axis and is perpendicular to the line
x—a=y+2:z——3,7 ‘

cosf sin@ 0

a. x+ytan 6=0 b. y+xtan8 =0

€. xcosf@-ysing =0 d. xsinf-ycos@ =0

A straight line L on the xy-plane bisects the angle between OX and OY. What are the direction cosines
of L? _
a <(/+2),12),0> b <(1/2),(3/2),0>

c. <0,0,1> d <(2/3),(2/3),(1/3) >

For what value(s) of a, will the two points (1, a, 1) and (-3, 0, a) lie on opposite sides of the plane 3x
+4y-12z+13=07?

-a. a<-lora>1/3 b. a=0only

¢. O<axl d. -1<ax<1

If the plane hd + 2 + g =1cuts the axes of coordinates at points A, B and C, then find the area of the

triangle ABC.
a. 18 sq unit b. 36 sq unit

c. 314 squnit d. 2./14 sq unit
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Multiple Correct Answers Type |ENESCEEEE. TR o Solutions'on'page 3111

Each question has four choices a, b, ¢ and d, out of which one or more are correct.

1.

Let PM be the perpendicular from the point P(1, 2, 3) to the x-y plane. If al: makes an angle 8 with the

P . . . — . ) . . .
positive direction of the z-axis and OM makes an angle ¢ with the positive direction of x-axis, where
O is the origin and 8 and ¢ are acute angles, then

a cosBcos ¢=1/14 b sinOsin¢=2/14 c. tanp=2 d tan0=+/5/3

Let P, denote the equation of a plane to which the vector (? + }') is normal and which contains the
line whose equation is =i+ ; +k+ A(? —A}' - l/;) and P, denote the equation of the plane containing
the line L and a point with position vector j.Which of the following holds good?

a. The equationof P isx+y=2.

h  The equation of P, is - (? - 2/]\' + ]Ac) =2.

c. The acute angle between P, and P, is cot™' “f3).

d. The angle between the plane P, and the line L is tan™' V3.

If the planes 7(; + } + IAc)= q, ?(; + 2a}f +IA¢) =q,and —r)-(a? +a? } +12) = g, intersect in a line,
then the value of a is

a. 1 b. 1/2 c. 2 d. 0

A line with direction cosines proportional to 1, -5 and -2 meets lines x =y + 5 =z + | and

x + 5 = 3y = 2z. The coordinates of each of the points of the intersection are given by
a (2,-3,1 b (1,2,3) c. (0,5/3,5/2) d (3,-2,2)

Let P = 0 be the equation of a plane passing through the line of intersection of the planes 2x—y =0

and 3z -y = 0 and perpendicular to the plane 4x + 5y — 3z = 8. Then the points which lie on the plane
P =0is/are

a. (0,9,17) b. (1/7,2, 1/9) c. (1,3, -4) d. (172,1, 1/3)

The equation of the lines x +y + z— 1 =0 and 4x +y — 2z + 2 = 0 written in the symmetrical form is
a x—1 y+2 z-2 b x+(1/2)  y-1_ z-(1/2)
2 -1 2 1 =2 1

x_y _z-1 d x+1 y-2 z-0

1 2 1 1 =2 1
Consider the planes 3x — 6y + 27+ 5 = 0 and 4x — 12y + 3z = 3. The plane 67x — 162y + 47z + 44 =0
bisects the angle between the given planes which '
a. contains the origin b. isacute c. isobtuse d. none of these
If the lines x=2 = y—3 = 24 and x_1 = y—4 = 25 intersect, then

1 A A 2
a. A=-1 b. A=2 c. A=-3 d. A=0
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The equations of the plane which passes through (0, 0, 0) and which is equally inclined to the planes
X-y+z-3=0andx+y+z+4=0is/are

a y=0 h x=0 ¢ x+y=0 d x+z=0

The x-y plane is rotated about its line of intersection with the y-z plane by 45°, then the equation of
the new plane is/are

a. z+x=0 b. 7—-y=0 . c. x+y+z=0 d z-x=0
. L .. . x=1 'y z+42
The equation of the plane which is equally inclined to the lines T:——Z: I and
-4
%—3 = yT = i4 and passing through the origin is/are
a. 14x—-5y-7z=0 b. 2x+7y-z=0 ¢. 3x-4y—-z=0 d. x+2y-5z=0
Which of the foliowing lines lie on the plane x + 2y -z + 4 =0?
a. x_—1:l=z_—5 b. x~y+z=2x+y-z=0
1 -1 -1
c. ?=2?—}'+4/€+/’L(3§+}+5/§) d. none of these

If the volume of tetrahedron ABCD is 1 cubic units, where A0, 1,2), B(-1,2,1) and (1,2, 1), then the
locus of point D is

a. x+y—z=3 b. y+Z=6 C. y+Z=0 d y+z=—3

A rod of length 2 units whose one end is (1, 0, —1) and other end touches the plane x—2y+2z+4=0,
then

a. The rod sweeps the figure whose volume is 7 cubic units.

b. The area of the region which the rod traces on the plane is 2.
¢. The length of projection of the rod on the plane is 3 units.
. . . (22 -5
d The centre of the region which the rod traces on the plane is 333 )

. . . . . . . -1 +2
Consider a set of points R in the space which is at a distance of 2 units from the line % =X ire

- 2
between the planesx—y+2z+3=0andx—y+2z—-2=0.
a. The volume of the bounded figure by points R and the planes is 10/ 3\/5 )z cube units.

b The area of the curved surface formed by the set of points R is (2071/\/3) $q. units.

¢. The volume of the bounded figure by the set of points R and the planes is (207r/x/g) cubic units.
d  The area of the curved surface formed by the set of points R is (10/ \/5)77: $q. units.

The equation of a line passing through the point a paraliel to the plane ron = q and perpendicular to
theliner =b + tc is

& F=a+Anx o) b Goax(x)=0

¢ F-pa+ ),(Z % Z) d. none of these
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Reasoning Type |ENEEENCIR A Solutions on page 3.116

Each question has four choices a, b, ¢ and d, out of which only one is correct. Each question contains
Statement 1 and Statement 2.

a. Both the statements are true, and Statement 2 is the correct explanation for Statement 1.
b. Both the statements are true, but Statement 2 is not the correct explanation for Statement 1.
c¢. Statement 1 is true and Statement 2 is false.
d. Statment 1 is false and Statement 2 is true.

1. Statement 1: Lines r = i- Jj+ ),(? + } - lAc) and r=2i - 3 +u(i+j- l/%) do not intersect.
Statement 2: Skew lines never intersect.

2. Statement 1: Lines r=1i + } —k+ 1(3? - }') and r=4i -k +u(2? +31Ac) intersect.

- - - - - - - - -
Statement 2: If » X d =0, thenlines r =a + Ab and r = ¢ + Ad do not intersect.
-1 +3 -2 x—2 —1 +3
d = y = Z and = y = Z .

3. The equation of two straight lines are
1 -3 1 -3 2

Statement 1: The given lines are coplanar.
Statement 2: The equatiohs 2x,—y,=1,x,+3y =4and 3x +2y =S5 are consistent.
4. Statement 1: A plane passes through the point A(2, 1, —3). If distance of this plane from origin is
maximuim, then its equation is 2x + y — 3z = 14.
Statement 2: If the plane passing through the point A (2) is at maximum distance from origin, then
normal to the plane is vector a.
x-1_ y;O - ”12 lies in the plane 2x— 3y — 4z — 10 =0.

Statement 2: If line ;) = Z+ AZ lies in the plane ?Z =n (where nis scalar), then ZZ =0.

5. Statement 1: Line

- -1
6. Statement 1: Let 8 be the angle between the line x—2 AL 2

2 -3 -2
Then 0 = sin™ (l/x/ﬁ).

Statement 2: The angle between a straight line and a plane is the complement of the angle between
the line and the normal to the plane.

7. Statement 1: Let A (? + 7 + Z) and B(? —7 + ;) be two points. Then point P (2 + 3 j + k) lies
exterior to the sphere with AB as its diameter. SN
Statement 2: If A and B are any two points and P is a point in space such that PA - PB >0, then point
P lies exterior to the sphere with AB as its diameter.

and the planex +y —z=35.

8. Statement 1: There exists a unique sphere which passes through the three non-collinear points and
which has the least radius. )
Statement 2: The centre of such a sphere lies on the plane determined by the given three points.

x=1 'y z+2

== - which are at a distance of 2 units

9. Statement 1: There exist two points on the line 0

from point (1, 2, — 4).

. -1 +2 .
Statement 2: Perpendicular distance of point (1, 2, —4) from the line le D A > is 1 unit.
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10. Statement 1: The shortest distance between the lines XX and =

3 1 -1 1
y=3 (z+(13/7))_
5 = _1 1S zero.

Statement 2: The given lines are perpendicular.

Linked Comprehension Type

Based on each paragraph, three multiple-choice questions have to be answered. Each question has
four choices a, b, c and d, out of which only one is correct.

For Problems 1-3

- Solutions on page 3.117

Given four points A(2, 1, 0), B(1,0,1),C(3,0, 1) and D(0, 0, 2). Point D lies on a line L orthogonal to the plane
determined by the points A, B and C.

1. The equation of the plane ABC is ‘
a. x+y+z-3=0 b. y+z-1=0 c. x+z-1=0 d. 2y+z-1=0
2. The equation of the line L is

a. r=2k+A>i+k) b. 7=2k+AQ2j+k) ¢ r=2k+A(j+k) d. nonme
3. The perpendicular distance of D from the plane ABC is
a 2 b.112 .2 d. 1/+2
For Problems 4-6

A ray of light comes along the line L = 0 and strikes the plane mirror kept along the plane P=0at B. A(2, 1,6)
x-2 y-1_2z-6

is a point on the line L = 0 whose image about P =0is ATt "i‘s given that L=01is 3 1 5 and P
=0isx+y—-2z=3.
4. The coordinates of A” are
a (6,5,2) b. (6,5,-2) c. (6,-5,2) d. none of these
5. The coordinates of B are :
a. (5,10,6) h (10,15,11) ¢ (-10,-15,-14) d. none of these
6. If L, = 0is the reflected ray, then its equation is
a x+10=y—5=z+2 b x+10=y+15=z+14
4 4 3 3 5 5
. x+10 _ y+15 _ z+14

4 5 3 d. none of these
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For Problems 7-9
Consider three planes 2x + py + 67 =8, x + 2y + gz=5andx+y+3z=4.

7. Three planes intersect at a point if

a p=2,g+3 b p#2,g#3 ¢ px2,q=3 d p=2,¢4=3
- 8. Three planes do not have any common point of intersection if
a p=2,g#3 b p#2,g+#3 ¢. pz2,q=3 d p=2,9=3
9. The planes have infinite points common among them if
- a p=2,9€3 b pe2,ge3 ¢ px,qg=3 d p=2,9=3
For Problems 10-12

Consider a plane x + y — z = 1 and point A(1, 2, -3). A line L has the equation x=1+3r, y=2—rand

z=3+4r.

10. The coordinate of a point B of line L such that AB is parallel to the plane is

a. (10, -1, 15) b. (-5,4,-5) c 41,7 d. (-8,5,-9)
11. The equation of the plane containing line L and point A has the equation

a x-3y+5=0 b x+3y-7=0 e 3x—y—1=0 d 3x+y-5=0
12.  The distance between the points on the line which are at a distance of 4/+/3 from the plane is

a 4.2 h 20 ¢ 10413 d none of these

Matrix-Match Type [

- Solutions on page 3.120".
Each question contains statements given in two columns which have to be matched. Statements
(a,b, ¢, d) in Column I have to be matched with statements (p, q, 1, s) in Column IL. If the correct matches

area—p, s; b—gq, r; ¢ — p,qand d — s, then the correctly bubbled 4 x 4 matrix should be as follows:
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1.
ColumnI ColumnIl
a. A vector perpendicular to the line x=2t+1,y=¢+2andz=~¢-3 p- 73 +3}‘ +5]A<
b. A vector parallel to the planes x +y +z—-3=0and 2x-y +3z=0 q. 4'{ _}' _3]2
¢. A vector along which the distance between the lines L —11i +7j+5k
X y 4 - AR A A A AL
> = 3 = =) and 7= (3i —j+k)+t(i +j—2k) 18 the shortest
d. A vector normal to the plane s i+ 3}' +k
Fe—i+af6k+AG +37 —20)+p(—i +27 -5k)
2.
Column I Column H
. x—1 y+ 2 Z - A A A A A A ) . .
a Lines —— = = = and r=(3i —j+k)+t(i +j+ k) are p. intersecting
- x+5 y-3 z+43 R : .
b. Lines 1 = - = 3 andx—y+2z7-4=0=2x+y—-3z+5=0are q. perpendicular
¢. Lines{(x =t-3,y=~-2t+1,z=-3r-2)and —r) = ('t§|-1)§+(2t+3) } + (_z_9)1A¢ are{r. parallel
d Lines 7= (/f +33‘ —]2)+z(2§—} —I/::) and 7 = (—/z: —2}' +51Ac)+s(/1:—2}' + %II;)are S. skew
3.
Column I Column IT
a.  The coordinates of a point on the linex=4y +5,z=3y~6ata p. -1,-2,0)
distance 3 from the point (5, 3, - 6) is/are '
-2 +3 +5 '
b The plane containing the lines x 3 =2 5 =2 7 and q. (5,0,-6)
parallel to i+ 4}' +7k has the point
¢.  Aline passes fhrough two points A(2, - 3,-1) and B(8, -1, 2). r. 2,5,7)
The coordinates of a point on this line nearer to the origin and at a
distance of 14 units from A is/are
d  The coordinates of the foot of the perpendicular from the point s. (14,1,5)
(.1, 1) ontheline == 222 =22 i
— n —_— — =
-(3,-1, 1) ontheline 3 7 isfare
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4.
Column I Column IT°
i e r=(2i=27+3k)+ A0 - j+4k) and- 25
r=(2i- i— —_—
a.  The distance between the line J J and plane | p. Wid
roG+57+k) =3
b Distance between parallel p]anes?- (2? —}' +31€) =4and - 6i-3j+9k) q. 1377
+13=0is '
AP LY 10
¢.  The distance of a point (2, 5, — 3) from the plane 7 - (61 —3j+2k) =4is L 375
d  The distance of the point (1, 0, - 3) from the plane x ~y~z—-9=0 measured s. 7
lel toli x-2 y+2 z-6
aralie = =
p o line 3 >
S.
Column 1 Column 11
a. Image of the point (3, 5, 7) in the plane 2x + y + z=—18is p. —1,-1,-1)
. . . .o x=2 y-1 z-3 .
b The point of intersection of the line ——= > = 5 and the plane q. (-21,-7,-5)
2x+y—z=3is
528
¢. The foot of the perpendicular from the point (1, 1, 2) to the plane 2x — 2y + rl5>33]
42+45=0is |
: N , -1_y-2_2z-3 x=4 _y-1_ . ( 1 25 -2)
d  The intersection point of the lines —— = = and = =Zis| 8 | ——,—,—
P ' 2 3 4 5 2 12712712

Integer Answer Type ’

1.
2.
3.

Find the number of spheres of radius r touching the coordinate axes.

o Solutions Onjl’?age’ 3-12‘45:'7

Find the distance of the z-axis from the image of the point M (2, -3, 3) in the plane x -2y —z+1=0.
If the length of the projection of the line segment with points (1, 0, - 1) and (-1, 2, 2) to the plane
x+ 3y —5z = 6isd, then find the value of [d/2] where [ - ] represent greatest integer function.

If the angle between the plane x— 3y +2z=1 and the line x; ! =7 1_ ! =% _3

of cosec 6.

! is O, then find the value

Let A,A,ALA, be the areas of the triangular faces of a tetrahedron, and 4, h,, h,, h, be the
corresponding altitudes of the tetrahedron. If volume of tetrahedron is 1/6 cubic units, then find the
minimum value of (A +A, + A, +A)(h +h,+h,+h,) (incubic units).
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Subjective Type
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Let the equation of the plane containing line x—y—z-4=0=x+y+2z-4 and parallel to the line
of intersection of the planes 2x+3y+z=1 and x+3y+2z=2 bex+Ay+ Bz+ C=0. Then find the
value of |A + B+ C—4l.

Let P(a, b, c) be any point on the plane 3x + 2y + z=7, then find the least value of 2(a®+ b* + ¢?).
The plane denoted by P, : 4x + 7y + 4z + 81 = 0 is rotated through a right angle about its line of
intersection with the plane P, : 5x + 3y + 10z =25. If the plane in its new position be denoted by P, and
the distance of this plane from the origin is d, then find the value of [k/2] (where [ - ] represents
greatest integer less than or equal to k).

x+2 2y+3 3z+4
4 5

The distance of the point P(-2, 3, —4) from the line measured parallel to the

plane 4x + 12y — 3z + 1 = 0 is d, then find the value of (2d - 8).

The position vectors of the four angular points of a tetrahedron OABC are (0, 0, 0), (0, 0, 2),
(0, 4,0)and (6,0, 0), respectively. A point P inside the tetrahedron is at the same distance ‘7 from the
four plane faces of the tetrahedron. Find the value of 9r.

" Solutions on page 3.127

(i) Find the equation of the plane passing through the points (2, 1, 0), (5,0, 1) and (4, 1, 1).

(ii) If P is the point (2, 1, 6), then find the point Q such that PQ is perpendicular to the plane in (i) and
the midpoint of PQ lies on it. (IIT-JEE, 2003)
Find the equation of a plane passing through (1, 1, 1) and parallel to the lines L, and L, having
direction ratios (1,0, ~1) and (1, — 1, 0), respectively. Find the volume of tetrahedron formed by origin
and the points where this plane intersects the coordinate axes. (IIT-JEE, 2004)

A parallelepiped S has base points A, B, C and D and upper face points A’, B, C’ and D’. The
parallelepiped is compressed by upper face A’B’C’D’ to form a new parallelepiped T having upper
face points A”, B”, C” and D”. The volume of parallelepiped T is 90 percent of the volume of

parallelepiped S. Prove that the locus of A” is a plane. (IT-JEE, 2004)
Find the equation of the plane containing the lines 2x—y + z—3 =0and 3x + y=z =75 and at a distance
of 1/+/6 from the point (2, 1, - 1). ' (IIT-JEE, 2005)

A line with positive direction cosines passes through the point P (2, - 1, 2) and makes equal angles
with the coordinate axes. The line meets the plane 2x + y + z = 9 at point Q. Find the length of the line

segment PQ. : (IT-JEE, 2009)

Objective Type

Multiplé choice questions with one correct answer

1.

x-4 y-2 z
1
a. 7 b. -7 ¢. no real value d. 4

(IIT'JEEs 2003)

The value of k such that

;k lies in the plane 2x — 4y + z=7, is
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2. Ifthelines 212t 271, 4 x=3_ y—k
2 3 4 1 2
a 32 b 972 c —2/9 . d -312
(IIT-JEE, 2004)
3. A variable plane at a distance of 1 unit from the origin cuts the coordinate axes at A, B and C. If the

= % intersect, then the value of k is

1 1 1
centroid D(x, y, z) of triangle ABC satisfies the relation — +— +—; =k, then the value of k is
Xy oz
a. 3 b. 1 c. 173 d. 9
(IIT-JEE, 2005)
4. A plane which is perpendicular to two planes 2x — 2y + z = 0 and x — ¥y + 2z = 4 passes through
(1, =2, 1). The distance of the plane from the point (1, 2, 2) is

a. 0 b. 1 ¢ V2 d. 242 )
(IIT-JEE, 2006)

S. LetP(3,2,6)beapointin space and Q be a point on line ;) = (2 - }'+ 21/:7) + u(—3? + 3 + 51/2)T Then the

value of u for which the vector Fé is parallel to the plane x —4y + 3z=11is

a. 1/4 b. -1/4 c. 1/8 d.-1/8
(IIT-JEE , 2009)
6. Equation of the plane containing the straight line g = % = i and perpendicular to the plane containing
the straight lines .Y 2 and 2=2=2 is
3 4 2 4.2 3
a x+2y-2z=0 h 3x+2y-2z=0 ¢ x-2y+z=0 d 5x+2y-4z=0

(IIT-JEE, 2010)

7. If the distance of the point P(1, -2, 1) from the plane x + 2y — 2z = ¢, where ¢ > 0, is 5, then the foot
of the perpendicular from P to the place is

(§E_Z 4 _4 1) c (12&) d (2 _lé)
3’3 3 37 33 3’3’3 I A )

. (IIT-JEE, 2010)
Assertion and reasoning type '
Each question has four choices a, b, ¢ and d, out of which only one is correct. Each question contains
Statement 1 and Statement 2.
Both the statements are true, and Statement 2 is the correct explanation for Statement 1.
Both the statements are true, but Statement 2 is not the correct explanation for Statement 1.
Statement 1 is true and Statement 2 is false.
Statment 1 is false and Statement 2 is true.

e g
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1. Consider the planes 3x —6y—2z=15and 2x +y —2z=5.

Statement 1: The parametric equations of the line of intersection of the given planes are
x=3+14t,y=2t,z2= 15z

Statement 2: The vector 147 + 2}' +15k is parallel to the line of intersection of the given planes.

Consider three planes P : x—y +z= 1,P2:x+y—z=—1andP3:x—3y+ 3z=2.

Let L, L, and L, be the lines of intersection of the planes P, and P, P, and P, and P, and P,

respectively. '

Statement 1: Atleast two of the lines L, L, and L, are non-parallel.

Statement 2: The three planes do not have a common point.

(IT-JEE, 2009)

Comprehension type

For Problems 1-3

) ] x+1 y+2 z+1 x—2 y+2 z-3
Consider the lines L : = = L = = (IIT-JEE, 2008)
3 1 2 1 2 3
The unit vector perpendicular to both L, and L, is
v T+ Tk _i-75+5k —i+7)+5k Ti-7j-k

., = , — ., T d.
& T Jog b =55 ¢ T sh 755

The shortest distance between L, and L, is
1 A 17
a. 0 b. N ¢ 55 d. 53
The distance of the point (1, 1, 1) from the plane passing through the point (-1, -2, —1) and whose
normal is perpendicular to both the lines L, and L, is

12 14 13 13

&—E —\/—7—§ C.'\/—Tg d.\/a

Matrix-maich type

Each question contains statements given in two cclumns which have to be matched. Statements
(a, b, ¢, d) in Column I have to be matched with statements (p, ¢, I, 8) in Column IL. If the correct matches
area —p, s; b— q, r; ¢ - p, qand d — s, then the correctly bubbled 4 x 4 matrix should be as follows:

q r s

1®OOG
POE@OG
®O0OG
OEOOG
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1. Consider the linear equations ax + by + cz=0, bx+cy +az=0and cx + ay + bz =0.
Match the conditions/expressions in Column I with statements in Column II. (OIT-JEE, 2007)

Column I Column I

a a+b+cz0anda’+b*+c?=ab+bc+ca |p. The equations represent planes meeting only at a
single point.

b. a+b+c=0anda®+b*+#ab+bc+ca |q.The equations represent the linex=y =z

¢c.a+b+c#0anda?+b*+c2#ab+bc+ca |r. The equations represent identical planes.

d.a+b+c=0and @+ b*+c*=ab+bc+ca |s. The equations represent the whole of the three-
q P
: dimensional space.

Integer Answer Type
1. If the distance between the plane Ax — 2y + z = d and the plane containing the lines

. x—l___ y—2:z—3 and

2 3 4 3 4

- - —4
x=2_Y 3=Z5 is /6 , then find the value of Id I.

(OT-JEE, 2010)

ANSWERS AND SOLUTIONS

Subjective Type .'

1. Sincel, mand n, and (I + §m), (m + 6 m), (n + on) are the direction cosines, we have
lz+m2‘+n2=1 ' Q)
I+ +(m+omP+(n+dn)y=1
S P +m?+n2+ 2080+ 2m dm + 2n én + (81> + (dm)* + (dn)? = |

= 2(1 8l +m dm +n 6n) =— ({0 + (dm)* + (6n)?) (i)
Now it is given that 660 is the angle between two adjacent positions of the line. Therefore
cos 08 =I(I+ 8) + m(m + &m) + n(n + én) (i)
Now cos 60 =1 - (629!)2 + (55!)2 -

(66)

If 50 1is small, thencos 68 =1 —

(66)*
2

Then from (iii), we have 1 — =P+m*+n)+(6l+mbém+ndn)

60 _
D -

= (86) = ()R +(Sm)2 +(Sn)

1

1- % {(6 D+ (6m)* + (6n)*} (using (i) and (ii))
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1 1
The equation of the first line may be written as % —3 = 3 z ,x=0
c
1

o x y—Eb_z——c 0

0 b -~
Similarly, the equation of the second line may be written as

1
xX——a z+=c
2 y »
= = 1
a 0 c @

The equation of any plane passing through line (i) is

1 1
A(x)+B(y——b)+C(z——c]=0, (ii)

2 2
where A-0+ B-b—C-c =0 @iv)
Now plane (iii) will be parallel to line (ii) if
Aa+B0-Cc=0 W)

. A B C
Solving (iv) and (v), we have — = —— = ——
bc —ca -—ab
Putting these values of A, B and C in (iii), the equation of the required plane is
. 1
bcx—ca(y——b) —ab(zr*c) =0or LD ANEI | =0
a c

. . X Yy z .

Let the equation of the variable plane be =+ > +2=1, ®
a c

where g, b and ¢ are the parameters.
Plane (i) passes through the point (¢, 3, 7). Therefore,

e, B v, (i)
a b ¢

Plane (i) meets the coordinate axes at points A, B and C. The equations of the planes passing through

A, B and C and parallel to the coordinate planes are, respectively,

x=a,y=b,z=c _ ) (ii1)

The locus of the point of intersection of these planes is obtained by eliminating the parameters a, b
and ¢ between (ii) and (iii). Putting the values of a, b and ¢ from (iii) in (ii), the required locus is

given by g-i-ﬁ+l=loroor‘+,6’y“+}/z“=1
Tx y z

. bm+

Here,l:—wandulz+m2v+ wr? = 0.

a
Eliminating /, we get
u (bm + cn)2

a2

+vm*+wn®=0

u(b*m? + 2bemn + c*n?) + va*m’® + wa*n?* =0

(b*u+ avym? + Qbcuw)ymn + (cfu + a*w)n* =0
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= (bzu + azv)(%)z + (2bcu)(%) + (czu + azw) =0, which is quadratic in (m/n) having roots
m /n, and m/n,
a. If the straight lines are parallel, the quadratic in m/n has equal roots, i.e., discriminant = 0
= (2bcu)® — 4(b*u + av)(c*u + a?w) =0
= bchl = (b*u + av)(c®u + a*w)

= advw+buw+cuv=0

a* b
= —+—+— =0
u v w

b. If the straight lines are perpendicular,

m m, czu+a2w

" -n2 = utaiy (product of roots)

mm,  nn, 0
2 2 = 2 2
cut+aw butav
Similarly, by eliminating n, we get

I, mm, )
b'w+cv T ctu+atw ‘ (i)
From (i) and (i1)

1112 _ m(mz _ nan

Pwtcv  cu+a’w bu+av
Since they are perpendicular, [/, + m m,+nn,=0
= MbWw + cW) + AcPu + a®w) + Mb*u+ a*v) =0

= av+w)+bA(w+u) +AH(u+v)=0

Z
A
€(0,0,1)
y "“/\’—“ P(1,1 1)
ka M
L B(0,1,0)
> 3%
X J
1
HATOD)
Fig. 3.33

Let the edges OA, OB and OC of the unit cube be along OX, OY and OZ, respectively.
Since OA=0B=0C=1unit, 04 =i, OB =) and OC =k
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Let CM be perpendicular from the corner C on the diagonal OP. The vector equation of OP is
r= l(?+ 3’+ lAc)
OC-0P _; (i+j+k) _ 1

OM = projection of OC on OP =

N 3
10P | V3
Now OC*= OM?+ CM?
| 2
= CM*= OC*~-OM? =1——-=="=CM=,|-
3 3 3
6. The given plane is idiion B 6]
a ¢
Let P(h, k, [) be the point on the plane
fl—+£+£=1 (i)
a b c

= O0P= W +k*+1?

h k l
, and .
N N e N
The equation of the plane through P and normal to OP is

hx ky Iz

+ + - I
JE ol R+l R+l Vel

Direction cosines of OP are

orhx+ky+iz=h+kP+ 1

2 2 2 2 2 2 ! ' h2+k2+ 12
Therefore, A = (ﬁ——i];l;l, 0, O) ,B= (0, ﬁ;kk—i, 0) and C= (0, 0, ——l—)

2 2 2 2 2 2 2 2 2 :
If Q (et B, P, then ar="" +’; tLop=t ”; + andy=fl-+-kli (i)

2 2,92
h +k +1 _ l (iv)

1 1 1
— t—=
B (hz+k2+lz)2 R+ 1

Now, —+
o

2 2 2 h 2 2 lZ
From (iii), k= KAkl = _:h_"'k_"”_

a aa
2 2 2 2 2 2
Similarly, E = e+l and i — EL”
b bp c cy
R4+ B4+ R+ + nh k1 ..
+ + =—+—+—=1 (from (ii))
act bB cy . a b ¢
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or ! + ! + L, ! ! + ! + L (from (iv))
—_t——t—=—— = 44— 1
ae bf ¢y K +E+P oF By

1 1.1 1 1 1
" The required equation of locus is —+—+-~=—+-—+—

b RSN

7. The given planes are ax by ¢z x z
x-cy—-bz=0 7 0
cx—y+az=0 i
bx+ay—z=0 )

The equation of the planes passing through the line of intersection of planes (i) and (ii) may be taken as
x—cy-b)+ Mcx—y+az)=0

orx(1+2A)—ylc+A)+z(=b+al)=0 (iv)

If planes (iii) and (iv) are the same, then Eqgs. (iii) and (iv) will be identical.

1+cA  —(c+1) —b+al

b a -1
N _(a-i-—bc)an :_(db+c)
~ (ac+b) aa (l—az)

—(a+be) (ab+c)

) (ac+b) - (1_a2)
a—a*+ bc - a’bc = a*bc + ac* + ab* + be
= 2a’bc+ac* +ab’+ad®—a=0
= aabc+c*+b*+a*-1)=0
=a*+b*+c*+2abc=1
Alternative method:

Since the planes pass through origin, the given planes have a common line of intersection if given
system of equations has a non-trivial solution '

1 —c -b
=lc -1 al=
b a -1

= a?+b+c?+2abc=1
8. LetPbe(x,y, z,). Point Mis (x,0,z)and Nis (x, y,, 0).

So normal to plane OMN is OT)W X 0_1>V = ; (say). Therefofe,

>

A

k
7| = ?(—y, Z)— }'(—X, )+ lz(x. y)
oy 0

== e
O >
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. =4V 2t X502+ X2 . nx OP
sin 6 = e = because sinf = S ——
NERE RN In1 0PI

IxTx’y? Ex? kP Ix?
2 —_ 1 1T 1 1 1

= cosec 0__( )2_——2 +—+—
4N% X N g

OPk
Now, sin = —— ===, sin = 5 andsiny =—2
0PI NEx VEx Zx

Now, cosec? o+ cosec? f + cosec® y =

Tx, Ix Zx’ ,

— +—+—-=cosec’ 0
X i !

Hence proved.

9, 42 . % _ 1
pll p/m pln
The foot of normal on plane has coordinates H (Ip, mp, np).

Direction ratios of AH are lp — (p/l), mp and np and direction ratios of BC are 0, —p/m, and p/n.

y
B(0,p/m.,0)

, (p/1,0,0)

C(0,0,p/n)

Fig. 3.34

= (l —E)-O+(mp)(—£J+(np)(£) =0
\ l m n

Hence, AH is perpendicular to BC.

Similarly, BH is perpendicular to AC and CH is perpendicular to AB.
Hence, H is the orthocenter.

Moreover, in any triangle, G (centroid) divides OH in the ratio 1 : 2.
Hence,

G = (E’L,ﬂ)
31" 3m 3n

H=(Ip, mp, np)

3

L o=|P=tP p=m'p p-r'p)
21 2m " 2n
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10. x—ysina—zsin =0 @
xsin o+ zsiny—y=0 (i)
xsin f+ysin y—z=0 (i)

These planes pass through origin. Let [, m and n be the direction cosines of the line of intersection
of planes (i) and (ii). Then .
[l1-msin g—nsin =0
I[sina-m-1+nsiny=0
/ _ m _ n
—sinysin@—sinf} —sinfsing—siny —l+sin’a

Gv)
If a+ﬁ+y=% = f= %—(a+y)

sin B =sin (ch— -(a+ }’)) =cos(+7)

sin B =cos acos y — sin asin ¥
sin § + sin o sin ¥ =cos acos ¥
Similarly, sin ¥ + sin 8 sin @ =cos acos 8

m n

From equation (iv), we get = =—
cosqcosy cosacosf cos’

l m n
= = )
cosy cosf8 cosa
The line of intersection of planes (i) and (ii) also passes through the origin. Then the equation of the

line is
x-0 y-0 z-0
! m n
X
=2 -2 vi)
€osY  cosfi cosc

If the line also lies on plane (iii), then the three planes will intersect on this straight line.
The angle between line and normal of plane (iii) should be 7/2.
= cos ¥sin B + cos Bsin Y+ cos c{—1) =sin (§+ ) — cos &

=sin(£—a)—cosa=0
2

X z . . . . .
Hence =2 . is the common line of the intersection of the three given planes.
cosy cosfB cosa

1. ax+by+cz+1=0 @
It makes an angle 60° with the line x = y = z. So we get

a+b+c
sin 60° = = 3JZa’ =2(a+b+¢) (i1)
N o
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Plane (i) makes an angle of 45° with the linex=y—-z=0 (or % === —)

sindse= 2C J5a? —b+e | (i)

J24za

Plane (i) makes an angle 6 with the plane x = 0. So we get

a

cos 8 = \/—z—a—z— : ' (IV)

From (ii) and (iii), we get

(f2a*) =2
4 1
= \/Z_az = 5
From (iv), cos 0=1/2 = 8=60°
Distance of plane (i) from the point (2, 1, 1) is 3 units.

2a+b+c+1
——:i:‘}
>a?

=+3yZa® =2a+b+c+1

Casel:

NI =2a+b+c+1 )
From (ii) and (v), we get

b+c—-1=0 (vi)
and from (ii1) and (iv), we get

2a+b+c+1=3(b+c¢) : (vii)

From (vi) and (vii), we get

1 QFV2) 212

—,b= andc= ——

2 4 4

Hence, the set of such planes is 2x +(2i\/§)y +(Zi\/§)z+4 =0.
Casell:

“3WXa* =2a+b+c+1

1077 2 -

-1, —(2%y2) ~232)
a= b= —Tandc —0‘

2

Hence, the other set of the planes is 2x + (2% \/E)y +(27F JE)Z -20=0.
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12. Let the given planes intersect on the line with direction ratios Z, m and n. In that case,

(2+,1)1+(1—2A)ﬁ+(2—1)ﬁ=0
a b c

@
and ﬂ—(3.—5;¢)ﬂ+4;1.ﬁ=0 (i)
a b c
Hence I/a _ m/b _ nlc
T6-6U—31-3Au 8-8u—4A-4Au -10+10u+54+5Au

or lla _ mlb _ nlc

32-2u-A-Aw) 4Q2-2u-A-Au) -52-2u-A-Aw)

l—{;- = m:b = n./rc (provided2 —2u— A — Au#0)
which are independent of A and 4. Hence a line with direction ratios (3a, 4b, —5¢) lies in both the
planes.

2(-
For2 -2u—A-Au=0orA= (1+ # , planes (i) and (ii) coincide with each other. Hence, the two
u

given families of planes intersect on the same line.

13. LetA and B, be the projections of A and B on the plane z=0. Let OA, OB and OC be of the unit length

each so that the coordinates of A, B and C are A, m,n), B(l,, m,, n,) and Cd,, m,, n,). The
coordinates of A and B,, therefore, are A, m,, 0) and B (L, m,, 0). Since OA and OBI make angles

¢, and ¢, respectively, with the x-axis, the apgle between OA and OB, is ¢, ~ ¢,. Hence
Ll +
cos (9, — ¢) = =212

@)
e
Also OA, OB and OC are mutually perpendicular so that
LL+mm,+nn =0

and I} +m} +n? =1

Eq. (i), therefore, yields
-n

cos(9, - ¢,) ==

l_nlz }—n; 2.2 2 2
1—n' —n+n’n l—n —n;
- 1 2 17 1 2
= sec (¢, — ¢,) = = =1+ - _1+n]2n2
172 2

2
!

2

n
= tan’(§, — ¢,) =—5
nn,

iy

= tan(g, — ¢,) =+

nn,

14. If O is the angle BCO, then the direction cosines of OA’ {bisector of ZBOC) are
L+ M, +m, n,+n

, —2 3 and —*——2— or the direction ratios of OA’ are L+ L, m,+m, and n,+n,.
2cos(0/2) 2c0s(0/2) 2cos(6/2) )

Also, the direction cosines of OA are [ ,»m, and n . Hence the equation of plane AQA’ is



3.88 Vectors & 3D Geometry

x y z
L+l my+m, n,+n|=0
l m B

Applying R, = R, + R,, we get the equation of plane AOA’ as

X y Z
L+L+lL m+my+m, ntn,+n(=0
L, m n

= For all values of r, the point W, + 1L+ L), (m,+m, + m)rand (n +n, + n,)r) lies on plane AOA’.

— Y — Z
L+1L+1 m+m,+m m+n,+n,

Hence, the line

=r lies on plane AOA’. Similarly, this line

lies on planes BOB’ and COC’ also. Hence, all the three planes, AOA’, BOB’ and COC’, pass

through the line.
15. Let P(o, B, ) and Q(x,, y,, z,) be the given points.

Direction ratios of OP are ¢, $ and ¥ and those of OQ are X,y and z,.

B

o
Since O, Q and P are collinear, —=-"—= Y =k (say)
X 3

As P(a, B, 7) lies on the plane Ix + my + nz = P,
lo+mB+ny=p,or
kix +kmy +knz =p (using (i)
Since OP- OQ =p?,

Vo2 + By [y 42 =

= \/klez+k2y]2+k2z|2.\/x,2+y|2+z,2 =p’
=>k()c|2+y|2+z,2)=p2

Ix, + my, + nz,

From (ii) and (iii), —5———
Xty +y

1
=—orp(lx, + my +nz)= (x? +y? +22)
P

Hence, the locus of Q is p(Ix + my + nz) = (2 + y* + 72)

16. Let the variable plane intersect the coordinate axes atA(a, 0, b), B(0, b, 0) and C(0, 0, ¢).

Then the equation of the plane will be 2i2iZq

a b c
Let P(c, B, ) be the centroid of tetrahedron OABC. Then,

a=2,p=" and7=§, ora=4q,b=4fand c =4y

4

FNTEY

®

(i)

(iii)

@
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= Volume of tetrahedron = (Area of AAOB) OC

:>64ks=l(lab)c=“_”c = 6410 < UREDAY) _ o _oby
312 6 6 6

Therefore, the required locus of P (a8, ) is xyz = 6k°

OBjective Type

1. b.x*-5x+6=0
= x-2=0,x-3=0
which represents planes.

2. ¢. We have z = 0 for the point, where the line intersects the curve.
x=2 -
Therefore, ad = Z"'_l = g—l
3 2 -1
-2 +
= ad =land y+l =1
3 2

= x=5andy=1
Putting these values in xy = ¢?, we get
5= _c2 =c=x \/E
3. ad4(2)-23)-112)=
Also, point (-3, 4, -5) does not lie on the plane.

Therefore, the line is parallel to the plane.

4. c. The given plane passes through 2 and is parallel to the vectors Z—-'Z and c. So it is normal to

(b — a) X c. Hence, its equation is

(r—a)-(b-ayxc) =0

or F.(bxc+cxa) =labecl

The length of the perpendicular from the origin to this plane is

-2

f[abc]
lbxc+cxal
S. b.Here,a=f=7y
wcos? a+cos? f+costy =1
1
P COS a=ﬁ

£PQ (1 1 1)
S S| 77— 7=/
AN B BB
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42,3, 1)
=|
3,5,2)P M 0
Fig. 3.35
PM = Projection of AP on PQ
1 1 1 2
=[(-243)—=+3-5)—+=+(1-2)—4= = —=
a9 04 &

6. c. Given plane is := d+A- u)§+ 2 - l)}'+ B-2A+ 2/4)12
= r=Gr2j4+30)+ G- - 20+ u=i+2k)
which is a plane passing through Z= i+ 2}'+ 3k and parallel to the vectors Z= i- }"— 2k and
Z =—i+2k

Therefore, it is perpendicular to the vector i=b X&=~-2f —k
Hence, equation of plane is —2(x - 1) + (0)(y = 2) — (z—=3)=0or2x+z=35

A ;x; 2A'+5A'+312 - =
7. cca=t ——ZL =% troJ . (where n, and n, are normal to the planes)
n, X n, V38

8. a.Equation of the plane containing L,Ax-2)+B(@-1)+C(z+1)=0
whereA+2C=0;A+B-C=0
= A=-2C, B=3C, C=C
= Planeis 2(x-2)+3(y~1)+z+1=00r2x—3y—-z-2=0

| 7 |-
(¥ = s = —
nce, p -\/1—4 7
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9. c.(1,2,3) satisfies the plane x— 2y +z=0 and also (; +27+3k)- (1~ 27+ k)=0

1 y-2 z-3
al =y2 =Z3 and %:%:é both satisfy (0, 0, 0) and (1, 2, 3), both are

same. Given line is obviously parallel to the plane x -2y + 7 = 6.

Since the lines

10. a. Vector ((3? —2j+k)x(4i =37+ 412)) is perpendicular to 27 — j + mk

3 21
=4 -3 4| =0 =>m=-2
2 -1

11. a. xintercept is say x,
=> Plane passes through it

Ao q
Lxiin=q = x =735
i-n
12. b. Let direction ratios of the line be (a, b, ¢), then
2a—b+c=0anda—-b-2c=0,ie, L = 2 = <
3 5 -1

Therefore, direction ratios of the line are (3, 5, —1).

Any point on the given line is (2 + A, 2 — A4, 3 — 24), it lies on the given plane 7 if
22+ -Q2-1)+(3-20)=4

=44+24-2+A+3-24=4=4=-1

Therefore, the point of intersection of the line and the plane is (1, 3, 5).
Therefore, equation of the required line is

x-1 y-3 z-5
37 5

13. c.Direction ratios of OP are (a, b, ¢)

Therefore, equation of the plane is

a(x—a)+b(y-b)+c(z—c)=0

ie. xa+yb+zc=a*+b*+¢?
14. b.Lleta point (34 +1, A+ 2, 24 + 3) of the first line also lies on the second line
o 3/1+1—3= }»+2—1= 24+3-2 N

2 3

Hence, the point of intersection P of the two lines is (4, 3, 5).

The A=1

Equation of plane perpendicular to OP, where O is (0, 0, O) and passing through P is
4x+3y+57=50.
(pxq)

Ipxql

15. b.1=|(b-a)

= 1b—-alcos60°=1 => AB=2
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16. a.A(1,1,1),B(2,3,5),C(-1,0, 2) direction ratios of ABare < 1,2, 4 >,
Direction ratios of AC are <2, —1, 1>.

Therefore, direction ratios of normal to plane ABCare <2, ~3,1>
As aresult, equation of the plane ABC is 2x — 3y + 7= 0.

Let the equation of the required plane is 2x — 3y +z=k, then

k=+2 14

Hence, equation of the required plane is 2x — 3y+2z+2./14 =0

=2

k
Ja+9+1

17. b. Direction cosines of the given line are l - 2 - %

. . o x—2  y+3 z+5
Hence, the equation of line can be point in the form

Y3 T —2/3° 237"
2r

L. r 2r
Therefore, any point on the line is (2 + 37 3- 3 5- —), where r=16,

Points are (4, -7, -9) and (0, 1, -1)

18. d. Let AD be the perpendicular and D be the foot of the perpendicular which divides BC in the ratio
A: 1, then

D(101—9 4 _)“+5J.

. \ 0)
A+l TA+1 A+1
A(0,0,0)
[ ]
Be- A 1 —e C
(-9,4,5) D (10, 0, -1)
Fig. 3.36
10A1-9 4 —1+5

The direction raties of AD are

s an - and direction ratios of BC are 19, — 4
A+1  A+1 A+1
and - 6.
Since AD 1 BC, we get

104 -9 © 4 ~A+5

19 -4l —1-6|2="Z|=0
( A+1 ) 4(}L+1) ( A+1)

_ 31

T 28

=1

58 112 109
Hence, on putting the value of Ain (i), we get required foot of the perpendicular, i.e., ( 59’ 359 g;) :



19.

20.

21.
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d. P, P 0, P P,=0and P, =P =0 are lines of intersection of the three planes P, P, and P,.

As "1 nz and n3 are non-coplanar, planes Pl, P, and P, will intersect at unique point. So the given
lines will pass through a fixed point.

d.LetA(1,0,-1),B(-1,2,2)
Direction ratios of segment AB are <2, =2, —3>.
12x1+3(<2)-5(-3)1 11 11

= JI+9+25 J4+4+9 T V17357 595

Length of projection = (AB) sin 8
J—— |11
595
- /G V47 474 X
17 \/— \/— units

c. Let the point be A, B, C and D.
The number of planes which have three points on one side and the fourth point on the other side is

COs

. 4. The number of planes which have two pomts on each side of the plane is 3.

22.

23.

24,

= Number of planesis 7.
a. Point A is (a, b, ¢) = Points P, Q, R are (a, b, —¢), (—a, b, ¢) and (a, -b, c), respectively

_, Centroid of triangle PORis [ 2,2 G(abc)
entroid o nange 1S 3 3 3 3 3 3

= A, O, G are collinear = area of triangle AOG is zero.

b. Let the equation of the plane be % + % + % =1
1 1 1
= —+—+—-=1
a b c
1
= Volume of tetrahedron OABC = V= = (abe)

; 3
Now (abc)'? > T 1 12 3(GM.2HM.)

— ._+._.
a b ¢
9
=abcz2T=>V2 3
A(1,1, 1)
]
o B(2 24, 34)

Fig. 3.37
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b. Let any point on second line be (A, 24,32)

cos B = rwin@:% :
——(OA) OBs1n6=—fAJ—4x£ J6
N/
=A1=2
SoBis(2,4,6)
25, a. Equation of linex+2y +z— 1+ A (~x +y—-2z-2) =0 ®

X+y—-2+Uux+z-2)=0

(0.0, D) liesonit=A=0, u =

For point of intersection, z = 0 and solve (i) and (ii).
26. c. Since the given lines are parallel.

(i)

A(1,1,1) (x-DN1=@E~1)/1=(@E-1)1

: (x—2)/1=(y—3)/1=(z—4)1
c B(2,3,4)

Fig. 3.38
From the figure, we get

2-1m (3 1)1 4-D1 1+2+3

= =2‘\/§
BB TG
AB=+1+4+9 =14
Shortest distance = AC = /14 -12 = «/5

BC=

27. c. LetQ (q) be the foot of altltude drawn from ‘P’ to the plane ron =0.
= q p An = q p+ An

Also g-n=0 = (p+/'tr—1))-r_1)=0

p-n - - (p n)—)
S = q-p=-
inl 7P

-5 -
. . - lp-nl
Thus, required distance = | g — pI = —
Inl

= A
=1lp-ni



28. b.Given plane is ;) : ; =q

$B()
Fig. 3.39

Let the image of A (Z) in the plane be B (Z).

Equation of AC is ;= 2 + 2,1_1) ('~ AC is normal to the plane)
Solving (i) and (ii), we get

_a.n
=>/l=q =
I nl?
_, - (q'—z ;) -
oC = 5
tnl?
_ +
But oC =—b
. _—-).—y—y a+z
+(q zn)n .
tnl?
= b=a+2|122 "1
| nl?

Three-Dimensional Geometry 3.95

(in)

29. c.Wemusthave b-n=0 (because the line and the plane must be parallel) and a - n # g (as pointz

30.

on the line should not lie on the plane).
c. Here [ = cos z, m=cos£
4 4

Let the line make an angle ‘Y with z-axis
SP+mrnt=1

T T
= c0s* =+ cos’ = +cos’ y=1
4 4

1 1 2
= —+—+4cos" y=1
2 2

T
= 2co08’y =0=cos y=0= y= 5
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31. d.Letthe plane 7‘) . (7 - 5j + 37() =17 divide the line joining the points

- 5i+4fj+77< and?;'—5_)j+8_l)c in the ratio r : 1 at point P.
Therefore, point P is
3t-2-> -5t+4- 8t+7-
i+ j+ k
t+1 t+1 t+1

This lies on the given plane

- - 7
R e PP S
t+1 t+1 r+1

Solving, we get
3

I=E_

32. d.LetP(c, B, 7 be the image of the point O (-1, 3, 4).
Midpoint of PQ lies on x —2y = 0. Then,

%—2(%):0

=a-1-2-6=0=>a-28=7
Also PQ is perpendicular to the plane. Then,
a+1_ﬁ_3 y—4

1 -2 0
Solving (i) and (ii), we get
9 13
==, B=——,7=4
o= B 507

Therefore, image is

559
5 5

Alternative method:

For image,
a—-(-D_ -3 _y-4 -2(-1-203)
1 27 0 D+

9 13
a:—’ =——, :4
= s B=-27

33.  a.Ttis obvious that the given line and plane are parallel.
Given point on the lineis A (2, -2, 3).
B (0, 0, 5) is a point on the plane

®

(i)
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" AB =(2-0)i+(-2-0)j+(3-5)k
Then distance of B from the plane = projection. of AB on vector i + 5 } +k

(21—2] 2k z+5]+k‘

p:

Jir25+1 I
_ ‘2-10—2‘_&
V27 | 343

34. d. Since line of intersection is perpendicular to both the planes, direction ratios of the line of intersection

3s.

36.

j ok
3 1| =3i-37+3%.
3 2

1]
— 0 >

3 1
Hence, cos o= ——a——= —
enee, cos 9+9+9 43

d. Let P be the point (1, 2, 3) and PN be the length of the perpendicular from P on the given line.
Coordinates of point N are (31 + 6, 24+ 7, 24+ 7).

Now PN is perpendicular to the given line or vector 3? +2 7 -2 z
=3BA+6-1)+2(24+7-2)2(2A+7-3)=0

= A=~
Then, point Nis (3, 5, 9)
= PN=7

b. The line is xi”: y2—1= Z;2 and the plane is 2x —y + /A z+4 =0.

If Obe the angle between the line and the plane, then 90° — 81is the angle between the 11ne and normal

to the plane
M) +(2)(=1)+(2)(v4)

= c0s(90°-0) =

JI+4+4.Ja+1+2
_ 2-2+2VA 1 22
= sinl =" FT— = - = ———_
35+ 3 35+
= J5+1 = 2J4
= 5+A=44
=3A=5

=>l=§
3



3.98 Vectors & 3D Geometry

37. d. The given spheres are

X+y +24+Tx-2y—-z-13=0 6}

and x2+y*+ 722 -3x+3y+4z-8=0 ' (i1)

Subtracting (ii) from (i), we get

10x-5y—-5z-5=0

=>2x-y-z=1
38. c. Plane meets axes at A(a, 0, 0), B(0, b, 0) and C(0, 0, ¢).

Then area of AABC,

- LA x4
2

=%|(—-a?+b})x(—a?+c1§)1

= %\/(azlf +b%c* +cta?)

39. c. Heresin®> f=3sin? 0 @)
By the question, cos?8 + cos?0 + cos’f =1 (i)
=cos?ff=1-2co0s* 0 (i)
Adding (i) and (iii), we get
I=1+3sin’0-2cos? 0
= 1=1+3(l —cos?6) -2 cos?0
=5cos?8 =3
=cos’ @ = 3

5

40. d. The given sphere is
Py + 22 +4x -2y —-62-155=0

Its centre is (-2, 1, 3) and radius =v4 + 1+ 9 +155 =169 =13

Therefore, distance of centre (=2, 1, 3) from the plane 12x + 4y + 3z =327

-——
>

Fig. 3.40

_H2(=2)+4(1)+3(3)-3271 .y
- J144+16+9 B

Hence, the shortest distance is 13.
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41. d. Vector perpendicular to the face OAB is

OAXOB= (i+2j+k)x(2i+ j+3%)
=5i-7-3k
Vector perpendicular to face ABC is
ABXAC=(i— j+2k)x (=2i = j+k)

=i-57-3k
Since the angle between the face = angle between their normal, therefore
cos f= St5+9 —Q=>6—cos‘1 (19)
V35435 35 35

42. b. Center of the sphereis (-1, 1, 2) and its radius = \/1+1+4+19 =5

43.

~1+2+4+7

J1+4+4 -

CL, berpendicular distance of C from plane, is

Fig. 3.41
Now AL*=CA?~CL?*=25-16=9

Hence, radius of the circle = +/9 =3

b. The lines -2 _Y=3_2-4 ' | @
1 1 -k
x=1 y_4 z7-5 ..
and ——=-"——=2_"° (i)
k 2 1
X=X YomN L3
are coplanar if I, m, no1=0
L m )
1 -1 -1
Or1 1 -k =0
k 2 1
=k +3k=0

= k=00r-3
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44. a.Given lines are

x=5 y-T_ z+2

Sox=3r +5=-36r,-3,
y=—-r+7=3+2r,
andz=r —2=4r,+6
On solving, we get

5 10
x=21,y= §,Z=?

45. c. Theplanesare£+Z+£=1andi+l,+i,=l
a b c a b ¢

Since the perpendicular distance of the origin on the planes is same, therefore

x=3 y-6 z-4
46. a. The required plane is 3—-3 2-6 0-4 =0
1 5 4
x-3 y-z-2 z-4
=0 0 —4 =0 (Operating C, > C,~C,)
1 4
=4(x-3-y+z+2)=0
=x-y+z=1
47. b. Any plane through (1,0, 0)isa (x— 1) + by + cz=0.
It passes through (0, 1, 0).
. a@-D+b(N+c(0)=0=—-a+b=0

(i) makes an angle of % with x + y =3, therefore

a(l)+b(1)+c(0)

\/az+b2 +c? J1+140

T
cos— =
4

)

(i)
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a+b

1
= ﬁ B \/5\/az+b2+c2
=a+b=d* +b" +¢*

Squaring, we get
a’+b*+2ab=a*+ b + c?

=2ab=c*=2a*=¢?

Se=+Za

Hence,a:b:c=a:a:+2a

=1:1:2

48. b. The equation of the line through the centre } +2k and normal to the given plane is

7= 3‘+21§+/1(§+2}'+212)
This meets the plane for which

[G+2k+AG+27+201 G+2j+2k)=15
=6+91=15=41=1

Putting in (i), we get

7 o=j+2k+(+2+2k) = i+3f+4ak
Hence, centre is (1, 3, 4).

49. c. Equations of the planes through y = mx, z = c and y =— mx, z = — c are respectively,
y-mx)y+24 (z-¢c)=0
and (y + mx) + A, (z +¢)=0
It meets at x-axis, i.e.,y=0=z.

A=A
. .. — -+
From (i) and (ii), yomx_ yrmx
z-c Z+c¢
SoCy =mzx

50. .c. Let Q (;) be the foot of altitude drawn from
P(p) totheline 7= a+ b,
= (;])—;)-Z =0and 5=2+),Z
= (@a+Ab-p)b =0
= (@—-p) b+AIBE=0
(p-a)b

=1 S
b

(using (ii))

®

@)
(i)
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- p-a)b)b -
= g-p =as 2L 7
b2
p—a)b)b
= 1g-pl=l@-p+ pZa)b)b
b2

51. b. Coordinates of L and M are (0, b, ¢) and (a, 0, ¢), respectively. Therefore, the equation of the plane

passing through (0, 0, 0), (0, b, ¢) and (a, 0, ¢) is

x=0 y-0 z-0

0 b ¢ |=0or=+2-Z29
a b ¢
a 0 ¢
52, c.WernusthaveZ n Oandz-;z)=q.
53. b.Wehave})—;:l; andz~z¥q.
= (An+p)n=gq
-— -n
Yl
lnl
= s__>+(q_f'n)n
InP

54. d. Line of intersection of r (z+2J+3k) 0 and r (3z+3]+k) 0 will be parallel to

(3L+3j+k)x(l+2]+3k) ie., 71~8]+3k
If the required angle is 6, then
7 7

JO+64+9 iz

cos O =

55. c.Givenone vertex A(7, 2, 4) and line %+ 6_> -;10 =L -;14
General point on above line B= (51— 6, 31— 10, 84— 14)
Direction ratios of line AB are <54 —13,31-12, 81— 18>
Direction ratios of line BC are <5, 3, 8>
since angle between AB and BC is n/4

n (54 =3)5+3(31 —12) +8(84 - 18)
CO0S —=
4 5 +3+8 54137+ (31 ~12)* + (81 —18)?

Squaring and solving, we have A =3, 2

-7 -2 -4 - -2 -4
Hence equation of lines are ad =7 =z and = LN =2

-3 6 3 6 2
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56. a.r-m +Ar.m=q,+Aq, 5

where A is a parameter.

So, I'_l: + A n, is normal to plane (i). Now, any plane parallel to the line of intersection of the planes -

- o — i - - -
r-n, =q,and r -n, =gq,isof theform r-(n, Xn,) =d. Hence we must have

[ + Am]-[m X 7] =0

= [mnynl+Aln,nyn] =0

A mn,]

[,
= On putting this value in Eq. (i), we have the equation of the required plane as

= A=

—)—>] .
’7_3): (r-n,—q,)
rL_.,n

5

[—)
505

n,
r-m-—4=—
n

= [n,nyn)(r-n —q)=lnnmnl (r-n—q,)

c.
Y. -
B(0, 2, 0)
_____ C(A+1,-24,0)
DGxy 3,2 =% ==l
4(1,0,0) x
Fig. 3.42
Equation of line AB is =l SEy)
| -2 0
NowABLOC=1(A+ 1D+ (2 (-2)=0=5A=-1 =>/1=—§
(4 2 0)
= Cis 55 ) Now
X + @, -2P+ zl=4 Q)
and (x, —1)* + y+ =1 (i)
Now OC L CD
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From (i) and (ii), we get
=y, +2x,=0=>x, =2y,

2 4
From (iii), putting x, =2y = 2y, = g =y.= 3 =ux = 3 Putting this value of x, and y, in (i), we get
2
7= T—=

&

58. b.Let rxa=bxa
:(?—Z)XZ;:G :>_r):

Similarly, other line ? = Z

Now2+k3 =Z+t2

-

- -
b+ta
+ k b, where t and k are scalars.

=>t=1k=1

(equating the coefficients of g and b )

" P =Z+3:§+}'+2?—IA¢:3;‘+}'—IQ
ie,(3,1,-1)

59. a.Letthe point P be (x, y, z), then the vector xi+ y}'+ zlz will lie on the line
S@-D}+0-D +@-1) f=-Ai+A)- 2k
= x=1-Ay=1+Aandz=1-1

Now point P is riearest to the origin = D= (1 —A)>+ (1 + A)2 + (1 - 1)

dD 1
= s =41 -D+20+)=0=>1= -
T == 20+ 0 3

he point i (ZEE)

- = the point is 3'3'3

60. b.Let P be the point and it divides the line segment in the ratio A : 1. Then,

— = 3 +2a SA—4~ —8L-7a4
OP =r = | + i + k
r A+1 ! A+1 J A+1

It satisfies 7- (i — 2 +3k)=13. So,

~34+2 SA-4 -8A-7 _
A+1 A+1 A+1
or—3A+2-2(54-4)+3 (=84 -T)= 13 (1 + 1)

or—37l—11=13l+130r501=—240rﬂ.=-—%

13

61. d. \7:17;, PS are in the same plane

o Q=43 X (BIHE) - ((x+2) i+ (y=1) j+2zk) =0
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R(2,1,0)

03,0,2)

S(x, y, 2)
Fig. 3.43

62. a. AB =B - =—2i-3)—-6k
Equation of the plane passing through B and perpendicular to AB is

(r —~OB)- AB =0
7o (2i+37+6k)+28=0

n A

Ed A
Hence the required distance from r = —i+ j+k

IR NP PR —2+3+6+28
=|( z+]+k)A (2Az+3{+6k)+28‘=‘ +3+6 ‘=5units
124374641 7

63. a. Both the lines pass through origin. Line L, is parallel to the vector \_/:
V. =(cos 8+ 3)} +(J2 sin6) } +(cos 6—3)k
and L, is parallel to the vector ‘Z

‘;;z a;+b}+c/2

l

N

v,
ANA

S cos o=

L

_ a(cos6+\/§)+(b«/i)sin6+c(cos9—x/§)
 J@ 46+ \J(cos 0+/3) + 2sin® 0+ (cos 6 — 3)?

(a+c)cos8+b2sin0+(a—c)3
- J@ +B +c 256
For cos a to be independent of 6,we get
a+c=0andb=0
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. 2aV3 f
S Cos = \/— \/—

= o=

oA

64. d leenlmesare r—3z+8]+3k+l(3z—]+k) and

r=-3i- 7]+6k+m( -3 +2]+4k)
Required shortest distance

(61 +157—3k) ((Bi— j+k)x (=37 + 27 +4k))1
|Bi=j+k)x (=3 +2 ] +4k)

1614157 -38)- (=61 =157 + 30)!
|-6i—15 ] + 3k

36+225+9 270

T B6+225+9 210 ™ 270 =330

65. b. The required line passes through the point i+3 3 +2k and is perpendicular to the lines
F=(+2]-B)+AQi+j+k) and r=Qi+6j+k)+ 1 +27+3k) ; therefore it s parallel to
the vector b= (27 + j+ k) x (i + 2+ 3%)= (1 - 5+ 3k)

Hence, the equation of the required line is
r=+3j420)0+AG-55+3k)

66. d. Here, the required plane is
a(x-H+b(y-3)+c(z-2)=

Alsoa+b+2c=0anda —-4b+5¢=0
Solving, we have

a

+8 2.5 —4-1
a _b_c _,
13- -3 -5

Therefore, the required equation of plane is —13x + 3y + 57+ 33 =0
67. b. Plane passing through the line of intersection of planes 4y + 6z =5 and 2x + 3y + 5z =5 is
(Ay+6z—-5)+A(2x+3y+5z-5)=0, or
22+ (BA+4)y+ (5A+6)z-51-5=0
Clearly, for A= -3, we get the plane 6x + 5y + 9z =10.

Hence, the given three planes have common line of intersection.
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68. c. The equation of a plane through the line of intersection of the planes ax+ by + cz+d=0
andax+by+cz+d =0is
(ax+by+cz+d)+A(ax+by+cz+d)=0
orx(a+AaY+y(b+Ab)+z(c+Ac)+d+Ad’=0
This is parallel to x-axis, i.e., y =0, z = 0. Therefore,
1(a+2a)+0(b+Ab)+ O(c+AcH=0

®

=>)~=_i

s

Putting the value of A in (i), the required plane is y (¢ —ab*) +z (a’c —ac’) + a'd —ad’=0
or(ab’—ab)y+(ac’—ac)z+ad’ —a’d=0

69. b. Any plane through (2, 2, 1) is
a(x-2)+b(y-2)+c@—1)=0

@
It passes through (9, 3, 6) if 7a + b + 5¢ =0.

/(i)
Also (i) is perpendicualr to 2x + 6y + 6z — 1 = 0, we have
2a+6b+6¢c=0
sa+3b+3c=0 (iif)
a. b. ¢ Aa b ¢

—*12=”—_lg 50 OF 3 = 1 = = (from (ii) and (iii))
Therefore, the required plane is 3(x —2) + 4 -2)-5@-1)=00r3x+4y-5z-9=0.

70.  a. Since line is parallel to the plane vector, 27 +3 7 +AK is perpendicular to the normal to the plane

27 +3} +4%
= 2% 2+3x3+44=0

13
=1 =—Z

71. a, Any plane through the given planes is x + 2y + 3z — 4 + A (dx + 3y+2z+1)=0

It passes through (0, 0, 0). Therefore,
-4+1=0

“A=4

Therefore, the required plane is x + 2y + 3z + 4 (4x + 3y+2z)=0o0r 17x+ 14y + 11z = 0.

a. The equation of the plane through the line of intersection of the planes 4x + 7y + 4z + 81 = 0 and
Sx+3y+ 102—251s(4x+7y+4z+81)+l(5x+3y+ 10z -25)=0
= (4+50x+(7+30)y + (4 + 10A)z+ 81 — 254 = 0

which is perpendicular to 4x + 7y + 4z + 81 = 0

= 4@ +5)+7(T+30) +4(4+101)=0

= 8lA+81=0

=A1=-1

Hence the plane is x — 4y + 6z = 106

72.

@
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73. b, The equation of a plane through the line of intersection of the planes r-a=2 and 7-b = U is
(r-a-A)+k(r-b—m)=00r r-(a+kb)=A+ku )
This passes through the origin, therefore
G(a+kD) =A+uk mk= =&

Putting the value of k in (i), weuget the equation of the required plane as
ro(pa-Ab)=0= 7. (Ab- pa)=0

74. b. The lines r —a+ A (b X c) and r = b + .U (c X a) pass through points a and b respectlvely,
and ate parallel to the vectors b X ¢ and e x a respectively. Therefore, they intersectif a — b bxe

and c Xa are coplanar and so
@-b)-{(bxc)x(cxa)=0

= (a-b)-((bcalc—[becla) =0
= (@a-b)-c)[beal =

L e e

R
= ac-b-c=0=2g.¢c=b-¢

75. a. Equation of the plane through (-1, 0, 1) is

alx+1)+b(y-0)+c(z—-1)=0 @
which is parallel to the given line and perpendicular to the given plane

—a+2b+3c=0 @
anda —-2b+c=0 (iii)
From Egs. (ii) and (iii), we get

c=0,a=2b

FromEg. (i),2b (x+ 1)+ by=0

=2+y+2=0

76. b. Eliminating n, we get
AMl+m)?+Im=0

2
= l—lz+(21+l)i+/l =0
m m )

= _—lllz =1 (product of roots l—land IL)
mm, = d m, m,
where [,/m, and [/m, are the roots of this equation, further eliminating m, we get
AP—In-n2=0
1
= o, =7

Since the lines with direction cosines (/, m,, n ) and (,, m, n ) are perpendicular, we have

LL,+mm,+nn =0



= 1+1-1=0
=A=2
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77. a. Direction ratios of the line joining points P(1, 2, 3) and Q(-3, 4, 5) are —4, 2, 2 which are direction

ratios of the normal to the plane.
Then, equation of plane is ~4x + 2y + 2z = k.
Also this plane passes through the midpoint of PQ (-1, 3, 4)
= -4(-D+203)+24d) =k
=k=18 ,
=> Equation of plane is 2x —y —z= -9
Then, intercepts are (-9/2),9 and 9
78. c¢. 3l+m+5n=0
6mn —2nl+5mi=0 7
Substituting the value of n from Eq. (i) in Eq. (ii), we get
612+9Im—-6m>=0

o) wfion

. l—'=landl—2=—2
mo 2 m,

From Eq. (i), we get

=—land 7 =-2

‘ | ml nl M i
12 T a1\ 1H4+1 T U6

2 2 2
L, m, n, vh+my +n, 1

and oy =T T0T Al V6

If Obe the angle between the lines, then
1 2 2 1 1 1
cos0=(5) () (36) (e () (%)
o=eos (3
=cos™ | ¢

e~
N

~—

1
6

®
(1)

79. b, Let the equation of the sphere be x> + y2 + 722 —ax — by — cz = 0. This meets the axes at A(q, 0, 0),

B(0, b, 0) and C(0, 0, ¢).

Let (e, B, 7) be the coordinates of the centroid of the tetrahedron OABC. Then

a b c
4=a’z_ﬁ,z_y
=

a=40,b=4f,c=4y
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Now, radius of the sphere = 2k

: .
= Exja2+b2+cz =2k=a’+b + =16k

= 16(a? + F+ P) = 16k*
Hence, the locus of (@, B, P is (X +y* + 22) =k?

a. Let the foot of the perpendicular from the origin on the given plane be P(¢, B, ). Since the plane
passes through A(aq, b, c),

AP L OP = AP-OP =0

= [(@-a)i+(B-b)j+(y-kl-(@i+Bj+yk)=0
s oa(a-a)+BB-b)+7y(y —c)=0

Hence, the locus of (¢, B, P) is -
x(x—a)+yy-b)+zz—¢c)=0
F+y+2—ax—by—cz=0

which is a sphere of radius —;—Vaz +b* +c?

I a b+tef |l a a+b+c
81. c¢. |l b c+al =11 b a+b+c|=0

1 ¢ a+b 1 ¢ a+b+c

80.

(d ~a- Z) }
82. a. Foot of the perpendicular from point A(a) ontheplane r-n=disa+-~———<n

I n P

Therefore, equation of the line parallel to 7= Z + A Z in the plane ;) n =dis given by

- - (d_z;;)—) -
~——<n+Aib

r=a+ =
Inl

x—a_y+2 z-3

cos6 sinf O

Hence , the directidn ratios of the normal of the plane are cos@, sinf and 0. (i)
Now, the required plane passes through the z-axis. Hence the point (0, 0, 0) lies on the plane.

From Egs. (i) and (ii), we get equation of the plane as

cosf(x-0)+sin@(y-0)+0(z-0)=0

cosfx+sinfy=0

x+ytan8=0

83. a. The plane is perpendicular to the line

84. a. The given line makes angles of 7/4, 7/4 and 7/2 with the x-, y- and z-axes, respectively.
= Direction cosines of the given line are

cos(z/4),cos(mw/4) and cos(z/2), or (1/\/5), (1/\/5) and 0.



85. a. Wemusthave (3 +4a—12+13)(-9-12a+13)<0.
=@+ 1)(12a-4)>0
=a<-lora>1/3

86. c. Plane meets axes at A(2, 0, 0), B(0, 3, 0) and C(0, 0, 6).
Then area of AABC is

lIAB><ACI
2

1 AN ALA
=5I(—21+3])x(—21+6])l

=314 sq units

Multiple Correct Answers Ty
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L b., c., d.
If P be (x, y, 2), then from the figure,
x=rsin8cos ¢, y=rsin Osin pand z = rcos 6
1 =rsin Bcos ¢, 2 =rsin Osin ¢and 3 =rcos 6
Z

Fig. 3.44

S 1P+22+32= 2= r=x4/14

— 1 2 3
.. sin B.¢c0s ¢ = —==, sin B sin ¢ =—=—and cos O =——=
¢ V14 ¢ V14 V14
(neglecting negative sign as 8 and ¢ are acute)

s.1n031n¢ _ 2: tan g =2
sinfcos¢ 1

Also, tan 8=+/5/3
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a.,c.
Plane P, contains the line r = T+7+ k+A i-7J —12) , hence contains the point i+7+ k and
is normal to vector (I + J).
' : o e e A s
Hence equation of plane is (r — (7 + j + k))-(i + j)=0
orx+y=2 ’
Plane P, contains the line r = T+i+k+20-] —k) and point j
x—0 y-1 z-0].
Hence equation of planeis {1-0 1-1 1-0|=0
1 -1 -1
or x+2y-z=2
If is the acute angle between P, and P,, then
. " |(i+j).(i +2j—k)| 3 3
cos 6= = = =2
miml | Y2VE | N2E 2
1 2
Bm

0=cos 5 "6
As Lis contained in P, = 6=20
a,b. rn = E, and 7-ny = 22, Fons = 21)3 intersect in a line if [;1 1> ;3] =0.So,

1 1 1

1 2a 1(=0

a a* 1
= 2a-a-l+a+a*-2a*=0
= 2a*-3a+1=0
= a=1/2,1
a., b. Let the coordinates of the point(s) be a, b and c.

Therefore, the equation of the line passing through (a, b, ¢) and whose direction ratios are 1, — 5
and — 2 is ' :
x—a _y- b _z~cC .
T s 2 ®
Line (i) intersects the line, '

x_y¥3_z#l )
111 - » ®

Therefore, these are coplanar.
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1 -5 =2
1 1 1 (=0
a b+5 c+1

ora+b-2c+3=0

Also, by using same procedure with the second equation, we get the condition
1la+156~32c+55=0 ‘ }
a., d. The equation of the plane passing through the intersection of the planes 2x - y = 0 and
3z—-y=0is

2x-y+ABz-y)=0 i)
or2x~yA+1)+34z=0

Plane (i) is perpendicular to 4x + 5y — 3z = 8. Therefore,

4x2-5A+1) —94=0

=8-5A-5-91=0

=3-144=0

= A=3/14

3
o 2x - —(3z—y)=0
x=y+ 7(3-y)=1

28x—17y+9z=0
b.,c.,d.
x+y+z—1=0
dx+y—27+42=0
Therefore, the line is along the vector (i +j +k)x (47 + j ~2k) =31 — 6] +3k
Letz=k Thenx=k—1and y=2—2k
Therefore, (k— 1,2 — 2k, k) is any point on the line.
Hence, (-1, 2,0), (0,0, 1) and (~1/2, 1, 1/2) are the points on the line.

a.,b.
3x-6y+2z+5=0 )
—4x+12y~3z+3=0 (1)
) 3x—-6y+2z+5 —-4x+12y-3z+3
Bisectors are =%
V9+36+4 J16+144+9

The plane which bisects the angle between the planes that contains the origin.
13@Bx—-6y+2z+5)=7(-4x+ 12y -3z+3)

67x— 162y +47z+44=0 : (i)
Further, 3 X (—4) + (=6) (12) + 2% (-3) < 0
Hence, the origin lies in the acute angle.

2-1 3-4 4-5
a.,d. The given lines intersect if | 1 1 A |=0=>1=0,-1.
A2 1 ' B
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10.

11.

12.

13.

Vectors & 3D Geometry

a., ¢. The required plane is parallel to the bisector of the given planes.

x—y+z—3_+x+y+z+4

5 h

or2y+7=0and 2x + 2y + 1 = 0. Hence, the planes are y=0 and x + y = 0.

a.,d.

The equation of a plane passing through the line of intersection of the x-y and y-z planes is
Zz+Ax=0, Ae R

This plane makes an angie 45° with the x-y plane (z = 0).

1

JIVA? +1
=A=%1

a., b. The plane is equally inclined to the lines. Hence, it is perpendicular to the angle bisector of
the vectors 27 — 23’ ~k and 87 + 3 —4k.

Bisectors are

= c0s45°=

Vector along the angle bisectors of the vectors are
2i-2j—k , 8i+j-4k

3 9 7
14i-57-7k . 2i-77+k

or

and
9 9

Hence, the equations of the planes are 14x -5y —7z=00r 2x + 7y-z=0
a., C.

ox-l_y _z=5 . NN
For line T - C 1= pomt(l 0, 5) lies on the plane. Also the vector along the line i — j — % is
perpendicular to the normal i+ 2_1 —k to the plane For line r =2i- ] +4k + 2,(31 + J + 5k) point

(2, -1, 4) lies on the plane and vector 37+ j +5kis perpendicular to the normal P+27 j- k.

Line x —y + z = 2x + y — 7 = 0 passes through the origin, which is not on the given plane.
b., c.

Volume of tetrahedron ABCD is %|[Z§ Z_é H)] |= 1 cubic units.

x-0 y-1 z-2
=-20-1)-2(z-2)=+6.
=2y-14+z-2=4%3
= y+z=6o0ry+z=0
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a.,,c.,d.

A1,0,-1)

Fig. 3.45

The rod sweeps out the figure which is a cone.

11-2+4i

————=1 unit.
Jo

The distance of point A(1, 0, —1) from the plane is

The slant height / of the cone is 2 units.

Then the radius of the base of the cone is VI> =1 =4-1=1/3.

Hence, the volume of the cone is %(«/5 )2.1= 1 cubic units.

Area of the circle on the plane which the rod traces is 3.

~1_y=0_z+l_—(1-0-2+4)
T2 T 2 T PP4(2)2 427

Also, the centre of the circle is Q(x, y, z). Then a

2 2 -5
Ox, y,2) 5(3, 3 —3—)-
b., c.
Distance between the planes is 2 = 5/«,/6.

Also the figure formed is cylinder, whose radius is r = 2 units.

20m

Hence, the volume of the cylinder is 7r*h = (2 —\/g cubic units.

23
>

5 2
Also the curved surface area is 2arh = 2A(2) - —= = —==

Or
NN
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16. a.,b.

=]

Required line is parallel to 1—1) xc

The equation of line is r= a + ﬂ.(;z) X Z)
= (r—a)=An x c)

S -@)x(nxo)=0

Reasoning Type

1. b. Given lines are parallel as both are directed along the same vector (i + j —k);so they do not
intersect. Also Statement 2 is correct by definition of skew lines, but skew lines are those which are
neither parallel nor intersecting. Hence, both the statements are true, but Statement 2 is not the
correct explanation for Statement 1 o

2. b. For the given lines, let a1 =i +] k, a, =4i —12, l;:=3§ —}' and l;; =20+ 31/;.Therefore,

4-1 0-1 -1+1 |3 -1 0
3 -1 0 [=13 -1 0=0
2 0 3 2 0 3

- -
Hence, the lines are coplanar. Also vectors b, and b, along which the lines are directed are not

collmear Hence, the l1nes 1ntersect When b X d 0 vectors band d are collinear; therefore, lines

F=a+Aband r=c +ld are parallel and do not intersect. But this statement is not the correct
explanation for Statement 1.
3. a. Any point on the first line is (2x, + 1, x, - 3, —3xI +2).
- Any point on the second line is (y, + 2, -3y, + 1, 2y, - 3).

If two lines are coplana‘r then 2x, -y, =1x+ 3yI =4 and 3x, + 2y =5 are consistent.

T T

4. - a. The direction cosines of segment.OA are

OA =\/§
This means OA will be normal to the plane and the equation of the plane is 2x + y — 3z = 14.
5. b. Statement 2 is true as when the line lies in the plane, vector b along which the line is directed is

perpendicular to the normal ¢ of the plane, but it does not explain Statement 1 as for Z ¢ = 0, the line



10.
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may be parallel to the plane. However, Statement 1 is correct as any point on the line (¢ + 1, 2¢, — - 2)
lies on the plane fort € R.

2-3+2 | 1
Ja+9+4+3] /51

Therefore, Statement 1 is true and Statement 2 is also true by definition.

a.sin 0=

a. ﬁﬁ =9>0. Therefore, P is exterior to the sphere. Statement 2 is also true (standard result).
b. Obviously the answer is (b).
. . ox—1 'y z+2.
¢. Any point on the line =N = 3 = — 1sB(t+1,-1,2t-2), teR.
Also, AB is perpendicular to the line, where A'is (1,2, —4).
S 1) -(=-2)+22t+2)=0
=60+6=0
=t= -1
Point Bis (0, 1,-4)

Hence,AB=./1+1+0 =\/5
b. Direction ratios of the given lines are (— 3, 1,—1) and (1, 2, —1). Hence, the lines are perpendicular
as (=3)(1) + (1)(2) + -1)(-1) = 0.
0-2 1-3 -1+(13/7)
Also lines are coplanar as | —3 1 -1 =0
1 2 -1

But Statement 2 is not enough reason for the shortest distance to be zero, as two skew lines can also
be perpendicular. '

Linked Comprehension Type

For Problems 1-3
1.b,,2.¢.,3.d.

Sol.

A2, 1,0)

B(1,0,1)

~P(x, y,x)
C3,0,1)

Fig. 3.47



3.118 Vectors & 3D Geometry

G=-DIEED-ED-G-DIED-1]+2[1+1]=0
2(y-1)+2z=0

=y+z-1=0

The vector normal to the plane is 7: 07+ }'+ 2

The equation of the line through (0, 0, 2) and parallel to 7 is F=2k+ ﬂ,(/]\‘ + ]Ac)

2 -1
s —_— 1
The perpendicular distance of D(0, 0, 2) from plane ABCis [ 7 . 2| = —-
For Problems 4-6
4.b.,5.¢.,6.c.
Sol.

4. b.Let Q(x,, y,, z,) be the image of A(2, 1, 6) about mirror x + y —2z = 3. Then,
x, -2 Y,—-1 z,-6 -202+1-12-3)
1 T 1 -2 PE+r+22 T
= (X, ¥,, 2,) =(6, 5, - 2).
x-2 y-1 z-6
3 4 5
x=2+3A,y=1+4A,z=6+5Aliesonplanex+y—2z=3
=2+3A+1+4A-2(6+51)=3
=3+7A-12-10A=3=-3A=12=4=-4"
Point B=(-10,-15,-14)
6. c. The equation of the reflected ray L, = 0 is the line joining Q(x,, y,, z,) and B(- 10, - 15, - 14).

5. c.Let =2

x+10 y+15_z+14 i
16 20 12 ' '

x+10 y+15 z+14
4 5 3

or

For Problems 7-9
7.b.,8.¢., 9.b.
Sol.’
The given system of equations is
2x+py+6z=38
x+2y+qz=5
x+y+3z=4

2
A=t
1

-~ Ny
w R

=(2-p)(3-9)
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By Cramer’s rule, if A# 0, i.e., p#2 and g # 3, the system has a unique solution.

Ifp=2org=3,A=0,thenif A = Ay = AZ =0, the system has infinite solutions and if any one of
A, A and A # 0, the system has no solution. "

Now AX

It
~ U oo
—_—
w R o

30-8g—15p+4pg=(4g—15) - (p—2)

— e ND
BN, e <]

6
q
3

=-8q+8¢=0
2 p 8
1 2 5
1 1 4

=p-2
Thus,ifp=2, A = Ay = Az =0 for all g € R, the system has infinite solutions.
If p#2,9=3and A #0, then the system has no solution.

Hence the system has (i) no solution if p # 2 and g = 3, (ii) a unique solution if p # 2 and ¢ # 3 and
(iii) infinite solutions if p=2 and g € R.

A =

k4

For Problems 10-12
10.4.,11.b.,12.d.

Sol.

10. d. The line

11.

x-1 y—-2 z-3

Any point say B=(3r+ 1,2 —r, 3 + 4r) (on the line L)
A_B>=3r,—r,4r+6

Hence,

ﬁisparalleltox+y—z= 1

=3r-r—4r-6=00rr=-3

Bis(-8,5,-9)
b. The equation of plane containing the line L is
Ax-1D+B(y-2)+C(z-3)=0, where34-B+4C=0 ®

(i) also contains point A(1, 2, -3).
Hence, C=0and 3A =B.
'The equation of planex— 1 +3(y-2)=0orx+3y-7=0
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12. d.The distance of point (1 + 37, 2 —r, 3 + 4r) from the plane is

N14+3r+2-r=3-4r-11 12r+11 4

VI+1+1 - 3 =$

3 5
=r==-=
202
-14
Hence, the points are A(E 1 &) and B(__lé 2___)
27272 2 2 2
=AB= 292

Matrix-Match Type

1. a-»s;b—>q;c—>p;dor

A

» which is along the vector 2i +3’ -k.

; x—1 y-2 z+3
a. L1nex=2t+ly=t+2 z=—t-3o0r > = N = !

Vector P+3] Jj+ 5k is perpendicular to the line.
b Normalstotheplanesx+y+z 3=0and2x—y+3z=0are n1 =i +] +k and n2 =2 —] +3k

ik
Then the vector along the line of intersection of planes is r_z:x ,;; =11 1 11=4i~-j-3%
2 -1 3

X Z — A A A A A A
¢. The shortest distance between the lines 5 = 13 = —1 and r=3i—j+k)+1(i+j—2k)

ik
occurs along the vector (27 -3 —k)x(i +7-2k) = [2 -3 -1/ = 7i +3] +5k
1 1 -2
[
d Normaltotheplane7=—§+4}'—6]Ac+l(§+3}'—2]2)+u(—§+2}‘—512)is 1 3 -2
12 -5

= ~11i +7] +5k
2. a—>q,s;b->r;c—op,q;d—p
—]. +2 Iz . - A A A
x—2=l§—=——1 is along the vector g =-2i +3j —k and
}'+1Ac)+t(§+}'+fc) is along the vector Z=?+}'+]Ac.Here alb.

a. Line

line 7 = (3? -
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3-1 -1-(-2) 1-0

Also | =2 3 -1{=0
1 1 1
ik
b The direction ratios of the line x—y+ 22 ~4=0=2x+y~3z+5=0are [| -1 2|=i+7]+3k.
Hence, the given two lines are parallel. 2 1 -3

¢. Thegivenlinesare (x =¢r-3,y=-2r+1,z=-3r-2) and 7=(t+l)§+ (2t+3)}+(—t—9)/2,or

x+3_y-1_ z+2 and x~1_ y=3 z+49
1 -2 -3 1 2
The lines are perpendicular as (1)(1) + (-2) (2) + (-3) (-1) = 0.

-3-1 1-3 =2—-(-9)
Also| 1 -2 -3 =0
1 2 -1

Hence, the lines are intersecting.
- A A A A A A - A A A N A 3 A
d The givenlinesare r=(i +3j ~k)+t(2i~j—k)yandr=(-i—~2j+5k)+s(i -2 +Zk).

1-(-1) 3-(=2) -1-5
2 -1 -1 |=0
1 -2 . 3/4

Hence, the lines are coplanar and hence intersecting (as the lines are not parallel).
3. a-q;bopicos;dor
a Thegivenlineisx=4y+5,z=3y-6,0r

x=5 z+6

1 TV T =Y

Any point on the line is of the form (44 + 5, A, 34 - 6).

The distance between (44 + 5, A, 34— 6) and (5, 3, — 6) is 3 units (given). Therefore
@dA+5-52+(A-3Y+(3B3A-6+6)2=9

=162+ A2+9-64+942=9

=262-64=0

=1=0,3/13

The point is (5, 0, — 6)

b The equation of the plane containing the lines il

or

-2 y+3 z+5
5 7

and

parallel to i+ 4}' +7k
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4.

. The line passing through points A(2, —3,— 1) and B(8,—- 1, 2) is

Vectors & 3D Geometry

x=2 y+3 z+5

1 4 7

3 5 7
=x-2y+z-3=0
Point (— 1, — 2, 0) lies on this plane.

=0

x—=2 y+3 z+1
= ————— =—0r
8—2 —143 2+41°

x62 =yz+3 =z3+1 “A (say).

Any point on this line is of the form P(64 + 2, 24 — 3, 34 — 1), whose distance from point
A2, -3, - 1) is 14 units. Therefore,

PA=14

PA? = (14)*

(642 + (2A)* + (3A)* =196

492% = 196

A2=4

A=%2

Therefore, the required points are (14, 1, 5) and (=10, — 7 — 7). The point nearer to the origin is
(14,1,5).

LI A

-2 -3
Any point on line AB, % = }’T = ZT =Ais M (2A,3A+2,4A + 3). Therefore the direction ratios

of PMare2A-3,31+3 and 41 ~-8.

A (G,-1,11

M

Fig. 3.48
But PM L AB

S 22A-3)+306A+3)+4(4A-8) =0
42-6+9A+9+164-32=0

29A-29=0

A=1

Therefore, foot of the perpendicular is M(2, 5, 7).

a—r;bopiecoq;dos

a. The given line and plane are ?=(2; —2}'+3I€) +1(§—}'+4l§) and ?(: +53’+IA<) =5,

respectively. Since (; - } + 4k ) (? +5 } + IAc) =0, line and plane are parallel.
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Hence, the required distance = distance of point (2, — 2, 3) from the plane x + Sy +z—5=0,
which is 12-10+3-51 10

JI+25+1 33

b The distance between two parallel planes ;) (2i ~j +3k) =4 and ; (6i-3j+9)+13=0is

|4 ~ (-13/3) _(25/3) _ 25

oy +(-1p ) V4 3

d=

¢. The perpendicular distance of the point (2, 5, — 3) from the plane 7 (6i—3j+2k)=4or
6x~3y+2z -4=0is

{112 —15 ~6—-4/|

d=""R6+9+4

= 13/4/49 =13/7
d The equation of the line AB is

x-=2 _y+2 _z-6
2~ 3 -6
The equation of line passing through (1, 0, — 3) and parallel to AB is

A
/ 0(1,0,-3)
B /
4

x—y—z=9
Fig. 3.49

Bol_y 243
7 37 6 =r (say)

The coordinates of any point on line P(2r + 1, 3, — 6r — 3) which lie on plane
Cr+H-Brn—-(-6r-3)=9

r=1 .

PointP=(3,3,-9)

Required distance PQ = \/(3_1)2 +(3-0) +(-9+3)" = J4+9+36 =7
5. a-q;b-oricos;d-p

-3 -5 -7 2(6+5+7+18
a If the required image is (x, y, z), then x2 X2 ( b )=—12

1 1 22+ +1°
or (-21,-7,-5).
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x=2 y-1 z-3
-3 2 2
2x +y —z = 3. Therefore
—6A+4+24+1-24-3=3

—6A=1

A=-1/6

b. Any point on the line =A is (=34 +2,2A+ 1, 24+ 3), which lies on plane

2 8
Therefore, the point is 2, -, —)
2°'3° 3

If (x, y, 7) is required foot of th dicular, then L =¥l _2=2_ (2=2+48+5)
. )Y, cular, then = = ==
C X y Z) 18 requlre 00t O c perpen cu _2 4 22 + (_2)2 + 42

-1 25 =2
(x,y,Z)E(— — —)

127127 12
. .oox=1 _y-2 z-3 . an . o .
d Any point on the line N :T :T =1 is P(2A+ 1,34 42, 42+ 3), which satisfies the line
x—4 y-1 z 2A+1—-4 34+2-1 4A+3
s 2 1% s 2 1
=A=-1

The required pointis (—1,-1,—1)

Integer Answer Type [

1. (8) Obviously one in each octant.

2. (1) Ifimage of point (2, -3, 3) in the plane x — 2y —z+ 1 = 01is (a, b, ¢), then
a-2 b+3 c¢-3 2(2-2-3)-3+1)

1 =2 -1 P+ (=2P2+ (=1

Hence the image is (0, 1, 5)
Obviously distance of image of the point from z-axis is 1.

3. (3 LetA(1,0,-1),B(-1,2,2)
Direction ratios of ABare (2,—2,-3)
Let 8 be the angle between the line and normal to plane, then

cos 0= 12.1+3(=2)-5(-3)! _ oo 1
JI+9+25 Ja+4+9 17435 /595
Length of projection
=(AB)sin @
121
= J(2) + (2D +(3) x, 1 - =
V@) + @2 +03)" x 595
474

= ,|—— units
35
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4, (2) Vector normal to the plane is 7i=1 — 3] + 2k and vector along the line is v=27 + j- 3k

Now sin 0=

i _]2—3—6|_H
7 Vit ie| ha

Hence cosec 8=2

1
5. (8) Volume (V)= = A h = k= 3_V
3 A
Similarly b= >0, b= 2 and =
A, A 4

So (A, +A,+A,+A)h +h,+h +h)

=(A +A,+A,+A) —3K+§K+§K+3V
4 A A A

=3V(A, +A,+A +A)( +i+i+i)

A A A A
Now using A.M.-H.M inequality in ALALA LA, weget
A+A,+A+A, > 4

1 1 1 1
= AFAFAFA) —+—+—+—|216
A A A A

Hence the minimum value of A +A,+A+A)(h +h,+ h,+h)=3V(16)=48V=48(1/6)=8
6. (6) A plane containing the line of mtersectlon of the glven planes is

X—y—-2-4+A(x+y+27-4)=0

te, (A+Dx+A-Dy+QRA-1)z—-4(A+1)=0

vector normal to it

V=(A+Di+(A-1j+QA~DkS @

Now the vector along the line of intersection of the planes
2x+3y+z-1=0 and x+3y+2z-2=0isgivenby

30-G+k)

S

Il
i \® B
W W
N = X

Il

As 7 is parallel to the plane (i), therefore
iV =0
A+D)-(A-D+2A-1=0
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-1
242A-1=0 = A= >

Hence the required plane is

x-3y-4z-4=0
Hence |A+B+Cl=6
7. (7) Clearly minimum value of a?+ b%+ ¢?

_ [|(3(0)+2(0)+(0)—7 |]z_ 49 7

= — = —units
JB? +(27 +(1) 14
8. (7) 4x+Ty+4z+81=0 , @
5x+3y+10z=25 (i)

Equation of plane passing through their line of intersection is
(dx+Ty+4z+81)+A(5x+3y+10z-25)=0

or (4 +5A)x+(7+30)y+(4+104)z+81-251=0 (iii)
plane (iii) | to (i), so

44 +50)+7(7T+34)+44+101)=0

L A=-1

From (iii), equation of plane is ~x+4y—6z+106=0 . @iv)

106 106

JI+16+36 /53

Distance of (iv) from (0,0,0) =

x+2 2y+3 3z+4
T4 5

9. (9) Line through point P(-2,3,-4) and parallel to the given line

Any point on this line is Q[S/'L -2,2A - %, %l - %:l

2 3

Now PQ is parallel to the given plane 4x + 12y ~3z+1=0
= line is perpendicular to the normal tothe plane

= 43N)+12 (ﬂi) _ 3(5'1_18_) =0
2 3

44 -9 5
Direction ratios of PQ are [31, M, At 8:'

= A=2
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5
= Q(4,§,2)

Y PORN BN PR )
= PQ—\/(6)+(2 3)+(6) =3

10. (6) The given points are 0(0, 0, 0), A(0, 0, 2), B(0, 4, 0) and C(6, 0, 0)
Here three faces of tetrahedron are xy, yz, zx plane.
Since point P is equidistance from zx, xy and yz planes, its coordinates are P(r, 7, r)
Equation of plane ABC is
2x + 3y + 6z =12 (from intercept form)
P is also at distance r from plane ABC

12r +3r+ 6r =121 _
J4+9+36

= lr-12l=7r
= -11r-12=+x7r

12
=—,3
= r 18

r=2/3(asr<2)

Archives

Subjective Type

1. (i) Weknow that equation of the plane passing through three points ()5 Y15 20555 Y5 2,5 (X35 V55 2,) 18

X=X Y= -3
X=X %=y -z =0 P(2,1,6)
X=X =Y LT
x=2 y-1 z-0
5-2 0-1 1-0[=0 -
4-2 1-1 1-0 sy 273 b
1
i
x=2 y-1 z |
3 -1 =0 E
? o ‘Q(a,B,v)

=x+y-2z=3 Fig. 3.50
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According to the question, we have to find the image of P(2, 1,76) in the plane.

_B-1_y-6_ 2(2+1-12-3)

a
Let Qbe (a, B, 7). Then : N 2 P4l+(2)

= Q(a’ ﬂ’ Y)E Q(67 5’_2)-

Since the plane is parallel to lines L, and L, with direction ratios as (1, 0, — 1) and (1, — 1, 0), a vector

perpendicular to L, and L, will be parallel to the normal 7 to the plane. Therefore,

ik
;l)zl 0 "‘1:—1—3—];
1 -1 0
The equation of the plane passing through (1, 1, 1) and having normal vector no=—i- 3 ~kis
given by
(r —a)n=0
=2-1x-1D-1@-1D-1z-1)=0
x+y+z=3
y .
Zi2iE 1
3 3 3 ®

The plane meets the axes at A(3, 0, 0), B(0, 3, 0) and C(0, 0, 3) or A(37), B(3 ) and C(3k).

Hence, the volume of tetrahedron OABC = é[3z° 3} 312]

27 9c bic units
= —=—Cu
6 2

S is the parallelepiped w1th base point A, B, C and D and upper face points A”, B’, C’ and D’. Let its
volume be V. By compressing it by upper face A’, B’, C'and D’, a new parallelepiped T is formed
whose upper ‘face points are now A”, B”, C” and D”". Let its volume be V,.

D’ c
A B
e A
// //
v 4
// //
AW oo __ L7,
B
@By C
D
4 B

Fig. 3.51
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Let 4 be the height of original parallelepiped S.

Then V= (area of ABCD) X h . @)
Let equation of plane ABCD be ax + by + cz+d =0 and A”(c, f3, 7).

Then the height of the new parallelopiped T is the length of the perpendicular from A” to ABCD,

., ad+bB+cy+d

. Therefore
va?+b+c?

V, = (ar ABCD) x (2O FbB+cy+d) (i)
2 2 2
a +b" +c
90
But giventhat V.= =——V B Tl
gventatve= 100 ~* (i

From (i), (ii) and (iii), we get

ac+bB+cy+d

— =094
Na®+b* + ¢
= ac+bB+cy+d—-09 ha* +b*+c* =0

Therefore, the locus of A” (¢, B, P is ax + by + cz + d — 0.9k \Ja* + b*+ ¢* = 0, which is a plane

parallel to ABCD. Hence proved.

The given line is 2x—y + z— 3 =0=3x+ y + z — 5, which is intersection of the following two
planes:

2x-y+z-3=0 1)
3x+y+z-5=0 . (ii)
Any plane containing this line will be the plane passing through the intersection of planes (i) and
(i1). Thus, the plane containing given line can be written as follows:
2x~y+z-3)+ABx+y+z-5)=0

BGA+2)x+A-Dy+A+1)z+(-51-3)=0

As its distance from the point (2, 1, — 1) is 1/\/3,
(3;L+2)2+(,1—1)1+(A+1)(’—1)+(—5/1—3)|_ 1
\/(3/‘t+ 2)" +(A-1 +(A+1)

ey

-1 1
Viaz+122+6] V6
Squaring both sides, we get

(- 1
1122 +124+6 6
=5A2+240=0
= A5A+24)=0
= A=0o0r—24/5
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Therefore, the required equations of planes are 2x—y+z—3 =0 and

({22 o)

or,62x+29y+19z2-105=0

The direction cosines of the line are 1/ \/5, 1/ \/5 ,1/ \/—?; .
t

13 ! . .
Any point on the line at a distance ¢ from P(2, — 1, 2) is (2+ —,~1+—=,2+ —) which lies on
7P RN SN
2x+y+7z-9=0

= 1=+3

Objective Type

Multiple choice questions with one correct answer

1

x—4 y-2 z
1
it passes must also lie on the given plane, and hence 2 x4 -4 x2+k=T7ork=7.

a. Astheline ; k lies in the plane 2x — 4y + z =7, the point (4, 2, k) through which

x—1=y+1:z—1=)’
2 3 4
=>x=2A+1,y=3A-1landz=44+1

b.

x-3 _y-k_z
T 2 1

=>x=3+uy=k+2uandz=pu

Since the above lines intersect,

22+1=3+u ®

3—1=2u+k (i)

p=4A+1 (iii)

Solving (i) and (iii) and putting the value of A and g in (ii), £ = 9/2

d. Let the equation of the variable plane be Iy % +i= 1, which meets the axes at A(a, 0, 0),
a c

B(0,b,0)and C(0,0, ¢).

. . b 1 1 1
The centroid of AABC is (E, =, E) and it satisfies the relation —+—+—=k
33 3 x 0y oz
= 2 + 2 + L k
a> b2 2 -
N i+ 1 N 1k ) ©
2 bz cz - 9 1
Also it is given that the distance of the plane X %-F o from (0, 0, 0) is 1 unit. Therefore,
a c
1 1 1 1 ..
=l= —+—5+—=1 (ii)

1 1 1 a b
@ bp &

From (i) and (i), we get k/9=1,i.e. k=9
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4. d. The equation of the plane passing through the point (1, ~ 2, 1) and perpendicular to the planes

x-1 y+2 z-1
2x—2y+z =0andx—y+2z=4isgivenby| 2 -2 1 (=0
1 -1 2

Sx+y+1=0

1+2+1

R

Its distance from the point (1, 2, 2) is

5. a. Any point on the line can be taken as

0 ={(1 -3, @-1), (Su+2)}

PQ = {-3u-2,11-3,51-4)

Now, 1 (~3u-2)-4@u-3)+3(5u-4=0
=-3u-2-4p+12+15u4-12=0
=8u=2=u=1/4

6. c.Plane 1: ax + by + cz =0 contains line % = % =

F PN

2a+3b+4c=0

X
Plane 2: a’x + b’y + ¢’z = 0 is perpendicular to plane containing lines 3 =

3a’ +46 +2¢"=0and 4a’ + 20" +3c’ =0
al _ b/ _ Cl
12-4 8-9 6-16

= 8a-b-10c=0
From (1) and (ii),

a b c
-30+4 32420 -2-24
= Equation of planex -2y +z=0
7. a.Distance of point (1,2, 1) from plane x+ 2y - 2z = atis 5 =a = 10.

. x=-1 y+2 z-1
Equation of PQ, = = =t
quation Q N 3 =3
5
Q=@ +1,2t-2,-2t+1)and PQ=5 = t=5;a=§:>QE(8

®

(ii)
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Assertion and reasoning type

1. d. The line of intersection of the givenplaneis3x—6y~27—-15=0=2x+ y-2z-5=0
For z =0, we obtain x = 3 andy=-1,
- Line passes through (3, - 1, 0)
Also, the line is parallel to the cross product of normal to given planes, that is

ik
3 -6 -2/=14i+27 +15k
2 1 =2
. ..o x=3 y+1 ¢ . .
The equation of line is ——=——= == whose parametric form is

14 2 15
x=3+4+14t,y=-1+2¢t7=15¢

Therefore, Statement 1 is false.
However, Statement 2 is true.
2. d. The direction cosines of each of the lines L,L, L, are proportional to (0, 1, 1).
Comprehension type

For Problems 1-3

PGk
L b3 1 2=-7-75+5k
12 3

Hence, the unit vector will be m
53

2. d. Shortest distance = A+ DED+E-DED+A+3)S) -

53 53

3. c.Theplaneis given by —(x + D-700+2)+5(z+1)=0
=x+T7y-5z+10=0

- 1+7-5+10 13

= Distance = =
istance J7_5 \/.73

Matrix-match type
Sol. a->r;b-oqcop;dos
Here we have the determinant of the coefficient matrix of given equation as

a b ¢
‘A=lb ¢ a

c a b

=—(a+b+c)(a2+b2+c2—ab—bc-—ca)
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—%(a+b+c)[(a—b)2+(b—c)2+(c—a)2]

a+b+c#0
anda@?+b*+c>—ab—bc—ca=0
= @-byY+®-c)+(c—-a)=0
=a=b=c¢

Therefore, this equation represents identical planes.

.a+b+c=0

and @+ b*+c?—ab—-bc—ca#0

= A=0and q, b and ¢ are not all equal. Therefore, all equations are not identical but have
infinite solutions. Hence,

ax+by=(a+b)z (usinga+b+c=0)

andbx+cy=(Mb+0)z

=P —ad)y=P*-ad)z=>y=z

=Sax+by+cy=0=ax=ay

=D X = y=2

Therefore, the equations represent the line x =y =z.

.a+b+c#0and @+ b+ c*—ab—-bc—ca#0

= A # 0 = The equations have only trivial solution, i.e., x=y=2z=0.

Therefore, the equations represent the planes meeting at a single point, namely origin.
a+b+c=0anda®+ b+ —ab—bc—-ca=0

=a=b=candA=0=a=b=c=0

= All equations are satisfied by all x, y and z.

= The equations represent the whole of the three-dimensional space.

Integer Answer Type

1.

(6)L

et normal toplane is [i + m j.+ nk

214+3m+4n=0
and3/+4m+5n=0

Eq

uation of plane will be

a(— 1) +by-2)+c(z-3)=0

([ N

4

—lx-1D)+2(y-2)-1(z-3)=0
-x+1+2y-4-z+3=0
~x+2y+2z=0

x-2y+2z=0

id|
7€'=\/8

d=6






Appen'dix
Solutions to
Concept Application Exercises

Chapter 1

Exercise 1.1

1. Since the diagonals of a rhombus bisect each other, O_A) = —Z)_C>v and _073) = —0—D> and so

OA + OB +0C + 0D = 0.

>

2. Let the position vectors of A, B and Cbe a, b and Z, respectively. Then the position vectors of D

_ = - - “,}—; - -
Eand Fare (b+¢)/2,(c +%a)/2 and (a+b)/2, respectively. Therefore,

.}‘ )
T TF [b;C_zHﬁ;a_zHa;b_zJ:a

3. Since the diagonals of a parallelogram bisect each other, P is the middle point of AC and BD both.
Therefore

AN
\

OA + OC=20P and OB +0D =2 OP
4. Fis the middle point of BD. Therefore

AB+AD = 2AF 0
Similarly, CB+CD = 2CE (i)

Adding (i) and (ii), we get

AB+AD+ CB+CD = 2(AF+ CF)= —2(FA+ FC)
~2(2(FE)) (because E is the midpoint of AC)

= 4EF
5. b.Wehave,E+£=Fd+%
= ~ AB=BC

Since the initial point of B_C7 is the terminal point of H?), A, B and C are collinear.

6. A vector along the internal bisector = %+% = l_2]+2k+ 20+ jH2k
fal bl 533
1 /} /\. "
=36i-j+db
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Fig. S-1.1
AL=AB+BL=AB+EBC=AB+EAD
AM = AD+ DM = AD + - DC = A+ 4B
— —_— —_— — —_— — 33—
Adding, AL + AM+%(AB+AD) =%(AB+BC)=5AC

8. We know that the figure formed by the lines joining the midpoints of the sides of a quadrilateral is a
parallelogram. Hence, MPNQ is a parallelogram, whose diagonals are MN and PQ intersecting at E,

which is the midpoint of both MN and PQ. For any origin O, we have OA +0B =2 (O—Ai ) (as M is the

midpoint of AB).
D N C

»
13
]
'

0 F,' P
j
|

A M B

Fig. S-1.2

OC +0B = 2(FN)  (as N is the midpoint of BC)
= UA+O0B+0C + 0D =2(OM +ON)

=2 (20E)=40F

where E is the midpoint of MN as it is the intersection of the diagonals of a parallelogram.

9. Wehavea=3 §+ 4 }'— 2 12 Therefore,

lal=~/9+16+4 =29



10.

11.

Appendix: Solutions to Concept Application Exercises A.3

-

. a
Therefore, the unit vector parallel to g = —

@ L _@ivaf2h).
fal 4@% R

Now suppose b is the vector Wthh when added to a gives the resultant i,
Then a+b—z or b = L— = l—(3l+4] 2k) Therefore,

b=-21-45+2k

|0AI=10B1=+14

A AOB is isosceles. Hence, the bisector of angle AOB will bisect the base AB.
Hence P is the midpoint (2, 2, - 2) of AB. Therefore,

OP=2(i+j-k)

K=Pprtarn
- +(1—
o y,oPntd-prn
p+1-p)

r,divides 7 and #, in the ratio (1 - p): p

Hence r,, r,and r, are collinear.

Exercise 1.2

1.

Since 3a —2b+¢ —2d =0
3a+c=2b+2d
3a+c 2b+2d 3a+c b+d
= = = =
4 4 3+1 2
Therefore, P.V. of the point dividing AC in the ratio 1 : 3 is the same as the P.V. of midpoint of BD.

- - - >
3a+c b+d
or

So AC and BD intersect at P, whose P.V. is . Point P divides AC in the ratio 3 : 1 and

BD intheratio1: 1.

Consider 2a~b +3c =x(a+bh-20)+y (@+b-30)

- 2a-b+3¢=(x+y)a+(x+y)b+(2x-3y) 0
X+y=2 (i)
x+y=-1 | (i)
2x-3y=3 (i)

Multiplying (i) by 3 and adding it to (iii), we get
x=9
From (1),9+y=2=y =7
Now putting x = 9 and y = -7 in (ii), we get
9 -7=-1
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or 2 = -1, which is not true.
Therefore, the given vectors are not coplanar.
Alternative method:

‘We have determinant of co-efficients as

2 -1 3
I 1 -2|=-3%£0
I 1 -3

Hence vectors are non-coplanar.

— - — - -

3. (leta=i+j+kb=2i+3j—kc=—-i—2]+2k

I 1 1
2 3 -1i=-1
-1 -2 2

Hence vectors are non-coplanar and linearly independent.

Gi)Let a=3i + j—k,b=2i — j+Tk,c=Ti — j +13k

31 -1
2 -1 7|=0
7 -1 13

Hence vectors are coplanar and linearly dependent.

4. Putting the values of Z and E , and then equating the coefficients of a and b on both sides, we get
3(p+4q)=2(2p+q+2) |
32p+g+1)=22p-3g-1)
Tp+10g=4and2p+9g=-35
Solving, we getp=2andg=-1
5. Points A(Z, ;+ m, 1_7)+ n, Z), B, 2 +m23+ n, 2), Cc(, Z+ m, _l;+ ny 2), D¢, Z+ m, Z+ n, c)
are coplanar.
= Vectors AB=({,—{¢)a+(m —m)b+(n —n)c,
AC=(,—4)a+(m, ~-m)b+(n —n)c,
AD=({,~t)a+(m —m)b+(n—n)c

are coplanar
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£ -4, m-m, n-—n,
= £, =4, m-my, n-n =0
Li=4y m—-my n —n,
£ L, £, 4,
m m, m; m

n o n non
1 1 1 1

Now if

Then applying C,— C,-C,,C,—> C,-C,C,—> C, - C|, we have

0 £,-4, L0, 0,1,
moomy—mmy s m—m|

n, n,—n AR h—n

1 0 0 0

4-4, m-m, n-n,
= £, -6, m-my n-n,|=0

=4y m-my n-n,

6. Any vector 7 canbe uniquely expressed as a linear combination of three non-coplanar vectors.
Let us choose that 7a —115+15¢ = x (a—25+3¢) +y(2a-3b+4c) +z (3a—4b+5¢)

Coimparing the coefficients of a, Z and Z on both sides, we get
x+2y+3z=7,-2x-3y-4z=-11,3x+4y +5z=15
Eliminating x and then solving fory and z, we getx=1,y=3,z=0

Chapter 2

Exercise 2.1

1. |4Z+3Zl=\/(42 +3b)-(4a +3b)

= 16137 +915F +244.5

= \/144+144+24x3x4x(_?1)

=12
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Vectors & 3D Geometry

Itis given that vectors i —2x j —3yk and i +3x j +2yk are orthogonal. Therefore,

(i-2x j=3yk)-(i+3x j+2yk) = 0
=1-6x-6y=0
= 6x2 + 6y* =1, which is a circle.

12+Z+Z|2=(Z+Z+Z)-'(Z+Z+Z)
=gl +1bP 1P +2a-b+2bc+20-a
=1+4+4+0+0+0=9

= la+b+cl=3

- -

Given, a+b+z=6
a+b=—c
(@+b5)-(@+b)=(=0)-(=2)
=@+ +2 (ab)=c

=9+25+2 (a-b)=49

= ab=15/2

=>abcos 0 =15/2 = 3-5cos 0=15/2

=cos 0 =1/2 =60=nrn/3
la~bF =(@-b)(a—b)

=@+ B -2(ab)
=1+1-2(1-1 cos 8)
=2(1-cos9)

- 2(1_%}1

~

A Py A
n=a i+a, j+a,k, where a’ +al +a’=1
. - A
Giventhat un=0 =a,+a,=0

Also, ¥-n=0 =a,-a,=0



Appendix: Solutions to Concept Application Exercises

0

r 1
or—k
I wil=3

AD=AB+BC+CD=a+b +c

a
a

w
Q

a
1
k

=
]

R:E’+EE=Z+Z or a=—(2+3)
BD=BC+CD=h+c

Therefore, EEB+B—C’A—)D+C—A)I_BB
=ac+b(a+b+)t(—a=b)-(b+o)
=ac+ba+bb+bco-ab-ge-bb-be=0
PG=00-0F=1-2k |

RS =0S-OR=4i-45-1%

. ., BT
Projection of PQ on RS = Q: S = _J6=
IR V33

3; + 3 and 5; - 3(_1) are perpendicular. Therefore,
Bp+g)Gp-39)=0
15p*~3¢* =4 pq

2; +3 and 4; - 23 are perpendicular. Therefore,
Qp+g)@4p-29)=0

8p2:2q2
Now, cos 0= _)p-q_)
Ipligl

Substituting ¢> =4 p* in (i), 3p° = 4;;}

-
2

3
Ipl2ipl 8

Socos @ = 2
4

p
= 6 =cos ! 3
8

A.7

®

(i)



A.8 Vectors & 3D Geometry

10. A(xA+B)=B-(aA+B)
=S o+ ;\)E =aZ~§ +1
= (A-B)1- a)=(1-a)
Since 1—4);3 #0=2 a=1

- - -

11. a+ Z +c=x
Taking dot with x on both sides, we get

- - - =

- - - - —>2
xa+xb+xc=xx=1xI'=4

- > 37

=1+ -3— + ;~Z=4 = x-c=—
2 2
If 6 be the angle between ¢ and ;, then I %l ¢ | cos 6 =32
= cos 0=3/4 = 0 = cos'(3/4)
12. Let € be an angle between unit vectors Z +b. Then
2-3 =cos 0
la +bP =1af + 5P +2a-b =2+2co0s § =4 cos? 6/2

= IZ+Z|ZQCOS%
P .6
Similarly, | a— b | = 2sin E

= IZ+ZI+IZ—BI =2 (cos§+sing) SZ«/E
13. Resultant force

F=P+P+P=2j-k

And displacement = AB
=PV.ofB-PV.ofA

= (6i+ )—3k)—(4i 3] —2k)
=2i+47-k

.. Work done = F - AB
—Qj-k)-Qi+4j-h)

=9 units
Exercise 2.2
ik
1 axb=(2 3 -5
m n 12

=(36+5n) i —(2445m) ] +Q2n=3m)k =0



Appendix: Solutions to Concept Application Exercises

- — - - - = - - X
a-b=lallblcosB,butlaxbl=1allbl sin 8

laxbl 4 3
———=— =>cos 0= —
lalib! 5

=sin f=
Therefore, 2-Z=2x5x§=6
Since ZXZ=Z><Z¢6,
axb-bxc=0

= axb+cxb=0
:(Z+ax3=6

- - -
= a+c is parallel to b

a+c=kb
ij ok
axb=12 3 -1|=-10i+9j+7k
-1 2 -4
- - ; '; é - -
axc=102 3 -1=4i-3j-k
11 1

= (axb)-(@axc)=—40-27 —7=-74
Since Z, ¢andb forma right-handed system,

- =S =
c=bXa

}X(x§+y}'+zlz)

= —xk+zi=zi—xk

Therefore, there are three possibilities: (i) a= 6, (i1) Z - Z‘) = 6 and (iii) a is perpendicular to

- -

b-c.

A.9
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X — - - -
Again, a X b = a X c. Therefore,

- - - -
axXb-axc=

<ol

=>2x(3—2)=6

Therefore, again there are three possibilities: (i) 2 = 6 (i) Z - Z = 6and (iii) Z is parallel to

- -

b—c.
Now a is given to be a non-zero vector. Therefore, we have the following possibilities left:

-

1.b-c=0.

2. a is perpendicular to b- 2 and Zis parallel to b- 2, which is absurd.

Therefore, the only possibility left is 3—2=6 or b=c.
(Z—l—;)x(Z+3) = Zx2+2><3—3><2—2x3
—axa+axb+axb-bxb

— - ~ — — —
=0+2axb-0=2axbh
. . - - 0= -
Geometrically, the vector area of a parallelogram whose sides are along vectors aand b is a X b.
- - - —
Also diagonals are along vectors a — b and a + b and the vector area in terms of diagonal vectors
R T - 5 .
is E[(a—b)x(a+b)].
- - - - — - - o - '2
Z+zXx=y 2z+ zxxl=1yl
-, ST I R )
= 1zI"+ 1zFlxFsin®0 =1 (because z-(zx x)=0)

= 1212 (1+sin*0) =1

=1zl I 2

Z = —
Jl+sin2e V7

= sin @ = +/3/2

= 0 = /3= 60°

Let a=aq i +a, j +a, k. Therefore,

- A

—)/'\ \ - A - /: /} /\. A /.\ A /\.
ai=a, aj=a,andak=a,and a xXi=(q,i +a, j+a,k)xi=-a,k+a,j

A

- A A A - A A
Similarly, aX j = q k~a,iand axk=-q, j+a,i

- A e d A -3 A — A - A - A A A A A A
(a-iYaxiy+(a-j)ax j)+(a-k¥axk)= —aa,k+aa, j+aa, k_—a?’a2 ita,a,i-aa, j

=0
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10.
A4
¢ b
ﬁ
a
B > C
Fig. S-2.1
Clearly, a, b and c represent the sides of a triangle.
= axb=bxc=cxa
= axb+bxct+exa=3axh
= 2bxa+bxc+cexa=0= A=2
11.
JSo
(1,2,-2)B¢ o -
N
vV
r 3
( (3,6,4)
-
¥
A(1,1,2)
Fig. S-2.2

OA = §+}'+21A<
OB = i+2j-2k

AB = -4k = 1ABI =17

AP =(3i+6 ] +4k)—(i+ j+2k)
= 20 +57+2k
3

0=
N

e ) 3 A A A A A
v=0x7 == (j-4bx @i+ 5T+ 20

(-4k)2

3 A A A
=——=(22i -8 -2k
17( J )

N

12. We have Z-Z=Z~ =0.

ol

This implies that a is perpendicular to both b and c.

!

A.11
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- . - -
Thus, g is a unit vector perpendicular to both b and c.

Z - Z -
- Xc Xc 2 2
Hence, r =1 =+ =+2(bXc)
- -5 A
Ibxcl Ibllcisinz/3

13. Since (Zx ;)2+(Z~;)2 = 144, if the angle between Z and l—; is O, then
1aPIBP sin? @ + 1aPIBI cos® B=144
= 1alPIbP =144
=lallbl =12
=41b1 =12
=1b1=3
14. Wehave, la +51=+3
—ia+bP=3
= 1aP+1bP +2(a-b) =3

=>1+1+2(2-Z)=3

- > 1
= ¢b— 5 -2x1=0 (Using )
— cb=5/2
15. F=3i+2j-4k

Ais(1,-1,2), Pis (2,~1,3)
PA =PV.of A~ PV, of P
=(i—j+2k)—(2i-j+3k)

/: A
=—1—-k
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N P(2,-1,3)
Required vector moment = PAX F
= (~i—k)X(3i+2] - 4k)
iJ ok
=|-1 0 -1 >
3 9 4(01,-1,2) F=3i+2-4k
oA Fig. 8-2.3
‘ =2i-7j-2k
Exercise 2.3
1. Since d makes equal angles with the vectors a , b and ¢
d= u(a+b+c) @
3
((—1) passes through the centroid of the triangle with position vectors Z, Z and Z)
Again[abcld =[dbcla+[dcalb+[dable (i)

From (i) and (ii), we get {d b ¢]=[d ¢ a]=[d a b]

2 Let7=11§+lz}+l312,r—r;=m,§+ml}'+m3fc,-r;=nlzA'+n.2}'+rglg,Z=al§+a2}+a3l€ and
b= b i+ b, 3 +b, k. Therefore,

[-a=la +ha, +La,= Y La

Similarly, [-5=Y 1, etc.

A

LoLoL||io
Now, [ mn]l(axb)=|m m, m| |a a,
non, mlb b

SR x>

Sii Sia Sib| |1 Ta T |ila b 1
= 2"’1; 2"’1‘11 zmlbl =|m ma mb| =|ma mb m
an? z:rt,al z‘n,bl n ZZ n-b ;;Z ;Z ;

S20@-4H+32-0+4Q2-a)=15
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=20*-8+6-3a+8-4a =15
=202-T70-9=0

= 20 -9a+20-9=0
=@+1)2a-9=0

=0 =-1,92
axb=ax(@xe)=(ac)a-(aa)c=2a-3c
PGk
But axb=|1 1 1|=3i-3k
1 -2 1

Hence,3¢ =24 - (31 ~3k)= (21 + 2] + 2k) - (31 — 3k) = ~i + 2] + 5k

(=i +27+5k)

W | =

g —
= .=
. - . . “, . . . . . . - - 2 -
Since x is a non-zero vector, the given conditions will be satisfied if either (i) vectors a, b and ¢ are
X - . . - i -
zero or (ii) x is perpendicular to vectors a, b and c .
N N - - >
Incase (ii) g, p and . are coplanar and so [a b ¢]=0.
e

[axb bxc cxal ={abcP (i)

Now let a=al§+a2}'+a312,Z=bl§+b23'+balAc and Z=c,?+cz}'+c312.Therefore,

2

a4 a a
Bt
labcl" =B b, b
G G G

Zal Zab Zag
= |Xba, Xb Xbc
Zea, Zcb  Zct

i T B S Y

aa ab a-c

S S - .
=b-a bb b-c ()

e T TR

cca c¢b c-c
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-

Here, axz=2 (given)
(@ xb)-c=c-c

[a bel=lcP
Also,3x2¥z (given)
= (bxc)a=aa

= [bcal=lal

also ¢ Xa=b (given)

Sl
ol

(c xa)-Zz
[c ab] =IbP

Since [ZZZ]=[ZZZ]=[cab],

- - -
lal =1bl=lcl

!

- -
a=p+

= Zx;;:;xz . ;><Z=8)
=  bx(axb) =Zx(3><7;)
=@hq-G-b
= GBha (- b-4=0
- inZjB) =21>
b-b
a-(bxDi=axb) )i
If ZXZ = x/z} + y}' + zI;,then (2><Z)-§ =x

Siwilarly, (2-(bx 1)) j = yand (a-(bx k) k = z

= (@ (bxD) i+ @ GX]) i@ Gxiyk=xi+yj+zk =axh

®

(i)

(iii)
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(3/’L+2) (Sl+2) (6A+4)]2
A+1 A+1 A+1 ) Therefore,

3A+2)l+(51+2)c+(6/1+4)
A+1 A+1 J A+1

34+2 13 . .
Therefore, == 5/1+2=lgand 61+4 26

A+l 57 241 5 A+1 5
=24=3=A1=3/2 )

Hence, P divides QR in the ratio 3 : 2

13~ 19~ 26~
—it+—=j+—=k=
5.5 5

&>

/—\

L . — 1 2 2
The direction cosines of op are — 3’ gand -3

Hence, gp = |op| (i+m]+nk)

- 3(—1?+2}—3k)
373

=—1i+2] -2k

So, the coordinates of P are —1,2 and 2.
Here, cos’a + cos? (90 — &) + cos? y=1
=> cos’a + sin®0 + cos® ¥ = 1
=cos’y +1=1=y =90°
A ding fo th i a+2_b—1_c+8_A
ccording o the question, 6 > 3
=>a=61-2,b=2A+1,c=31~8
cos 2a+ cos 23+ cos 2y
=2cos’a—1+2cos’f—1+2cosy—1
= 2(cos’a + cos’f + cos?y) -3
=-1
From the figure, it is clear that the length of the edges of the parallelopiped a, b, ¢ is X, X 57,
Z,—z,0r 6-3,8 -4 and 10 -8 or 3, 4 and 2. Therefore,

(6, 8, 10)P

03,4,8)

Fig. $-3.1

The length of the diagonal will be y/a® + 5* + ¢* = \[0+ 16 + 4 = /39.

_yl’

T
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10. 7
A
C(0,0,a) Ma, 0,a)
Qaor (| @adr
e Tl . > 0%
(3] A(a, 0,0)
B(0, a, 0) N(a,a,0)
Y
Fig. S-3.2
The direction ratios of OP are a, a and a or 1, 1 and 1 and those of AL are —a, a and a, or -1,1and1.
Therefore,
~-1+1+1 1 1

=— = f=cos —
3

COSH=W—§

. a b c
Since 1750y = Wea) = (1/ab)

11. » hence lines are parallel.

12. Eliminating n, we have 2+ m)(1 —m) =0.

When 2/ + m =0, then - = 7%
en2l+m=0, en.1 =7

= 12 Therefore,

Direction ratios are 1, -2, 1 and 1, 1, and -2

oW 1

0 ThEE)

= 0=120°=27/3

l m
When I -m =0, then 171

Exercise 3.2
1. Line is passing through the point (1, 2, 3) and parallel to the line r =i- }'+ 2%+ Ali- 2}'+ 3k) or
parallel t6 the vector i — 2}' +3k . Hence equation of line is

x—1 y-2 z-3
1 -2 3
It meets xy-plane, where z=0




A.20

Vectors & 3D Geometry

Then from the equation of line, we have
y=—2 0-3

x—l_ _
1 3

=x=0,y=4.

= Line meets xy-plane at (0, 4, 0)

Since line is passing through the points A(1, 2, 3) and B(- 1,0, 4), it is along the vector
AB=-7; - 2}' + k. Hence equation of line is

-

r=i+2j+3k+ A(=2-25+ k) or

re—ivdieac2-2i1 b

x-1 y-2 7-3 x+1 y-0 z-4

-2 2 1 -2

Thegivenlineis—6x—2=3y+1=22—2, or
x+(173) y+Qa/3) z-1

-1/6 1/3 1/2
L . 11 1
The direction ratios are— P’ gand Sor- 1,2 and 3.
. N y+1 z+1
The required equation is = T 5
: . L : : x_y-1 242
The line through point (-1, 2, 3) is perpendicular to the lines 553 = ) and
ik

x+3 y+ 3 z—1 . . A N ~
1 = T = T Therefore, the line is along the vector |2 -3 -2/ of —Si—4j+k.
-1 2 3

) Loox+l y-2
Hence, equation of the line is S T

-3

4 |
-1 -2 -3 -4 -1

Intersection point of the lines kN At =22 and & =X Zis(~1,-1,-1)(on solving).
2 3 4 5 2

Therefore, the equation of the line passing through the points (-1, -1, -1) and (2, 1, -2) is

x+1_y+1_x+1 ‘

3 2 -1
The line is along the vector 3? + } which is perpendicular to the z-axis as (3? + }') ]2 =0.

. Xy Z X y Z
e lines are 37275 2 25

Since a,a,+bb, + €c,=6-24+18=0,
6=90°
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The lines are perpendicular ifaa,+bb,+cc,=0.
/ 10
Hence, -3 (3k) + 2k (1) +2(-5)=0 = k=~ El

Eliminating 7 from the given equations, we get equation of the path.

roY_z
2 4 4
oY _z
1 =2 2

Thus, the path of the rocket represents a straight line passing through the origin.
Forz=10s, we have

x=20,y=-40andz=40and | 7 | =lOM l=\[¥* + y* + 2*

= /400 +1600+1600 =60km

Let P be the foot of the perpendicular from the point A(S, 4, —1) to the line / whose equation is
r=i+AQ2i+97+5k).

A(5.4, -1)

P
Fig. S-3.3

The coordinates of any point on the line are givenbyx=1+2A,y=91and z=5A

The coordinates of P are given by 1 + 24, 94 and 5 for some value of A.

The direction ratios of AP are 1 + 2A—5,94 —4 and 54 — (-1)or21-4,94 -4 and 51+ 1.
Also, the direction ratios of [ are 2, 9 and 5.

Since AP 11, aa,+bb,+cc,=0

=2QA-H)+909A-4)+5GA+ N=0=41-8+81A1-36+251+5=0

= 110A-39=0= A1=39/110

Now, AP*= (14225 + (94 =4+ (5A—(=1)l= (2A ~4)2 + (9L —4Y + (5A + 1)?
=42 164+ 16+ 8142 =724+ 16+ 2522+ 104+ 1 = 11042 784+ 33

39 Y 39 392 ~78x39+33x110 2109 2109
_ 220 —78] 2 433 = AP= [
110 (110) (110) 110 1o — " Y110

Let the image of point A (1, 2, 3) in the line / whose equation is

x—6 -7 z-7 . . . ,
B y_2_ = B k (say)be A”. Then AA’is perpendicular to / and the point of intersection of AA

and [ is the midpoint of AA”. Note that M is the foot of perpendicular from A to . @)
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The ¢oordinates of any point on the given line are of the form Bk+6,2k+7, 2k + 7). Therefore, the
coordinates of M are 3k + 6, 2k + 7 and 2k + 7 for some value of k. The direction ratios of AM are
3k+6-1,2k+7-2and 2k+7 -3 or3k+5,2k+5,2k+4.

Also, the direction ratios of [ are 3,2 and 2.
Since AM 1 I, a,a,+bb,+cc,=0.
=3Ck+5)+2(2k+5) -2(=2k+4)=0

= 17k+17=00rk=-1

Thus, the coordinates of M are 3,5and 9.
Suppose coordinates of A are x, yand z,

. . , x+1 y+2 z+3
The coordinates of the midpoint of AA” are > and

2 2
But the midpoint of AA“is (5, 3, 9). Therefore,

x+1 y+2 z+3
“=3,“= d_:9 = = =
> 3 an > =>x=5,y=8,z=15
Thus, the image of A in /s (5,8, 15).

A(1,2,3)

M

Fig.S-34
12. Thelinesare r=(1~1) i +(A-2) }'+(3—2/1)12and?=(y+1)?+(2u—1)}—(2u+1)/§
or ?:(?—2}+31§)+A(—?—2}—212)and?=(?—}'—/3)+u(?+2}'—2/§).
Line (i) passes through the point (xpy,2)=(, -2,3)and is parallel to the vector
al?+b]}+rc,/2£—;—2}—212.
Line (ii) passes through the point (xz, Yy 2,) =(1,-1,-1) and is parallel to the vector

Qitb j+c,k=i+27-2k. XXV, -y z,-7

aq, b, ol
Hence, the shortest distance between the lines using the formula % - lzz - “ is
Ik
al bl cl
1-1 -1+2 -1-3 a b, q
-1 -2 -2
1 2 -2 4 1
T NN
-1 2 -2
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x—1 »+ 1 z-1
=X =2
2 3 4
=x=2A+1,y=3~1landz=41+1.

=x=3+U,y=k+2uandz=p.
Since the above lines intersect,

2A+1=3+p : @
30-1=2u+k (i)
U=4l+1 (iii)

Solving (i) and (iii) and putting the value of A and win (ii), k= 9/2.

Exercise 3.3

1.

The angle between a line and a plane is complement of the angle between the line and the normal of
the plane, i.e., 3, 2, 4 and normal 2, 1 ,—3. Therefore,

6+2-12 4
cos O= W =- m |
0=cos™! (—4/%) .}
$=90°-9
$=90° - cos™' (-4/+/406)
¢=sin"' (-4//406)

The line is along the vector ; =-3i+ 2}' +k and plane is normal to the vector Z =i+ } +k.
Since Z . Zz 0, the line is parallel to the plane.
Hence, the distance between the line and the plane is the distance of point ( 41, 3, 2) from the plane,
[—1+3+2+3] 7
NI T

x-2 y+tl1 z-2
T4 7 12

Any point on the line =Ais(BA+2,4A~1,124+2).

Thisliesonx —y +z7=35.
If34+2-41+1+124+2=5 = A=0, then the point is (2, -1,2).

Its distance from (—1, -5, — 10) is \/(2+ 1)2 + (— 1+ 5)2 + (2 + 1,0)2 =9+16+144 =13

Since the plane is perpendicular to the given two planes, it is parallel to the normals to the plane
or the plane is perpendicular to the vector.

ik
G—j+hx@i+j-kb =l -1 1|=3543}
2 1 -1
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Also the plane is passing through the point (1, 2, 0); hence the equation of the plane is
0(x~1D)+3(3-2)+3(z-0)=00ry+z-2=0.
The equation of any plane through the point (1, 0, —1) is

Ax-D+B(y-0)+C(z+1)=0 ®
Since it passes through the point (3, 2, 2), we get
2A+2B+3C=0 : (i)
. . .ox=1 y-1 z=2
_Since plane (i) is parallel to the line Ty =Ty oo have
IA+(-2)B+3C=0 , (iid)
From (i) and (iii)

A:B:C=4:-1:2

Substituting these values in (i), we get

4x-D-1(-0)2@+1)=0,ie,4x—y~27—6
The required plane is

I
e}

x=5 y=7 z+73
4 4 -5
7 1 3

=0

= 17(x=5)=(12+35)(y -7)+ (4 -28) (z+3)=0

= 17x—-47y-24z+172=0

Let the equation of a plane containing the line be [ (x “D+my+2)+nz=0
then 2/ ~3m+5n=0and ! -m+n=0

I m n

"2 03 1
- Theplaneis2 (x = 1) +3 (y+2)+2z=0
1e,2x+3y+z+4=0
Any plane passing through the originisa (x —0)+ b (y —=0) + ¢ (z — 0)=0
This is perpendicular to the given line. Therefore, the normal to the plane is parallel to the given line.

2 -1 2
= The required planeis 2 (x —0) — 1 (y =0) + 2 (z =) =0
=2x—-y+2z=0
Any plane through r-1 = y+2 = ¢3 is
5 6 4
Ax-1D+By+2)+C(z-3)=0, @
where 5A + 6B +4C=0 (ii)

Also, the plane passes through (4, 3, 7). Therefore,
3A +5B+4C=0 (i)



10.

11.
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Appendix: Solutions to Concept Application Exercises A.25

By (ii) and (iii), % ===

Therefore, the planeis4 (x —1) -8 (y +2) +7(z-3)=0 or 4x -8y +7z=41.
The given line is ;z(?+2_)j—;)+l(?-7+;)

Here, Z=?~}+Z (type 7=2+AZ)

The given plane is 7.(27 —}Z+;k’) =4 (type PO )
Here;=5i—;+z |

n
Now cos 6 = — =
lnllbl

(If 1s the angle between the line and the normal to the plane)

Qi-F+8)-G-F+0
JA+1+11+1+1

24141 4 o f3

= J6v3 TV2.3F 3
6= cost | 22
=CO0S T

The plane passes through the point A (1, 2, 3) and is at the maximum distance from point B (-1, 0, 2);
then the plane is perpendicular to line AB. Therefore, the direction ratios of the normal to the plane are
2,2and 1.

Hence, the equation of the plane is
26-1D)+2@-2)+1(z-3)=0 or 2x+2y+z=9

x—=1 y+1 z-=-2
-2 T3

fr4+142t+1+6t+4-3=0or = 1= —1/3.

= The point of intersection of the line and the planeis P(2/3,-1/3, 1)

Also, if the foot of the perpendicular from A (1, —1,2) on the plane is Q (x, y, z), then

x—1  y+l _z-2 _ (1+1+4-3) 1

Any point on the line =tis(r+1, ~2¢~1, 3¢+ 2), which lies on the given plane

1 -1 2 7 1+1+4 2
Therefore, Q (x, y, z) is Q (1/2,-1/2, 1).
L ) 2 1 1 1 1 1
Hence, the direction ratios of PQ are 5 - 5 ,— 5 + E and1-1or g g and 0.
If the image of point A (1, — 1, 2) in the plane is R, then Q is the midpoint of AR. Therefore,
point R is (0, 0, 0). '
Hence, the direction ratios of PR or the image of the line in the plane are 2/3, — 1/3 and 1.
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13.

14.

15.

Vectors & 3D Geometry

The equation of the plane parallel to x —2y + 2z=5isx -2y +2z+k=0. @
Now, according to the equation,
1-4+6+k
—F =1
NG
k+3=t3=k=00r-6
Thex-2y+2z-6=00rx—2y+2z=6
Plane which is equally inclined to the given planes is parallel to the angle bisector of the given planes.
x—2y+2z-3 8x—4y+z-7

Now the angle bisector of the given planes is 3 =% 9

5x+2y-5z+2=0and 11x-10y+7z-16=0.

The equation of the required planes are 5x + 2y —5z+p=0and 11x- 10y + 7z + ¢ =0.

Since both are passing through point (1,2, 3),p=6 andg=12

The planes are 5x+ 2y~ 5z +6=0and 11x- 10y + 7z+12=0

The image of the plane x— 2y +2z-3=0 ®
inthe planex +y+2z—1=0 » (i)
passes through the line of intersection of the given planes

Therefore, the equation of such a plane is

(x-2y+2z-3)+t(x+y+z-1)=0 teR

A+ D)x+(2+)y+Q2+7-3-1t=0 (iii)

~ Now plane (ii) makes the same angle with plane (i) and image plane (iii)

1-2+2 I+1-24+t4+2+1¢

W3 T B+ -2+ 2+
3t+1

1 _ ot
3= V3 +2r+9

3P+2t+9=992+6¢+1)

=

32+2t+9=81~+54t+9

782 +52t=0

t=0o0rt=—7
or 3

2

For =0, we get plane (i); hence for image plane, t=— 3

The equation of the image planeis 3 (x -2y +2z-3)-2(x+y+z—-1)=0
or,x—8y+4z-7=0

Exercise 3.4

1.

The given spheres are

X+y+722+2x+2y+2z+2=0and , @)
X+ +72+x+y+z —(1/4)=0 ) (ii)
The required planeis 2x —~x) + 2y ~y)+ 2z ~2) + 2+ 1 =0

or,4x+4y+4z+9=0
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Appendix: Solutions to Concept Application Exercises A.27

The radius of the sphere = 5

Thegivenplaneisx+y—z=4«/§ 43

The length of the perpendiculor from the centre (0, 0, 0) of the sphere on the plane = 4

1+141

'Hence radius of the circular section = ,/25 —-16 = \/5 =3
~ Since 3PA = 2PB, we get 9PA? = 4PB?

=1+ =3+ @41 =4 [x =12+ (y+2)*+ (2 + 1)
9[x2+y2+z2—-2x—6y—82.+'26]=4[c’+y2+zz._°—2x+4y+2z_+6] o
52+ 5y2—10x <70y —807+210=0 |

X4y =72-2x-14y-16z+42=0

This represents a sphere with centre at (1, 7, 8) and radius equai to JE+72 48242 =72 =642

We are given the extremities of the diameter as (0, 2, 0) and (0, 0, 4). Therefore, the equation of the
sphereis (x—-0) (x~0) + (y —2) ) - 0) + (2 -0) (z =4) = 0 or x2 +y2+ 722 -2y —4x=0. | '
This sphere clearly passes through the origin. o . g

Let (a, B, 7) be the foot of the perpendicular from the origin to a plane. Now this plane passes throu gh
(@, 3, ) and has direction ratios no*mal to the plane as a, Band y. Therefore, the equation of this plane
isgivenby a (x—0) + B (y- )+ y(z - =0.

3

~This plane will pass through (g, b, ¢) if a(a —0)+BB -P+y(c-N=0

=Saa-a+bf-=F+cy-y=0
or, ?+ F+y—ac—bf—cy=0

. Hence, the locus of (a, §, Disx*+y* + 2 —ax—~by —cz=0






